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Abstract. In this paper we construct some multi-time geometrical exten-
sions of the Kosambi-Cartan-Chern (KCC)-invariants, which characterize
a given second-order system of PDEs on the 1-jet space J(T, M). A the-
orem of characterization of these multi-time geometrical KCC-invariants
is given.
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1 Introduction

Informations about the both Lyapunov and Jacobi stability of a second-order system
of differential equations may be obtained by studying the five KCC invariants of the
given SODEs (see [1], [2] and [6]). We interpret the Jacobi stability as the relative in-
sensitivity to alteration of the internal parameters and the ability to adapt to changes
in environment. From the point of view of the differential geometric theory of the
variational equations for deviation of whole trajectories to nearby ones, the KCC in-
variants allow us to estimate the admissible perturbation around the steady-states of
the given SODEs (see [6]).

The tangent KCC-theory was initiated in the works of D.D. Kosambi [15], E.
Cartan [9] and S.S. Chern [10], and developed further in the autonomous (i.e., time-
independent) Finslerian geometric framework by P.L. Antonelli and I. Bucataru ([1],
[2]). The KCC theory can be applied in biology, population genetics, engineering,
ecology, plasma physics and in Belousov-Zhabotinskii reaction model in chemistry (see
Balan-Nicola [4], [7] and references therein). At the same time, Antonelli, Bucétaru
and Lackey underline the importance of the KCC-theory in the Volterra-Hamilton
theory (see [3]) and Analytical trophodynamics (see [16]), where intrinsic properties
like curvature determine the stability of production processes.

Finally, note that, in the paper [5], Balan and Neagu present the basic elements
of the single-time KCC-theory on the particular 1-jet space

JYR, M) =R x TM,
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where R is the set of real numbers. From our point of view, this represents a non-
autonomous (i.e., time-dependent) Finslerian framework of the KCC-theory, in a jet
geometrical approach.

2 Geometrical objects on multi-time 1-jet spaces

We remind first few differential geometrical properties of the multi-time 1-jet spaces.
The multi-time 1-jet bundle

& = (JNT, M), 7, T x M)

is a vector bundle over the product manifold 7' x M, having the fibre type R™", where
m (resp. n) is the dimension of the temporal (resp. spatial) manifold T' (resp. M). If
the temporal manifold 7" has the local coordinates (ta)a:m and the spatial manifold
M has the local coordinates (mi)i:ﬁ, then we denote the local coordinates of the

multi-time 1-jet space J1(T, M) by (t%,z%, 2%). These transform by the rules [17]

t = t*(tP)
(2.1) T =1 (27)
0T atP

0T 9ud g
where det(9t*/0t°%) # 0 and det(9z°/027) # 0.

Remark 2.1. In this work the Greek indices «, 3,7, , y, v... run over the set {1, 2, ..., m}
and the Latin indices i, 7, k, [, p, g, ... run over the set {1,2,...,n}. The Einstein con-
vention of summation is also adopted all over this paper.

A lot of important geometrical objects on 1-jet spaces have been intensively studied
by Udrigte and Neagu in the works [20] and [17]. For example, in the geometrical
study of the multi-time 1-jet vector bundle, a central réle is played by the distinguished
tensors (d—tensors).

Definition 2.2. A geometrical object D = (Dg‘;((g)((l;;) on the I-jet vector bundle

JY(T, M), whose local components transform by the rules
59 DA W) _ yepla)n)... O O (O O\ OF 03" (0F° Ot
( . ) yE(B)(1)... — Er(u)(s),..ﬁazﬁp %a? ot 89:’“ 5‘xl % e

is called a d—tensor field.

