On the geometry of a Poisson-Lie algebroid

Liviu Popescu

Abstract. In this paper we continue the study of the linear contravariant
connections on Poisson-Lie algebroids. Some properties of the torsion and
curvature tensors are investigated and the equations of the geodesic curves
are pointed out. The compatibility conditions between the horizontal lift
and the canonical Poisson bivector on the prolongation of a Lie algebroid
to its dual bundle are given.
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1 Introduction

The notion of Lie algebroid [11] is a generalization of the concepts of Lie algebra and
integrable distribution. The prolongations of a Lie algebroid [6] over the vector bundle
projections generalize the concepts of tangent and cotangent bundle. The Poisson
manifolds [10], [18] are the smooth manifolds endowed with a Poisson bracket on their
ring of functions and the framework of the Poisson geometry is the tangent bundle.
The Poisson-Lie algebroids are Lie algebroids equipped with a Poisson structure,
which generalize the Poisson geometry. In the last years, diverse aspects of these
subjects are inverstigated in a lot of papers (see for instance [2], [3], [4], [5], [13],
[16], [17]). In this paper we continue the investigation of the geometry of Poisson-Lie
algebroids started in [14], [15].

The paper is organized as follows. In the second section we present the preliminary
results on Lie algebroids. In the section three, we introduce the notion of linear
contravariant connections on Poisson-Lie algebroids (see also [14]) and some properties
of the torsion and curvature tensors are investigated. The Bianchi identities are
pointed out and the relation with a covariant connection on Lie algebroids is given.
In the last part, the equations of the geodesic curves on Poisson-Lie algebroids are
found. In the last section, we consider the prolongation of a Lie algebroid to its dual
bundle and study the compatibility conditions of a horizontal lift with the canonical
Poisson bivector. The particular case when a nonlinear connection is defined by a
linear connection is pointed out.
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2 Lie algebroids

Let M be a differentiable, n-dimensional manifold and (T'M, 7y, M) its tangent bun-
dle. A Lie algebroid over the manifold M is the triple (E, [, |g,0), where 7 : E — M
is a vector bundle of rank m over M, whose C°°(M)-module of sections I'(E) is
equipped with a Lie algebra structure [-,-]g and ¢ : E — TM is a vector bundle
homomorphism (called the anchor) which induces a Lie algebra homomorphism (also
denoted o) from I'(E) to X' (M), satisfying the Leibniz rule

[s1, fs2]E = f[s1,82]E + (0(s1)f)s2,
for every f € C*°(M) and s1, s2 € I'(E). Therefore, we have

[0(s1),0(s2)] = o[s1,82]E, [51,[52,83]E]E + [52,[83, 1] E)E + [83, [51, s2] E]E = 0.

If w € A\"(E*) then the exterior derivative dfw € \*"'(E*) is given by the formula

k+1

dEW(Sh-o-,SkH) = Z(_l)i+10(si)w(slv-~-73i7~-75k+1)+
i=1

+ Z (71)i+jw([si,5j]Easl7"'751'3"'asja'nsk—i-l)'
1<i<j<k+1

where s; € T(E), i = 1,k + 1, and it results that (d¥)? = 0. Also, for £ € I'(E) one
can define the Lie derivative with respect to & by

,Cg:igodE—f—dEOig,

where i¢ is the contraction with &.

If we take the local coordinates (z%) on an open U C M, a local basis {s,} of the
sections of the bundle 7=}(U) — U generates the local coordinates (z%,y*) on E.
The local functions o, (z), L] 5(z) on M are called the structure functions of the Lie
algebroid. They are given by

U(Sa) :Ug%a [SOMSQ]E:LZZQS’Y’ Z: 17”7 a7577:17m7
and satisfy the so called structure equations on Lie algebroids
dot

o , , OLY,
8 J a 17 § 7 By 4 n _
a0,

Locally, if f € C>°(M) then d® f = 2157 s and if 6 € T(E*), 6 = 0,5 then

Oxt - o

i 995 _

< Ot

where {s“} is the dual basis of {s,}. Particularly

dfo = (o

1 o
597[135)5 AsP,

) . 1
dfz' = ol s, dFs™ = _§Lgvsﬁ AsT.
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3 Poisson-Lie algebroids

