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Abstract. In this paper we continue the study of the linear contravariant
connections on Poisson-Lie algebroids. Some properties of the torsion and
curvature tensors are investigated and the equations of the geodesic curves
are pointed out. The compatibility conditions between the horizontal lift
and the canonical Poisson bivector on the prolongation of a Lie algebroid
to its dual bundle are given.

M.S.C. 2010: 17B66, 53C05, 53D17.
Key words: Lie algebroids; Poisson manifolds; contravariant connections.

1 Introduction

The notion of Lie algebroid [11] is a generalization of the concepts of Lie algebra and
integrable distribution. The prolongations of a Lie algebroid [6] over the vector bundle
projections generalize the concepts of tangent and cotangent bundle. The Poisson
manifolds [10], [18] are the smooth manifolds endowed with a Poisson bracket on their
ring of functions and the framework of the Poisson geometry is the tangent bundle.
The Poisson-Lie algebroids are Lie algebroids equipped with a Poisson structure,
which generalize the Poisson geometry. In the last years, diverse aspects of these
subjects are inverstigated in a lot of papers (see for instance [2], [3], [4], [5], [13],
[16], [17]). In this paper we continue the investigation of the geometry of Poisson-Lie
algebroids started in [14], [15].
The paper is organized as follows. In the second section we present the preliminary
results on Lie algebroids. In the section three, we introduce the notion of linear
contravariant connections on Poisson-Lie algebroids (see also [14]) and some properties
of the torsion and curvature tensors are investigated. The Bianchi identities are
pointed out and the relation with a covariant connection on Lie algebroids is given.
In the last part, the equations of the geodesic curves on Poisson-Lie algebroids are
found. In the last section, we consider the prolongation of a Lie algebroid to its dual
bundle and study the compatibility conditions of a horizontal lift with the canonical
Poisson bivector. The particular case when a nonlinear connection is defined by a
linear connection is pointed out.
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2 Lie algebroids

Let M be a differentiable, n-dimensional manifold and (TM, πM ,M) its tangent bun-
dle. A Lie algebroid over the manifold M is the triple (E, [·, ·]E , σ), where π : E → M
is a vector bundle of rank m over M , whose C∞(M)-module of sections Γ(E) is
equipped with a Lie algebra structure [·, ·]E and σ : E → TM is a vector bundle
homomorphism (called the anchor) which induces a Lie algebra homomorphism (also
denoted σ) from Γ(E) to X (M), satisfying the Leibniz rule

[s1, fs2]E = f [s1, s2]E + (σ(s1)f)s2,

for every f ∈ C∞(M) and s1, s2 ∈ Γ(E). Therefore, we have

[σ(s1), σ(s2)] = σ[s1, s2]E , [s1, [s2, s3]E ]E + [s2, [s3, s1]E ]E + [s3, [s1, s2]E ]E = 0.

If ω ∈ ∧k(E∗) then the exterior derivative dEω ∈ ∧k+1(E∗) is given by the formula

dEω(s1, ..., sk+1) =
k+1∑

i=1

(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sk+1) +

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ]E , s1, ...,
ˆ
si, ...,

ˆ
sj , ...sk+1).

where si ∈ Γ(E), i = 1, k + 1, and it results that (dE)2 = 0. Also, for ξ ∈ Γ(E) one
can define the Lie derivative with respect to ξ by

Lξ = iξ ◦ dE + dE ◦ iξ,

where iξ is the contraction with ξ.
If we take the local coordinates (xi) on an open U ⊂ M , a local basis {sα} of the
sections of the bundle π−1(U) → U generates the local coordinates (xi, yα) on E.
The local functions σi

α(x), Lγ
αβ(x) on M are called the structure functions of the Lie

algebroid. They are given by

σ(sα) = σi
α

∂

∂xi
, [sα, sβ ]E = Lγ

αβsγ , i = 1, n, α, β, γ = 1,m,

and satisfy the so called structure equations on Lie algebroids

(2.1) σj
α

∂σi
β

∂xj
− σj

β

∂σi
α

∂xj
= σi

γLγ
αβ ,

∑

(α,β,γ)

(
σi

α

∂Lδ
βγ

∂xi
+ Lδ

αηLη
βγ

)
= 0.