Remark 2.3. The use of parentheses for certain indices of the local components

Dj;((jﬁ))((lg of the distinguished tensor field D on the I-jet space is motivated by the

fact that the pair of indices ” Eé)) ” or” 8/)) ” behaves like a single index.
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Example 2.4. The geometrical object

0
oxt)’

_ ol
C=C)

%
o

canonical Liouville d—tensor field of the I-jet vector bundle J(T, M), and it is a
global geometrical object.

where CEQ) = x!, represents a d—tensor field on the I-jet space. This is called the

Example 2.5. Let h = (hop(t)) be a Riemannian metric on the temporal manifold
T. The geometrical object

Iy =J

B o g
(@87 5. ® di” ® da’,

where J((i)) 5 = hapd’ is a distinguished tensor field on J'(T, M), which is called the

h-normalization d—tensor field of the I-jet space J(T, M). Obviously, it is also a
global geometrical object.

In the Riemann-Lagrange differential geometry of 1-jet spaces developed in [17]
and [18], important roles are also played by geometrical objects as the temporal or
spatial semisprays, together with the multi-time jet nonlinear connections.

Definition 2.6. A set of local functions H = (H ((;)

)ﬁ) on JY(T, M), which transform

by the rules

oy OF 08 0 01 O,
S T e

) _
(2.3) 2H()), =2H

is called a temporal semispray on J(T, M).

Example 2.7. Let us consider a Riemannian metric A = (hqs(t)) on the temporal

manifold T and let
P hr Ohsp + Ohy _ Ohgy
pr— e ot ots otr

be its Christoffel symbols. Taking into account that we have the transformation rules

(2.4) LS} @%@+@ o
' e Yot o ot Ot o ore
we deduce that the local components

OB i
Hiys = —imgﬂxu

i
@

define a temporal semispray H= (H (( )) ﬂ) on JY(T, M). This is called the canonical

temporal semispray associated to the temporal metric hog(t).
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Definition 2.8. A set of local functions G = (G Eg) 6) , which transform by the rules

p 0T 00 Ot a” 0T,
N oxk oo of xS dar P

210)
(2.5) 26

— 90
=2G (
is called a spatial semispray on J*(T, M).

Example 2.9. Let ¢ = (¢;;(x)) be a Riemannian metric on the spatial manifold M,

and let us consider ‘
e <8s0jm OPkm 3s0jk)

’Yi- — _
ik 2 oxk oxI oxm

its Christoffel symbols. Taking into account that we have the transformation rules

; OTP 0xJ OxF Oz 9%

2. Yar = Vik 37 A0 B 07107
( 6) ’Yq'r ,Y]k oxt 91 0" aml 85q8ET7

we deduce that the local components
S0 _ 1 iopoa
Glays = §7pq$£x5

define a spatial semispray G = (G’Egm) on JY(T,M). This is called the canonical

spatial semispray associated to the spatial metric ¢;;(z).

Definition 2.10. A set of local functions I" = (M(i) N®

(a)B? (a)j) on Jl(T, M), which

transform by the rules

T _ k) OTT 00O 0t OF,
(2.7) Moy = M) 50k 55 575~ 508 o
and

G () OFt OtY Ox! _ Oa” 07,
(2.8) Ni = N gk 572 957~ 039 92

is called a nonlinear connection on the 1-jet space J(T, M).

Example 2.11. Let us consider that (T, hag(t)) and (M, p;;(x)) are Riemannian
manifolds having the Christoffel symbols £ (t) and q/;'- x (). Then, using the trans-
formation rules (2.1), (2.4) and (2.6), we deduce that the set of local functions

o ey )
I'= (M(a)ﬁ’N(a)j) :
where » o
°r(i i r(i) i
Miyp = ~Fap  Niay; = VirTa

represents a nonlinear connection on the I-jet space J'(T, M). This multi-time jet
nonlinear connection is called the canonical nonlinear connection attached to the pair
of Riemannian metrics (hag(t), pij(x)).
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In what follows, let us expose the geometrical relations between temporal or spatial
semisprays and multi-time nonlinear connections on the 1-jet vector bundle J (T, M).
In this direction, using the local transformation laws (2.3), (2.7) and (2.1), respectively
the transformation laws (2.5), (2.8) and (2.1), by direct local computations, we find
the following geometrical results:

