Numerical integration and stability problems for
special cases of Lotka-Volterra equation

Camelia Petrigor

Abstract. The goals of our paper is to study the Lyapunov stability of
the equilibrium points using energy-Casimir method, numerical integra-
tion problems via Kahan and Lie-Trotter algorithms and to find the Lax
formulation of some special Lotka-Volterra systems.
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1 Introduction

It is known that the three dimensional Lotka-Volterra system of competing species,
given by the formula

T=ux
(1.1) y=ylaz+x+ p)
2=z
where a,b € R* and A\, u € R, has a Hamilton-Poisson realization (see [2]).
In this paper, let us consider the following cases
1. b= —1and p = A =0, so the system (1.1) becomes

i=x(iy+2z)
(1.2) y=ylaz + )
z= Z(—JJ + y)a

where a € R*.
2. a=—1and p = X =0, so the system (1.1) becomes

T = x(%y + 2)
(1.3) y=y(—z+x)
z=z(bx +vy),

where b € R*.
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For these systems we are interested to study some dynamical properties.

2 The Poisson geometry of the system (1.2)

The system (1.2) has the Hamilton-Poisson realization (see [2])

(RS’ H*? H)’
where
0 éxy —éxz
II_ = —%xy 0 —yz
%mz Yz 0

is the minus Lie-Poisson structure and the Hamiltonian H € C*°(R?,R) is given by
H(z,y,2)=—axr+y—az, z,y,2€R, aecR".
Also, the function C' : Ri — R,
C(z,y,2) = —alnz+lny+1nz, z,y,2z>0,
is a Casimir of our Poisson configuration (see [3]).

Remark 2.1. The phase curves of dynamics (1.2) are the intersections of the surfaces
—ax + Yy — az = const.

and
—alnx +Iny + In z = const.,

see the Figure 1.

Figure 1: The phase curves of the system (1.2)

Let us continue with a discussion concerning the nonlinear stability of equilibrium
states of our system (1.2) (see [4], for details).

It is obviously to see that the equilibrium points of our dynamics are given by
eM = (M,0,0), el = (0, M,0), e = (0,0, M) and ™ = (—aM, —aM, M), M € R.
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Let A be the matrix of linear part of our system (1.2), that is

%y—i—z %x T
A= y az+ ay
—z z —xr+y

If we consider M > 0 and a < 0, then the characteristic roots of A(e}) [resp. A(ed?),
resp. A(el), resp. A(e3™)] are given by

)\1:0, )\QZM, )\3:aM

1

[resp. A1 =0, Ao=M, A\3=—-M,
a
resp. A\ =0, A3 ==xM,

resp. A1 =0, Aoz =+iM+/ala—2)],

so we can conclude that the equilibrium states e?, e3? and e} are unstable and eZ’M
are spectrally stable.

Proposition 2.1. The equilibrium states eZ’M are nonlinearly stable for any M > 0
and a < 0.

Proof. We shall use energy-Casimir method, see [1] for details. Let
Hy(z,y,2) = —ax+y—az+ ¢(—alnz +Iny +1nz)

be the energy-Casimir function, where z,y,z > 0 and ¢ : R — R is a smooth real
valued function defined on R.
Now, the first variation of H, is given by

dH,(z,y,2) = —adx + 6y — adz+ ¢(—alnz +1Iny +Inz) <—a5x + l(5y + 152) .
x y z

This equals zero at the equilibrium of interest if and only if
(2.1) ol—aln(—aM) + In(—aM) + In M] = aM.

The second variation of H, is given by

1 1.\°
§*Hy,(z,y,2) = ¢(—alnz +Iny + Inz) (—;633 + Qéy + Z6z> +

1 1
+p(—alnz+Iny+1Inz) [;2(53:)2 — ?(§y)2 - ,22(52)2]

and, taking into account the relation (2.1), we obtain
6*H,(—aM,—aM, M) =

1 1 1\’
= ¢l—aln(—aM) + In(—aM) + In M] (Méx - méy + M6z> +
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1 1 a

(1) — ——(§y)? — —

Ml A viC A v

If we choose now ¢ such that the relation (2.1) is valid and

$l—aln(—aM) + In(—aM) +In M] > 0,

(52)?

then the second variation of H, at the equilibrium of interest is positive definite and
so our equilibrium states are nonlinearly stable. O

As a consequence, we can find the periodic orbits of some equilibrium points eZ’M,
M > 0 and a < 0. More exactly, we have

Proposition 2.2. Near to eZLM = (M,M,M), M > 0, the reduced dynamics has,
for each sufficiently small value of the reduced emergy, at least 1-periodic solution

whose period is close to
2m

V3M
For proof, see [6].
Proposition 2.3. The dynamics (1.2) allows a formulation in terms of Lax pairs.