Locally, if f ∈ C∞(M) then dEf = ∂f
∂xi σ

i
αsα and if θ ∈ Γ(E∗), θ = θαsα then

dEθ = (σi
α

∂θβ

∂xi
− 1

2
θγLγ

αβ)sα ∧ sβ ,

where {sα} is the dual basis of {sα}. Particularly

dExi = σi
αsα, dEsα = −1

2
Lα

βγsβ ∧ sγ .
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3 Poisson-Lie algebroids

We recall that the Schouten-Nijenhuis bracket on a Lie algebroid E is given by [16]

[X1 ∧ ... ∧Xp, Y1 ∧ ... ∧ Yq] = (−1)p+1

p∑

i=1

q∑

j=1

(−1)i+j [Xi, Yj ]E ∧X1 ∧ ... ∧

∧
ˆ

Xi ∧ ... ∧Xp ∧ Y1 ∧ ... ∧
ˆ

Y j ∧ ... ∧ Yq.

Let us consider the bivector Π ∈ Γ(∧2E) (contravariant, skew-symmetric, 2-section)
given by

(3.1) Π =
1
2
παβ(x)sα ∧ sβ .

Definition 3.1. The bivector Π is a Poisson bivector on E if and only if [Π, Π] = 0,
where [·, ·] is the Schouten-Nijenhuis bracket.

Locally, the condition [Π,Π] = 0 implies that

(3.2)
∑

(α,ε,δ)

(
παβσi

β

∂πεδ

∂xi
+ παβπγδLε

βγ

)
= 0.

If Π is a Poisson bivector on a Lie algebroid E, then the pair (E, Π) is called the
Poisson-Lie algebroid, which generalize the Poisson manifolds. The Poisson bracket
on E is given by

{f1, f2} = Π(dEf1, d
Ef2), f1, f2 ∈ C∞(E).

We also have the bundle map π# : E∗ → E defined by

π#ρ = iρΠ, ρ ∈ Γ(E∗).

Let us consider the bracket [8]

[ρ, θ]π = Lπ#ρθ − Lπ#θρ− dE(Π(ρ, θ)),

where L is Lie derivative and ρ, θ ∈ Γ(E∗). With respect to this bracket and the usual
Lie bracket on the vector fields X (M), the map σ̃ : E∗ → TM given by σ̃ = σ ◦ π#

is a Lie algebra homomorphism

σ̃[ρ, θ]π = [σ̃ρ, σ̃θ].

The bracket [·, ·]π satisfies also the Leibniz rule

[ρ, fθ]π = f [ρ, θ]π + σ̃(ρ)(f)θ,

and it results that (E∗, [·, ·]π, σ̃) is a Lie algebroid. Next, we can define the contravari-
ant exterior differential dπ :

∧k(E∗) → ∧k+1(E∗) by

dπω(s1, ..., sk+1) =
k+1∑

i=1

(−1)i+1σ̃(si)ω(s1, ...,
ˆ
si, ..., sk+1) +

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ]π, s1, ...,
ˆ
si, ...,

ˆ
sj , ...sk+1).
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In fact, is obtained the cohomology of the Lie algebroid E∗ with the anchor σ̃ and the
bracket [·, ·]π which generalize the Poisson cohomology of Lichnerowicz for Poisson
manifolds [10].
If E = g is a Lie algebra and Π = r ∈ ∧2g, then the condition [Π, Π] = 0 become
[r, r]g = 0 and is obtained the classical Yang-Baxter equation (see [8]).

3.1 Linear contravariant connections on Poisson-Lie algebroids

The particular case of the contravariant connection on a Poisson manifold can be
found in [16], [2].

Definition 3.2. If ρ, θ ∈ Γ(E∗) and Φ, Ψ ∈ Γ(E) then the linear contravariant
connection on a Lie algebroid is an application D : Γ(E∗) × Γ(E) → Γ(E) which
satisfies the relations:
i) Dρ+θΦ = DρΦ + DθΦ,
ii) Dρ(Φ + Ψ) = DρΦ + DρΨ,
iii) DfρΦ = fDρΦ,
iv) Dρ(fΦ) = fDρΦ + σ̃(ρ)(f)Φ, f ∈ C∞(M).