We recall that the Schouten-Nijenhuis bracket on a Lie algebroid E is given by [16]

(—1)"X, Ve AXLA A

X1 A AXp YA LAY = (=P
s

q
=1 j=

AXi A AXp AYIA LAY A LAY,

Let us consider the bivector II € T'(A?E) (contravariant, skew-symmetric, 2-section)
given by

1
(3.1) = 571“5(37)% A $g.
Definition 3.1. The bivector II is a Poisson bivector on E if and only if [IT,1I] = 0,
where [, ] is the Schouten-Nijenhuis bracket.
Locally, the condition [II,II] = 0 implies that
feY % 87766 feY

(32) Z <7T ﬁaﬁﬁ —+ 7 ﬁTfﬁyéL%,\/> =0.

(e,e,6)
If II is a Poisson bivector on a Lie algebroid F, then the pair (F,II) is called the
Poisson-Lie algebroid, which generalize the Poisson manifolds. The Poisson bracket
on F is given by

{f1, f2} =T(d" f1,d" f2),  f1, f2 € CZ(E).
We also have the bundle map 7# : E* — E defined by
m#p=i,0I, peTl(E).

Let us consider the bracket [8]

[p7 9]71’ = ‘Cﬂ#pe - ‘cﬂ'#@p - dE(H(pa 9));

where L is Lie derivative and p, § € T'(E*). With respect to this bracket and the usual
Lie bracket on the vector fields X' (M), the map & : E* — TM given by ¢ = o o ¥
is a Lie algebra homomorphism

g[p’ 9]71' = [5P7 59]
The bracket [-, -], satisfies also the Leibniz rule

[0, [0l = [lp, 0= + 3 (p)(f)0,

and it results that (E*, [, ]z, o) is a Lie algebroid. Next, we can define the contravari-
ant exterior differential d™ : A"(E*) — A" (E*) by

k+1

d"w(s1, s Skt1) = Z(_l)iﬂg(si)w@h~~~,8i7~~~78k+1)+
i=1

+ Z (= 1) W([84,85)rs S1s wevy Siy wvey Sy eeSkt1)-
1<i<j<k+1
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In fact, is obtained the cohomology of the Lie algebroid E* with the anchor ¢ and the
bracket [-,:]r which generalize the Poisson cohomology of Lichnerowicz for Poisson
manifolds [10].

If E = g is a Lie algebra and IT = r € A?g, then the condition [II,TI] = 0 become
[r,r]g = 0 and is obtained the classical Yang-Bazter equation (see [8]).

3.1 Linear contravariant connections on Poisson-Lie algebroids

The particular case of the contravariant connection on a Poisson manifold can be
found in [16], [2].

Definition 3.2. If p,0 € T'(E*) and ¢,V € T'(E) then the linear contravariant
connection on a Lie algebroid is an application D : T'(E*) x I'(E) — T'(E) which
satisfies the relations:
i) D,pp® = D,d + Dy,
ii) D,(®+W)=D,®+D,V,
iii) D;,® = fD,®,
i) D,(f®) = [D,® +5(p)([)®, [ e C=(M).

The contravariant connection induces a contravariant derivative D, : I'(E) —
I'(E) such that the following equalities are fulfilled

Df1a1+f2a2 = le(xl + f2Da27 fz S COO(M)a a; € F(E*)

Dy(f0) = fD,0 +3(p)(f)0, [feCT(M), p,0ecTl(E")

In the case where the contravariant connection D is induced by a covariant connection
V on a Lie algebroid E (see [1]) we have D, = V.

Definition 3.3. The torsion and curvature of the linear contravariant connection D
are given by the formulas

T(p,0) = Dyt — Dop — [p, 0],
R(p,0)p = D,Dopp — DgDppi — Dy gy, b p, 0,10 € T(E).