Theorem 2.1. The temporal semisprays H = (H(( ))5) and the sets of temporal

components of nonlinear connections Ftemporal = (M((a)) ) are in one-to-one corre-

spondence on the 1-jet space J*(T, M), via:

@ o) @) )
Mis =2H s  His = M(aw

Theorem 2.2. (i) If GEQ)B are the components of a spatial semispray on the 1-jet
space JY(T, M), where (T, hos(t)) is a Riemannian manifold, then the components

NGO aG_i P
(a)j &Tﬁ

where G* = h‘;EGg?) , represent a spatial nonlinear connection on J(T, M).

(a)j) produces the

(ii) Conversely, the spatial nonlinear connection Fspatlal (N( R

spatial semispray components

@ _ 1w
Glays = N (o) B

3 Jet multi-time geometrical KCC-theory

In this Section we construct some multi-time generalizations on the 1-jet space J (T, M)
of the basic objects of the tangent KCC-theory (see [1], [2], [7], [19]). More exactly,
in the present paper we give a natural multi-time extension of the results exposed in
[5]. This means that we extend the jet ordinary KCC geometrical framework from
[5] for second-order systems of partial (multi-time or multi-parameter) differential
equations.

In this respect, let us consider on J(T, M) a second-order system of partial dif-
ferential equations of local form

0%t
Ot oth

+ FY

(3.1) ()3

t",a",2%) =0, a,f=Tm, i=Tn,

where % = 82% /ot7, F((a)) 5= F((ﬂ))a and the local components F(( )) 57, a¥, %) trans-
form, under a change of coordinates (2.1), by the rules

=) _ <k> ozt Oty otV Ott 0T, Oa" O,
(32) Flare = 2F i g7 Geor  gp o 95 onr

Remark 3.1. The second-order system of partial differential equations (3.1) is in-
variant under a change of coordinates (2.1).
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Example 3.2. Let us consider that (T, hog(t)) and (M, ¢;;(z)) are Riemannian man-
ifolds having the Christoffel symbols 3. (¢) and *y;k(x) Then, the local components

F(((i))ﬂ = —KhgT), + VpeTaTh

transform under a change of coordinates (2.1) by the rules (3.2). In this particular
case, the PDE system (3.1) becomes

924 o .
(33) W — m’;ﬁx; + ’Y;qux% = 0) a’ﬁ = 1, m, 1= 17’[’1,,

that is the PDE system of the affine maps between the Riemannian manifolds (7', hag(t))
and (M, ¢;;(x)). We recall that these affine maps carry the geodesics of the temporal
Riemannian manifold (7', has(t)) into the geodesics of the spatial Riemannian mani-
fold (M, ¢;;(x)). Moreover, the h—trace of the equations (3.3) produces the equations
of the harmonic maps between the Riemannian manifolds (7', hag(t)) and (M, @;;(z)).
For more details, see [14].

Using a temporal Riemannian metric hog(t) on T and taking into account the
transformation rules (2.3), (2.5) and (3.2), we can rewrite the PDE system (3.1) in
the following form:

O
oteoth

mgﬁxz + 2GE2)B(t7,xk,xfj) =0, a,fB=1m, i=1n,

where )
@ _low 1
Glayp = 3F (s T 3MasTn

are the components of a spatial semispray on J* (T, M). The coefficients of the spatial

semispray G’EZ)) 3 produce the spatial components N((;))j of a nonlinear connection I
on the 1-jet space J(T, M), by putting

N el
N(l) _ (n)v h

L P T
a)j j ya = j
(@) or?, 2 o

~o + TH?"V}L’YQ&;'

In order to find the basic jet multi-time geometrical invariants of the PDE system (3.1)
(see Kosambi [15], Cartan [9] and Chern [10]) under the coordinate transformations