Proof. Let us take

0 o p 0 0 O
—a 0 ~ 0 0 O
I -8 -y 0 0 0 0
B 0 0 0 0 4§ €|’
0 0 0 =0 0 ¢
0 0 0 —e — O
0 ¢ » 0 0 O
-¢ 0 ¢ 0 0 O
| -n =¢C 0 0 0 O
B= o 0o o o ¢ 0|
o 0 0 -6 0 ¢
0 0 0 0 —¥ 0
where }
azx—g—&—z, Bz—ix—l—ﬂ, vzx—y,
a a a

27 4ia
6= (—= + —= —ivba)z + ivV5y — iv5az,
(\/g 7 ) y
—i(1+2
ezux, e=x+2y—2az, (=—i(x—y),

V5
iv/b 2
n=-r+y, Gz%yﬂ'\@z, ﬁ:ay+2z,

i = v/—1. Then, using MATHEMATICA 8.0, we can put the system (1.2) in the
equivalent form

L=I[L,B]

as desired. O
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Let us pass now to the numerical integration of the equations (1.2). We purpose
to make comparison between the Kahan integrator, the Lie-Trotter integrator and
the 4*"-step Runge-Kutta method and to point out some of their properties.

It is easy to see that for the system (1.2), Kahan integrator can be written in the
following form (see [5], for details)

xn-i—l %(%xn-&-lyn + %yn-i-lmn _’_Zn—i-lxn +xn+lzn)

g =
(2.2) Yl —yn = Bgntlyn 4 oyntlan 4ogntlyn 4 gyt

2
Zn+1 ﬁ(_mn—FlZn _ Zn+1xn 4 Zn+1yn =+ yn+lzn).

[\~]

The solutions of this system are presented in the Figure 2.

Figure 2: Kahan integrator for the system (1.2)

After some long but straightforward computations or using MATHEMATICA 8.0,
we get the following proposition, which shows the incompatibility of the Kahan inte-
grator with the Poisson geometric structure of the our system.

Proposition 2.4. Kahan integrator (2.2) does not preserve the minus Lie-Poisson
structure II_, the Hamiltonian H and the Casimir C' of our Poisson configuration.

We shall discuss now the numerical integrator of the dynamics (1.2) via the Lie-
Trotter integrator, see for details [9]. For the beginning, let us observe that the
Hamiltonian vector field X g splits as follows

Xy =X, + X, + Xu,,
where
Hy(z,y,2) = —ax, Hs(x,y,z)=vy, Hsz(x,y,z)=—az.
Following [9], we obtain the Lie-Trotter integrator (see the Figure 3)
21 = elgy(0)+2(0))tn
(2.3) yn+1 _ e[w(O)-l—az(O)]tyn

2+l = gl (0)+u(O)lt yn

that has the following properties.

Proposition 2.5. Lie-Trotter integrator (2.3) is a integrator Poisson that does not
preserve the Hamiltonian H of our system (1.2) and it restriction to the regular coad-
joint orbits

{(z,y,2) €RY | —alnz+Iny+Inz = const.}

gives rise to a symplectic integrator.
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Figure 3: Lie-Trotter integrator for the system (1.2)

Remark 2.2. If we make a comparison with the 4*"-step Runge-Kutta method (see
the Figure ) we obtain almost the same results. However, Kahan integrator and
Lie-Trotter integrator have the advantage to be easier implemented.

Figure 4: The 4‘"-step Runge-Kutta for the system (1.2)

3 The Poisson geometry of the system (1.3)

The system (1.3) has the Hamilton-Poisson realization (see [2])

(R37 H—7 H)a
where
0 %xy xrz
II_ = —%zy 0 —yz
—xz Yz 0

is the minus Lie-Poisson structure and the Hamiltonian H € C*°(R3, R) is given by
H(z,y,z)=-bx+y+z z,y,z€R, beR"
Also, the function C' : R'i — R,
C(z,y,2) = =blnx —blny+1Inz, z,y,z>0.
is a Casimir of our Poisson configuration (see [3]).
Remark 3.1. The phase curves of dynamics (1.3) are the intersections of the surfaces
—bx +y + z = const.

and
—blnx — blny + Inz = const.,

see the Figure 5.
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Figure 5: The phase curves of the system (1.3)

The equilibrium points of our dynamics (1.3) are given by el = (M, 0,0), e}/ =
(0, M,0), e = (0,0, M) and 3™ = (M, —bM, M), M € R.
Let A be the matrix of linear part of our system (1.3), that is

%erz %m T
A= y —z+4+x —y
bz z bx +vy

If we consider M > 0 and b < 0, then the characteristic roots of A(e?) [resp. A(ed?),
M b,M .
resp. A(ez"), resp. A(ey" )] are given by

M =0, \o=DM, X\3=bM

1
(resp. A\1 =0, AMo=M, 3= EM’
resp. AL = 07 /\273 = :|:M,
resp. A1 =0, Ag3==+tiMvV1—2b),

so we can conclude that the equilibrium states e, e} and e}! are unstable and eZ’M
are spectrally stable.

Proposition 3.1. The equilibrium states eZ’M are nonlinearly stable for any M > 0
and b < 0.

Proof. We shall use the energy-Casimir method, see [1] for details. Let
Hy(x,y,z) = —bx +y + z + ¢(—blnx — blny + Inz),

be the energy-Casimir function, where z,y,z > 0 and ¢ : R — R is a smooth real
valued function defined on R.
Now, the first variation of H, is given by

1
dH,(z,y,2) = —bdx + 6y + dz + H(—blnx — blny + Inz) (—261‘ - §5y + Zéz) .
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This equals zero at the equilibrium of interest if and only if
(3.1) G[—blnM — bln(—bM) + InM] = —M.