The curvature tensor satisfies the equalities R(p,0) = —R(0, p), R(fp,0) = fR(p, )
and the Bianchi identities have the following form

Z (DPR(ev M) + R(T(p, 6‘)7 :u)) =0,
(p,0,11)

> (R(p,0)p = T(T(p,6), 1) — D,T(6, 1)) = 0.
(p,0,11)

In local coordinates we define the Christoffel symbols T’ (;ﬁ by the following formula
Dyas? = ny‘ﬁ s7, and under a change of coordinates

(3.3) e =2 (x"), i, =T,n on M
' y* =AYy a,d =T,m on E,
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. / ’ .
corresponding to a new base s = A% s®, these symbols transform according to

DAY
(3.4) 1% = A2 AL AL TS + A2 Aot - L roe,

If we denote T'(s,s°) = Tffﬁsv and R(s%,s%)s7 = R?Ms‘S then, under a change of
coordinates (3.3), we obtain that

/6, 7 ’ 1l 1 7 ’ / 5
797 = A A AL TSP, RPY = AS A AY AS RS

Proposition 3.1. The local components of the torsion and curvature tensors of the
linear contravariant connection are given by

B _pof _pba _ javpp 4 ppvpe _ i 07
e T Te € ye e € Pt ’
57 ay ap
RSPV =TT T T ool 0 py W650;W+(ﬂﬁyLﬁ‘sfﬂa”Lﬁ670; 5 .

Definition 3.4. A tensor field T on F is called parallel if and only if DT = 0.

Definition 3.5. A contravariant connection D is called a Poisson connection if the
Poisson bivector II is parallel with respect to D.

Remark 3.6. If the Poisson connection D is induced by a covariant connection V
(ie. DIl = 0, D, = V%, D, = V,r#pw#@ then the torsion and curvature
tensors of the both connections are related by the following equalities

TV (n#p, 7#0) = 7# TP (p,0), RY (x¥ p, 7% 0)n# 11 = W#RD(I% ), Vp,0, 1 € T(E").

Let T be a tensor of type (r, s) with the components TZl " and 0 = 0,s* a section
of E*. The local coordinates expression of the contravarlant derlvatlve is given by

DyT =0T %5, @+ @8, @ @+ ® 872,

c'?T
/a_ ae é axljs +Z F’La Tn €. z,) (FsaTu o jb)
b=1

and / denote the contravariat derivative operator.

Proposition 3.2. a) The functions

; OmP

8 _—

are the coefficients of a contravariant connection.
b) The contravariant connection with the coefficients given by (3.5) is a Poisson con-

nection if and only if
Z Waﬁﬂ"yél;%,y =0.

(a,e,6)
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Proof. a) Using the change of coordinates (3.3) and the fact that the structure func-
tion ¢!, change by the rule [12]

./
)
¢ qal 0"
Ua’Aa - 81:" O

we obtain that the coefficients (3.5) satisfy the transformation law (3.4).
b) Using the equality (3.5) we obtain that

By
. OmPY
_ F?aﬂ,s'y _ Fgaﬂ,ﬁs — Z O 5l

O
ﬂ-ﬁ’Y/a — WQEUZ ! 8$Z .
(a,8,7)

¢ Ozt

From the condition [II,II] = 0, locally given by the equation (3.2), it results that
787 /% = 0 if and only if the required relation is fulfilled. O

The image of the anchor map o(E) C T'M defines an integrable smooth distribu-
tion on M. Therefore, the manifold M is foliated by the integral leaves of o(E), which
are called the leaves of the Lie algebroid. A curve u : [tg,t1] — F is called admissible
if o(u(t)) = é(t), where ¢(t) = w(u(t)) is the base curve on M. It follows that u(t) is
admissible if and only if the base curve ¢(t) lies on a leaf of the Lie algebroid whereas
two points can be joint by an admissible curve if and only if they are situated on
the same leaf. We can choose a smooth family ¢ — 6(¢) € E* of 1-form such that
a0(t) = ¢(t). We shall call the pair (u(t),0(t)) the dual curve.

Definition 3.7. Let (u(t),0(t)) a dual curve on E. We say that (u(t),0(t)) is a
geodesic if
(Dg0)ut) = 0.