(2.1), we define the h— KCC-covariant derivative of a d—tensor of type T((i)) (7, z*, x’f/)
on the 1-jet space JX(T, M), via
b .
v or'” A .
() _ () (@) p(r) (i) _
57— o T Nrle sl =
o1 B oF® hHv , A
_ () | 7 77 (W (r)y "V (&) _ 1 (@)
= o T2 o hyaTg) + 5 KwhaaTig) = KapT(,y-

ho
(@)
VT(Q)

transform under
oth

Remark 3.3. The h—KCC-covariant derivative components

a change of coordinates (2.1) as a d—tensor of type T(g; 5
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In such a geometrical context, if we use the notation x%, = 9z%/9t*, then the PDE
system (3.1) can be rewritten in the following distinguished tensorial form:

h .
Vg () ko k (@) i
55 = —Fiop(t", 2%, a0) + Ny, ap — KpaTy =

oF" v
_ (1) ™ 9L Gy r i i
= _F(a),@—’_T a ,7; ’Yaxﬁ—’_T/i,’tywh’YQ‘Tﬁ —FLZ,B{L'M.

Definition 3.4. The distinguished tensor
v oFY
ha) (4) (1)

uv
- 13
S = Flap+ 3 D

h . .
~hya s + TKZVth% — KT,

is called the first multi-time h— KCC-invariant on the 1-jet space J(T, M) of the
PDEs (3.1). Sometimes, this can be interpreted as a multi-time external force (see

[7)-

Example 3.5. For the second-order PDE system (3.3), which gives the affine maps
between the Riemannian manifolds (7', hag(t)) and (M, ¢;;(x)), the first multi-time
h—KCC-invariant is zero.

Example 3.6. For the particular first order PDE system

i . (2) (2)
(3.4) 0 _ x(0,at) > 2o e | T,
' ote @ oteots — oth dar 8
where X((i)) (t,z) is a given d—tensor on J(T, M), the first multi-time h—KCC-

invariant has the form

10X (a)) o

Tg +

(@)
iy X

s T T8 T2 gar

h

2

"ot
asTpu

5 i
Kuphyatly — K

In what follows, let us vary the solutions x (t7) of the PDE system (3.1) by the
nearby smooth maps (Z*(t7, 5))se(—c,¢), Where T*(t7,0) = 2*(t7). Then, if we consider
the variation d—tensor field

. oz
§(t7) = ,
s s=0
we get the variational equations
92¢i 8Fa g OCT
(3.5) & . ’Bg’w Flays € -0, a,8=T,m, i=T1n.

ot oth Oxk dxr, Otk
It is obvious that the equations (3.5) imply the h—trace variational equations

wy P OF
oteoth &ck

OF" O¢™
ax; otH

(3.6) —k =0, i=1,n,



Multi-time Kosambi-Cartan-Chern invariants 43

where F' = h*PF ((;)) 5 To find other multi-time geometrical invariants for the PDE
system (3.1), we also introduce the h— KCC-covariant derivative of a d—tensor of type

£4(t7) on the 1-jet space J(T, M), via
h . .
Ve og
ot ot

i 0t 10F! 1 ,
F N6 = T 2T haE 4 5B,

(3.7) ar> T gte 9 oxh

where k7 = hMK],.
LI
Remark 3.7. The h—KCC-covariant derivative components
(4)
()
In this geometrical context, the h—trace variational equations (3.6) can be rewrit-
ten in the following distinguished tensorial form:

m transform, via a

change of coordinates (2.1), as a d—tensor of type T

h ho
pes V[ VEL

:Pz r

otb | ot« s

where
]hm, OF" 1 0%F! 1 0%F! s 1 O?F' 7 n
! Oxl  20t70a%  20270x%, 7 2 0x)0ar, M

hou OF OFT 1 9h, OF
LOKT | W0k o o ]
S L h _ D 5i.
so T2 am N T T MY

_|_

h .
Definition 3.8. The d—tensor P’ is called the second multi-time h—KCC-invariant
on the I-jet space J'(T, M) of the PDE system (3.1), or the multi-time h— deviation
curvature d—tensor (see [19]).