The contravariant connection induces a contravariant derivative Dα : Γ(E) →
Γ(E) such that the following equalities are fulfilled

Df1α1+f2α2 = f1Dα1 + f2Dα2 , fi ∈ C∞(M), αi ∈ Γ(E∗)

Dρ(fθ) = fDρθ + σ̃(ρ)(f)θ, f ∈ C∞(M), ρ, θ ∈ Γ(E∗)

In the case where the contravariant connection D is induced by a covariant connection
∇ on a Lie algebroid E (see [1]) we have Dρ = ∇π#ρ.

Definition 3.3. The torsion and curvature of the linear contravariant connection D
are given by the formulas

T (ρ, θ) = Dρθ −Dθρ− [ρ, θ]π,

R(ρ, θ)µ = DρDθµ−DθDρµ−D[ρ,θ]πµ, ρ, θ, µ ∈ Γ(E∗).

The curvature tensor satisfies the equalities R(ρ, θ) = −R(θ, ρ), R(fρ, θ) = fR(ρ, θ)
and the Bianchi identities have the following form

∑

(ρ,θ,µ)

(DρR(θ, µ) + R(T (ρ, θ), µ)) = 0,

∑

(ρ,θ,µ)

(R(ρ, θ)µ− T (T (ρ, θ), µ)−DρT (θ, µ)) = 0.

In local coordinates we define the Christoffel symbols Γαβ
γ by the following formula

Dsαsβ = Γαβ
γ sγ , and under a change of coordinates

(3.3)
{

xi′ = xi′(xi), i, i′ = 1, n on M

yα′ = Aα′
α yα, α, α′ = 1,m on E,
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corresponding to a new base sα′ = Aα′
α sα, these symbols transform according to

(3.4) Γα′β′

γ′ = Aα′
α Aβ′

β Aγ
γ′Γ

αβ
γ + Aα′

α Aγ
γ′σ

i
ε

∂Aβ′
γ

∂xi
παε.

If we denote T (sα, sβ) = Tαβ
γ sγ and R(sα, sβ)sγ = Rαβγ

δ sδ then, under a change of
coordinates (3.3), we obtain that

Tα′β′
γ′ = Aα′

α Aβ′

β Aγ
γ′T

αβ
γ , Rα′β′γ′

δ′ = Aα′
α Aβ′

β Aγ′
γ Aδ

δ′R
αβγ
δ .

Proposition 3.1. The local components of the torsion and curvature tensors of the
linear contravariant connection are given by

Tαβ
ε = Γαβ

ε − Γβα
ε − παγLβ

γε + πβγLα
γε − σi

ε

∂παβ

∂xi
,

Rαβγ
δ = Γαε

δ Γβγ
ε −Γβε

δ Γαγ
ε +παεσi

ε

∂Γβγ
δ

∂xi
−πβεσi

ε

∂Γαγ
δ

∂xi
+(πβνLα

νε−πανLβ
νε−σi

ε

∂παβ

∂xi
)Γεγ

δ .

Definition 3.4. A tensor field T on E is called parallel if and only if DT = 0.

Definition 3.5. A contravariant connection D is called a Poisson connection if the
Poisson bivector Π is parallel with respect to D.

Remark 3.6. If the Poisson connection D is induced by a covariant connection ∇
(i.e. DΠ = 0, Dρ = ∇π#ρ, π#Dρφ = ∇π#ρπ

#φ) then the torsion and curvature
tensors of the both connections are related by the following equalities

T∇(π#ρ, π#θ) = π#TD(ρ, θ), R∇(π#ρ, π#θ)π#µ = π#RD(ρ, θ)µ, ∀ρ, θ, µ ∈ Γ(E∗).

Let T be a tensor of type (r, s) with the components T i1...ir
j1...js

and θ = θαsα a section
of E∗. The local coordinates expression of the contravariant derivative is given by

DθT = θαT i1...ir
j1...js

/αsi1 ⊗ · · · ⊗ sir ⊗ sj1 ⊗ · · · ⊗ sjs ,

T i1...ir
j1...js

/α = παεσi
ε

∂T i1...ir
j1...js

∂xi
+

r∑
a=1

(
Γiaα

ε T i1...ε...ir
j1...js

)−
s∑

b=1

(
Γεα

jb
T i1...ir

j1...ε...js

)
,

and / denote the contravariat derivative operator.