In local coordinates, a dual curve (u(t),0(t)) = (z1(t),...,2™(t),01(t), ..., 0 (t)) is
geodesic if and only if it satisfies the following system

o) — im0 (@ (1), ., 2™ (£)) B0 (£)

Balt) — _TOY(21(4), ..., 2" (£))60,

4 The prolongation of a Lie algebroid to its dual
bundle

Let 7 : E* — M be the dual bundle of 7 : E — M and (E,[-,"]g,0) a Lie algebroid
structure over M. One can construct a Lie algebroid structure over E*, by taking
the prolongation over 7 : E* — M (see [6], [9], [7]). The associated vector bundle is
(TE*, 1, E*) where TE* = UE T E*,
u*eE*
T E* = {(ug,vyr) € By X Ty« E¥|o(ug) = Ty (vy+), 7 (0*) =z € M}

and the projection 71 : TE* — E*, 71(uyz,vy+) = u*. The anchor is the projection
ol : TE* — TE*, o(u,v) = v. Notice that if 77 : TE* — E, T1(u,v) = u then
(VITE*, mvrE-, E*) with VTE* = KerTt is a subbundle of (T E*, 7, E*), called
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the vertical subbundle. If (¢°, puo) are local coordinates on E* at u* and {s, } is a local
basis of sections of 7 : E — M, then a local basis of I'(T E*) is {Qq, P*} where [9]

0u(u7) = (sulr(w g ). P = (0,501 ).
The structure functions on 7 E* are given by the following formulas

0 0

o (PY) = —,
dq" 7) Opa

Ul(Qa) = Ué

[Qa, Qa7 = L15Qy,  [QasPlzm- =0, [P, PPl7p- =0,
1 . .
d°Q = —S L350 N Q7 dPPa =0, dP¢'=0,Q% d"uo="Pa,

where {Q% P,} is the dual basis of {Q,,P*}. In local coordinates the Liouville
section is given by g = 1, Q% . The canonical symplectic structure wg is defined by
wi = —dP0g. It follows that wg is a non degenerate 2-section, dfwg = 0 and

1
(4.1) wp = Q%A Pa + 5 1al§,Q° N Q.

A nonlinear connection on 7 E* is an almost product structure N on 7, : TE* — E*
(i.e. a bundle morphism N : TE* — T E*, such that N2 = id) smooth on 7E*\{0}
such that VT E* = ker(id+N). If N is a connection on 7 E* then HT E* = ker(id —
N) is the horizontal distribution associated to N and TE* = VTE* @ HTE*. A
connection N on 7 E* induces two projectors h,v : T E* — T E* such that h(p) = p"
and v(p) = p" for every p € T'(TE*), given by h = 3(id+N) and v = (id—N). The
local sections {P*},_1; define a local frame of V7 E* and the sections §7, = (Qu)t =
Qo + N,sPP generate a local frame of HT E*. The frame {57, P} is a local basis of
TE* called Berwald basis. The dual basis is {Q®, 6P, } where 6P, = P, — NapQP.
A connection N is called symmetric if wg(hpi,hps) = 0, Vp1,p2 € T(TE*) and it
follows that A is symmetric if and only if

(4.2) Nap = Npa = iy Lo g-

The Lie brackets of Berwald basis {67, P} are [7]

* * * * aNa a
[5(17 6[3]TE* - L’;ﬁé'y + Raﬁ'yp’yv [5O¢;IPB]TE* = _W;P’Ya [7) 7,Pﬂ]TE'* = 07
(4.3) Rapy = 0o (Npy) — 6E(Na ) — LZ/ENE’Y'
The curvature of a connection ' on 7 E* is given by R = —Ny,, where h is horizontal

projector and Ny, is the Nijenhuis tensor of h. In local coordinates we get

1
R = —5Rap, Q% A QP @ P,

where R, is given by (4.3) and is called the curvature tensor of N'. The curvature is
an obstruction to the integrability of H7 E*, understanding that a vanishing curvature
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entails that horizontal sections are closed under the Lie algebroid bracket of 7 E*.
On the Lie algebroid (T E*, [, |7+, ') we have the canonical symplectic section wg
given by (4.1) which induces a vector bundle isomorphism

hwE:E*HE, ijEEE*—)CEE.
Definition 4.1. The canonical Poisson bivector is given by A = f,,wEg.