The second variation of H, is given by

1 \2
82 H,(z,y, 2) = $(—blnx — blny + Inz) (—2637 — ééy + 52:) +
y z

, by b, 1,
+@(=blnx — blny + Inz) LQ(&S) + ?(531) - ?(57:) }
and, taking into account the relation (3.1), we obtain

6*H,(M,—bM, M) =

. b 1 1 \?
= @[—blnM — bin(—bM) + InM] <M6x + Mtsy + M(SZ) +

1

(622 — (o) + fwwz)ﬂ |

+ bM

b
M

If we choose now ¢ such that the relation (3.1) is valid and

Gl—blnM — bln(—bM) + InM] > 0,

then the second variation of H, at the equilibrium of interest is positive definited and
so our equilibrium states are nonlinearly stable. O

.. . yer . . b M
As a consequence, we can find the periodic orbits of some equilibrium points e,

M > 0 and b < 0. More exactly, we have

Proposition 3.2. Near to eZLM = (M,M,M), M > 0, the reduced dynamics has,
for each sufficiently small value of the reduced energy, at least 1-periodic solution

whose period is close to
2w

V3M

For proof, see [6].
Proposition 3.3. The dynamics (1.3) allows a formulation in terms of Lax pairs.

Proof. Let us take

0 a B 0 0 O
—-a 0 ~v O 0 0

I -3 —y 0 0 0 O
0 0 0 O 0 € |’
0 0 0 =5 0 -«
0 0 0 — — 0
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0 ¢ n O 0 0
-¢ 0 6 0 0 0
-n —0 0 0 0 0
B= 0o o0 o0 0 9 k|’
0 0 0 — 0 ¢
0 0 0 -k =€ 0
where
a=r—3 -7, b=br—y—z, vy=—ibx+iy+iz,

6 =2V2b(bx —y — 2), e=i(—bx+y—4bz), €= —bx+1y— 4bz,

C(=7W+2), n=ily+2), 0=y+z,

S e

) -y + 2bz i(y — 2b2)
V=—iQy+2), k=—"FF7—, £=—"F—F—7— |
(2y +2) T3 3 NoT
i = v/—1. Then, using MATHEMATICA 8.0, we can put the system (1.3) in the
equivalent form

L =L, B

as desired. O

Let us pass now to the numerical integration of the equations (1.3).
It is easy to see that for the system (1.3), Kahan’s integrator can be written in
the following form (see [5], for details)

mn—&-l — " = %(%xn—&-lyn + %yn—&-lxn 4 Z"+1.’L‘n + xn+1zn)
(32) yn+1 _ yn _ %(xn-i-lyn + yn-l—lxn _ Zn+1yn _ yn-l-lzn)
ZnJrl = g(bzn+lzn + bszrlxn + Zn+1yn + ynJrlZn).

The solutions of this system are presented in the Figure 6.

~ /

Figure 6: Kahan integrator for the system (1.3)

A long but straightforward computation or using MATHEMATICA 8.0 leads us
to

Proposition 3.4. Kahan integrator (2.2) does not preserve the minus Lie-Poisson
structure II_, the Hamiltonian H and the Casimir C' of our Poisson configuration.
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We shall discuss now the numerical integrator of the dynamics (1.3) via the Lie-
Trotter integrator, see for details [9]. For the beginning, let us observe that the
Hamiltonian vector field X g splits as follows

Xg=Xm, +Xp, + X,

where
Hl(xvyaz) = —bx, HQ(J:’:%Z) =Y, Hg(x,y,z) = z.

Following [9], we obtain the Lie-Trotter integrator (see the Figure 7)

i e[%y(0)+z(0)]tl,n
(3.3) T = el @)=t yn
Lt — e[bw(O)-&—y(O)]tzn7

that has the following properties.

Figure 7: Lie-Trotter integrator for the system (1.3)

Proposition 3.5. Lie-Trotter integrator (3.3) is a integrator Poisson that does not
preserve the Hamiltonian H of our system (1.3) and it restriction to the regular coad-
joint orbits

{(z,y,2) € Ri’_ | —blnx —blny+Inz = const.}
gives rise to a symplectic integrator.

Remark 3.2. If we make a comparison with the 4*"-step Runge-Kutta method (see
the Figure 8) we obtain almost the same results. However, Kahan integrator and
Lie-Trotter integrator have the advantage to be easier implemented.

Figure 8: The 4"-step Runge-Kutta for the system (1.3)
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4 Conclusion

The paper presents some special Lotka-Volterra systems from the mechanical geom-
etry point of view. The Hamilton-Poisson realization was proved to be important in
many cases (see [7] and [8]). In the first part we study for each system the nonlinear
stability of their equilibrium points using energy-Casimir method and we find the
Lax formulation. In addition we have presented a comparison between three nume-
rical integration methods: 4**-step Runge-Kutta, Lie-Trotter algorithm and Kahan
algorithm.
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