Proposition 3.2. a) The functions

(3.5) Γαβ
γ = σi

γ

∂παβ

∂xi
,

are the coefficients of a contravariant connection.
b) The contravariant connection with the coefficients given by (3.5) is a Poisson con-
nection if and only if ∑

(α,ε,δ)

παβπγδLε
βγ = 0.
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Proof. a) Using the change of coordinates (3.3) and the fact that the structure func-
tion σi

α change by the rule [12]

σi′
α′A

α′
α =

∂xi′

∂xi
σi

α,

we obtain that the coefficients (3.5) satisfy the transformation law (3.4).
b) Using the equality (3.5) we obtain that

πβγ/α = παεσi
ε

∂π
βγ

∂xi
− Γβα

ε πεγ − Γγα
ε πβε =

∑

(α,β,γ)

παεσi
ε

∂πβγ

∂xi
.

From the condition [Π, Π] = 0, locally given by the equation (3.2), it results that
πβγ/α = 0 if and only if the required relation is fulfilled. 2

The image of the anchor map σ(E) ⊆ TM defines an integrable smooth distribu-
tion on M . Therefore, the manifold M is foliated by the integral leaves of σ(E), which
are called the leaves of the Lie algebroid. A curve u : [t0, t1] → E is called admissible
if σ(u(t)) = ċ(t), where c(t) = π(u(t)) is the base curve on M . It follows that u(t) is
admissible if and only if the base curve c(t) lies on a leaf of the Lie algebroid whereas
two points can be joint by an admissible curve if and only if they are situated on
the same leaf. We can choose a smooth family t → θ(t) ∈ E∗ of 1-form such that
σ̃θ(t) = ċ(t). We shall call the pair (u(t), θ(t)) the dual curve.

Definition 3.7. Let (u(t), θ(t)) a dual curve on E. We say that (u(t), θ(t)) is a
geodesic if

(Dθθ)u(t) = 0.

In local coordinates, a dual curve (u(t), θ(t)) = (x1(t), ..., xn(t), θ1(t), ..., θm(t)) is
geodesic if and only if it satisfies the following system





dxi(t)
dt = σi

γπαγ(x1(t), ..., xn(t))θα(t)

dθα(t)
dt = −Γβγ

α (x1(t), ..., xn(t))θβθγ

4 The prolongation of a Lie algebroid to its dual
bundle

Let τ : E∗ → M be the dual bundle of π : E → M and (E, [·, ·]E , σ) a Lie algebroid
structure over M. One can construct a Lie algebroid structure over E∗, by taking
the prolongation over τ : E∗ → M (see [6], [9], [7]). The associated vector bundle is
(T E∗, τ1, E

∗) where T E∗ = ∪
u∗∈E∗

Tu∗E
∗,

Tu∗E
∗ = {(ux, vu∗) ∈ Ex × Tu∗E

∗|σ(ux) = Tu∗τ(vu∗), τ (u∗) = x ∈ M}

and the projection τ1 : T E∗ → E∗, τ1(ux, vu∗) = u∗. The anchor is the projection
σ1 : T E∗ → TE∗, σ1(u, v) = v. Notice that if T τ : T E∗ → E, T τ(u, v) = u then
(V T E∗, τ1|V T E∗ , E

∗) with V T E∗ = KerT τ is a subbundle of (T E∗, τ1, E
∗), called
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the vertical subbundle. If (qi, µα) are local coordinates on E∗ at u∗ and {sα} is a local
basis of sections of π : E → M , then a local basis of Γ(T E∗) is {Qα,Pα} where [9]

Qα(u∗) =
(

sα(τ(u∗)), σi
α

∂

∂qi
|u∗

)
, Pα(u∗) =

(
0,

∂

∂µα
|u∗

)
.