It follows that
A(dF,dG) = —wp(§(dF),5(dG)), F,G € C™(EY),
and in local coordinates we get
o 1 «
A =P Qo+ Spalf, PP AP

Remark 4.2. The Schouten-Nijenhuis bracket [A, A] leads, locally, to the expression

1 - OLS
(A A] =5 > (a; afj + Lgéng) PP AP AP
(a,8,7)

and using the structure equations on the Lie algebroid (2.1) it result [A, A] = 0.

Definition 4.3. Let us consider a Poisson bivector on E given by (3.1), then the
horizontal lift of II to 7 E* is the bivector defined by

1 * *
I = 2% (2)55 A 6.

Proposition 4.1. The horizontal lift I is a Poisson bivector if and only if II is a
Poisson biwector on E and

(4.4) R ((x#p)", (x#0)") =0, Vp,0 € T(E)
Proof. The Poisson condition [II,II] = 0 leads to the equation

. aﬂ.eé
Z <7Taﬁ7T’Y5L%W +7Taﬁ015 e > =0,
(a,e,0)

and [IT7 T17] = 0 yields

) ed
> (waﬁﬂ%gv + naﬂag;ﬂ) 55 N6 A Gy + TP TR e, PE A G, NG =0,
(e,6,c0)

and it results 7?19 R 3, = 0, which is the locally expression of (4.4). O

Proposition 4.2. If the connection N on T E* is defined by a linear connection V
with the coefficients Fzﬁ on the Lie algebroid E then the bivector II¥ has the following
form

1

QWG%WP’;EF?,&Pe AP+ 7T Qo AP

1
(45) 0¥ = iwaﬁga A Qs+
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Proof. The coefficients of the nonlinear connection are Nog = p, ') 5 and introducing
the relation 8% = Q, + N,3P” into the expression of IT¥ it results (4.5). O

Proposition 4.3. If N is a symmetric nonlinear connection then the canonical Pois-
son bivector has the form
A =P
Proof. By direct computations we obtain
A=P*NQy+ %,uaLg,yPB APY =PYA (85 — NopgPP?) + %ungcﬂ?ﬁ A P&
= PN = NugP AP = L (Nag + L], ) P2 AP
= PN — sNogP* APP — %N,@QP“ A PP
=PANGSE — s NogPY APP — ?Na[ﬂ’ﬁ AP
=P NS — NagP APP + ZNLgPY APP =P NG
O
Recall that two Poisson structures are said to be compatible if the bivectors IIy

and Il satisfy the condition
[II;,II5] = 0.

Proposition 4.4. If I is a Poisson bivector and N is a symmetric nonlinear
connection, then I is compatible with the canonical Poisson structure A if and only
if the following relations fulfilled

e ON, ON,
4.6 7 i (5yeY £y _LB _ ep ey Lo =0
a0 e (G ) - (G o) o
(4.7) TR e = 0.

Proof. If N is symmetric then Nos — Npo = 1, L] 5 and with respect with the basis
{62, P} it results A = P* A d. By a straightforward computation we obtain

1/ ,0nB ca [(ON: .5 [(ON: o v
[HH,A] = —5 (O’,yazi'i‘ﬂ' (%Y—L?,Y> _7(-6(8“07_-[/67))50‘/\5[3/\7)7

A7 Rare P NS AP
and [T, A] = 0 is equivalent with the relations (4.6), (4.7). O

Remark 4.4. If the nonlinear connection A is defined by a linear connection V with
the coefficients '), ; on the Lie algebroid £, then the equations (4.6), (4.7) have the
form

omB

ozt

U'Z‘V + 7 (Fg'y - Lg’y) -7’ (F?v - Lgv) =0,

- Ore - ore
B e
Waﬁﬂa (Ué aq: - 0-16 8q’7 + FEBF%W - EGFZ’Y - LzﬁFZ’y) =0.
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