The structure functions on T E∗ are given by the following formulas

σ1(Qα) = σi
α

∂

∂qi
, σ1(Pα) =

∂

∂µα
,

[Qα,Qβ ]T E∗ = Lγ
αβQγ , [Qα,Pα]T E∗ = 0, [Pα,Pβ ]T E∗ = 0,

dEQγ = −1
2
Lγ

αβQα ∧Qβ , dEPα = 0, dEqi = σi
αQα, dEµα = Pα,

where {Qα,Pα} is the dual basis of {Qα,Pα}. In local coordinates the Liouville
section is given by θE = µαQα . The canonical symplectic structure ωE is defined by
ωE = −dEθE . It follows that ωE is a non degenerate 2-section, dEωE = 0 and

(4.1) ωE = Qα ∧ Pα +
1
2
µαLα

βγQβ ∧Qγ .

A nonlinear connection on T E∗ is an almost product structure N on τ1 : T E∗ → E∗

(i.e. a bundle morphism N : T E∗ → T E∗, such that N 2 = id) smooth on T E∗\{0}
such that V T E∗ = ker(id+N ). If N is a connection on T E∗ then HT E∗ = ker(id−
N ) is the horizontal distribution associated to N and T E∗ = V T E∗ ⊕ HT E∗. A
connection N on T E∗ induces two projectors h, v : T E∗ → T E∗ such that h(ρ) = ρh

and v(ρ) = ρv for every ρ ∈ Γ(T E∗), given by h = 1
2 (id+N ) and v = 1

2 (id−N ). The
local sections {Pα}α=1,m define a local frame of V T E∗ and the sections δ∗α = (Qα)h =
Qα +NαβPβ generate a local frame of HT E∗. The frame {δ∗α,Pα} is a local basis of
T E∗ called Berwald basis. The dual basis is {Qα, δPα} where δPα = Pα − NαβQβ .
A connection N is called symmetric if ωE(hρ1, hρ2) = 0, ∀ρ1, ρ2 ∈ Γ(T E∗) and it
follows that N is symmetric if and only if

(4.2) Nαβ −Nβα = µγLγ
αβ .

The Lie brackets of Berwald basis {δ∗α,Pα} are [7]

[δ∗α, δ∗β ]T E∗ = Lγ
αβδ∗γ +RαβγPγ , [δ∗α,Pβ ]T E∗ = −∂Nαγ

∂µβ
Pγ , [Pα,Pβ ]T E∗ = 0,

(4.3) Rαβγ = δ∗α(Nβγ)− δ∗β(Nαγ)− Lε
αβNεγ .

The curvature of a connection N on T E∗ is given by R = −Nh, where h is horizontal
projector and Nh is the Nijenhuis tensor of h. In local coordinates we get

R = −1
2
RαβγQα ∧Qβ ⊗Pγ ,

where Rαβγ is given by (4.3) and is called the curvature tensor of N . The curvature is
an obstruction to the integrability of HT E∗, understanding that a vanishing curvature
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entails that horizontal sections are closed under the Lie algebroid bracket of T E∗.
On the Lie algebroid (T E∗, [·, ·]T E∗ , σ

1) we have the canonical symplectic section ωE

given by (4.1) which induces a vector bundle isomorphism

\ωE : E∗ → E, iζωE ∈ E∗ → ζ ∈ E.

Definition 4.1. The canonical Poisson bivector is given by Λ = \ωE
ωE .

It follows that

Λ(dF, dG) = −ωE(\(dF ), \(dG)), F, G ∈ C∞(E∗),

and in local coordinates we get

Λ = Pα ∧Qα +
1
2
µαLα

βγPβ ∧ Pγ .

Remark 4.2. The Schouten-Nijenhuis bracket [Λ,Λ] leads, locally, to the expression

[Λ, Λ] =
1
3

∑

(α,β,γ)

(
σi

α

∂Lε
βγ

∂xi
+ Lε

αδL
δ
βγ

)
µεPβ ∧ Pα ∧ Pγ

and using the structure equations on the Lie algebroid (2.1) it result [Λ, Λ] = 0.

Definition 4.3. Let us consider a Poisson bivector on E given by (3.1), then the
horizontal lift of Π to T E∗ is the bivector defined by

ΠH =
1
2
παβ(x)δ∗α ∧ δ∗β .

Proposition 4.1. The horizontal lift ΠH is a Poisson bivector if and only if Π is a
Poisson bivector on E and

(4.4) R (
(π#ρ)h, (π#θ)h

)
= 0, ∀ρ, θ ∈ Γ(E∗)

Proof. The Poisson condition [Π,Π] = 0 leads to the equation

∑

(α,ε,δ)

(
παβπγδLε

βγ + παβσi
β

∂πεδ

∂xi

)
= 0,

and [ΠH ,ΠH ] = 0 yields

∑

(ε,δ,α)

(
παβπγδLε

βγ + παβσi
β

∂πεδ

∂xi

)
δ∗ε ∧ δ∗α ∧ δ∗δ + παβπγδRβγεPε ∧ δ∗α ∧ δ∗γ = 0,

and it results παβπγδRβγε = 0, which is the locally expression of (4.4). 2

Proposition 4.2. If the connection N on T E∗ is defined by a linear connection ∇
with the coefficients Γγ

αβ on the Lie algebroid E then the bivector ΠH has the following
form

(4.5) ΠH =
1
2
παβQα ∧Qβ +

1
2
παβµγµθΓγ

αεΓ
θ
βδPε ∧ Pδ + παβµγΓγ

βεQα ∧ Pε.
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Proof. The coefficients of the nonlinear connection are Nαβ = µγΓγ
αβ and introducing

the relation δ∗α = Qα +NαβPβ into the expression of ΠH it results (4.5). 2

Proposition 4.3. If N is a symmetric nonlinear connection then the canonical Pois-
son bivector has the form

Λ = Pα ∧ δ∗α.

Proof. By direct computations we obtain

Λ = Pα ∧Qα + 1
2µαLα

βγPβ ∧ Pγ = Pα ∧ (δ∗α −NαβPβ) + 1
2µγLγ

βαPβ ∧ Pα

= Pα ∧ δ∗α − 1
2NαβPα ∧ Pβ − 1

2

(
Nαβ + µγLγ

βα

)
Pα ∧ Pβ

= Pα ∧ δ∗α − 1
2NαβPα ∧ Pβ − 1

2NβαPα ∧ Pβ

= Pα ∧ δ∗α − 1
2NαβPα ∧ Pβ − 1

2NαβPβ ∧ Pα

= Pα ∧ δ∗α − 1
2NαβPα ∧ Pβ + 1

2NαβPα ∧ Pβ = Pα ∧ δ∗α.

2

Recall that two Poisson structures are said to be compatible if the bivectors Π1

and Π2 satisfy the condition
[Π1, Π2] = 0.

Proposition 4.4. If ΠH is a Poisson bivector and N is a symmetric nonlinear
connection, then ΠH is compatible with the canonical Poisson structure Λ if and only
if the following relations fulfilled

(4.6) σi
γ

∂παβ

∂xi
+ πεα

(
∂Nεγ

∂µβ
− Lβ

εγ

)
− πεβ

(
∂Nεγ

∂µα
− Lα

εγ

)
= 0,

(4.7) παβRαγε = 0.

Proof. If N is symmetric then Nαβ −Nβα = µγLγ
αβ and with respect with the basis

{δ∗α,Pα} it results Λ = Pα ∧ δ∗α. By a straightforward computation we obtain

[ΠH , Λ] = −1
2

(
σi

γ

∂παβ

∂xi
+ πεα

(
∂Nεγ

∂µβ
− Lβ

εγ

)
− πεβ

(
∂Nεγ

∂µα
− Lα

εγ

))
δ∗α ∧ δ∗β ∧ Pγ

+παβRαγεPε ∧ δ∗β ∧ Pγ .

and [ΠH ,Λ] = 0 is equivalent with the relations (4.6), (4.7). 2

Remark 4.4. If the nonlinear connection N is defined by a linear connection ∇ with
the coefficients Γγ

αβ on the Lie algebroid E, then the equations (4.6), (4.7) have the
form

σi
γ

∂παβ

∂xi
+ πεα

(
Γβ

εγ − Lβ
εγ

)− πεβ
(
Γα

εγ − Lα
εγ

)
= 0,

παβµε

(
σi

α

∂Γε
βγ

∂qi
− σi

β

∂Γε
αγ

∂qi
+ Γε

αθΓ
θ
βγ − Γε

βθΓ
θ
αγ − Lθ

αβΓε
θγ

)
= 0.
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