Example 3.9. If we consider the second-order PDE system of the affine maps between
the Riemannian manifolds (T, hag(t)) and (M, ¢;;(z)), system which is given by (3.3),
then the second multi-time h—KCC-invariant has the form

hi aBeyi D .4
Py = —h"" Ry z02,

where ) )
Mpg  OVpj

Rpgj = ol Ot YoaYri — YoiVrq

are the components of the curvature of the spatial Riemannian metric ¢;;(z). Con-
sequently, the h—trace variational equations (3.6) become the following multi-time
h—Jacobi field equations:

h

h .
v |ve :
B8) q —
a7 | 3o | T Pparvarst’ 0 =0,
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where
h . )
Ve og
ot ot
Example 3.10. For the particular first order PDE system (3.4), the multi-time
h—deviation curvature d—tensor is given by

i DT
+’Yp7‘xa .

noo e |PXE)OPXG) 10X 0K

IT T | 0tPori T 0wior P T2 o oxd
108 ROy 0 P o ]
20 T am T N0

Definition 3.11. The distinguished tensors

b h. hia
hio _ 1| 0P 0P, @) _ 9Tk
T3 ozk x| CI

and

3 10 (2)
p® WEw _ P Fws
(@)B(7) (k) (1) 5.%%3%?5332

are called the third, fourth and fifth multi-time h— KCC-invariant on the I-jet vector
bundle J*(T, M) of the PDE system (3.1).

Remark 3.12. Taking into account the transformation rules (3.2) of the compo-
nents F((;)) 5> we immediately deduce that the components DEQ) 58)) ((,f;%) behave like a
d—tensor on the I-jet space J' (T, M).

Remark 3.13. The distinguished tensor

(@) (ME)(w)

Dlays(i) (k1)
may be called the multi-time Douglas d—tensor of the second-order system of partial
differential equations (3.1). This is because, in the particular single-time case T' = R,

the d—tensor Dg?)l(g-l))((kl))((zé) can be identified with the classical Douglas tensor D; w1 Of

the tangent semispray ((31 = Gt 2%, y¥) (see [2] and [11]).
Example 3.14. For the second-order PDE system (3.3) of the affine maps between
the Riemannian manifolds (T, hag(t)) and (M, p;j(x)), the third, fourth and fifth
multi-time h—KCC-invariants are given by

h h. )
ia _ pouepi ia(B) _ 7 aBepi @) (ME) ) _

Rjp = %2, By =h" Rk Digysgyma =0

Example 3.15. For the first order PDE system (3.4) the third, fourth and fifth

multi-time h—KCC-invariants are zero.
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Example 3.16 (Burgers equation). The Burgers equation (see [13]) is a funda-
mental PDE from fluid mechanics, which is used for describing wave processes in
acoustics and hydrodynamics. It may be thought as a nonlinear version of the heat
equation. The Burgers equation is given by u; + wu, = pty,, where u = u(t, x) is the
velocity of the fluid, and p is the viscosity coefficient. Making the changes of variables
x = —pz’ and t = pt’, the Burgers equation becomes (primes are omitted)

(3.8) Up — Uy = Ugg-

In our geometrical context, the Burgers equation (3.8) can be regarded as the second-
order PDE system
0%t

oteoth

(3.9) +ED a2 =0, a,5=T2,

)8 ¥
where
(t1 =1, t? = T, zt = U, x% = Uy, x% = ug;)

are the coordinates on the I-jet space J!'(R?, R),

(t17t2) = Uy, F(l) — F(l) — F(l)

1) _ ()
Eiy =F )1 (1)2 (1)2

m1 = (t', %) i= —uy

are arbitrary local functions, and we have

1) def
Uy = F((z))2 = 2t ad —af.
Note that the second order PDE system (3.9) is a particular case of the PDE system
(3.1), setting T = R? and M = R. Taking now the Euclidian metric on R? (that is,
we take (T, hap) = (R?,84p5)), then the formulas for the five KCC-invariants of the
PDE system (3.9) simplify as follows:

S _ (1) 19F! 1
St = ~Fla)s T 5 55T T
5 OF' 1 92F' 1 9°F! 1 82F' .y 1 [/0F"\?
Py =— + = + = .y ST (i
Oxl 28t78x,1y 28x18x% v 23xh8x}y (Mr " 4 &E}L ’
1 8]631 8]531 § 816%10‘
lao _ * 1 1| la(B) _ 11 _
iy = 3 |0zl Ozl =0, Buay = oy
3 (1)
o wEw_ TFas
@MW) = 5oTogigel
where

1_ p@) ) _ p@) 1,1 1
Fo = Fyyy + Foyp = Fyy a2y — 5.

Consequently, by direct computations, the first and the second KCC-invariants at-
tached to the Burgers equation (3.8) have the expressions:
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1. the Burgers first multi-time §— KCC-invariant

Uy Uy
Ut — Uty — —
5 (g(l) ) B g tr T
TN@B) =T U Uty |
e U — U —
ot + B t 5

2. the Burgers multi-time d—deviation curvature d—tensor

d

P%: (u2—2uw—|—1).

Theorem 3.1 (of characterization of the multi-time KCC-invariants). Let
(T, h) be a Riemannian manifold, where m = dimT > 3. If the first and the fifth KCC-
invariants of the PDE system (5.1) are zero on JY(T, M), then there exist on J*(T, M)
some local functions I‘foq(t,m), where i,p,q = 1,n, n = dim M, and SZ’pq(t,x), o #
ve{l,2,...,m},i=1,n, p#q€{l,2,..,n}, which have the properties

Lo = Laps Sapq T Sagp =0
and (no sum by o or v)
(3.10) 28%, = Y [psY —hSE, | hea,
e€l,m\{v}

such that (no sum by a or (3)

(3.11) FO, =Thabal — wlyal + 26,5 | > > sk abal |,
vel,m\{a} p£q¢€l,n

where dqp 1s the Kronecker symbol and mlﬁ are the Christoffel symbols of the Rie-
mannian metric haog(t).

Proof. By integration, the relations

3 (8
p® e _ T Fws
() B(3) (k) (D) o2 Oxk ol

)

where F((;)) 5= F, ((,;))a’ subsequently lead to

@8 _  op) ()
oo smm BT =
€

oFY , ,
(@8 _ op®) (W) gy )

Z o~ Fesa T T Hasg) 1) =
0 _ ) ww 0 @0, YW

= Flayp = Tappmia) The + Uaysi) T T Viapst:2)
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where
@) ME) _p@) ME @ (DE i) (@)
Lk = L@amim » Lesmm = Lsmo)
(3.12) ) Dy o (i) (i)
¥ ¥ i) 0
Uanpi) = Upa Viys = Yg)a:
The equalities 5( ) =0on JYT, M) lead us to
@& W) _ L) () sv }
Loswm@ = 2 [F 6ﬁ +1' (@)(p) 05| e
1 (@ W) _ i(n) v Vi v i
(3.13) Uorp) = *” (@ a0 + §'€"hna5ﬁ5q — Kapdy
(i) _
V(s = 0
where (W) _ pepp() (1)) o) _ @
i(p)(v e v i(v e v
T =T Oumye and U ) = hPUG )

Applying an h—trace to the second relation of (3.13), we deduce that we have

(Z) (V) )
Uisg) = ~Hapdy:

The first relation of (3.13) and the first symmetry properties of (3.12) imply the
following equalities:

1. for every a #  we have (no sum by « or g3):

( ) u, v ¢ {avﬂ} = 1—‘(a 5(%2((1)) =0;

(b) p=a,v=a =T =0
@ p=arv=0= Fgfj) ((?();)ﬁ) = EF“(ZiEth = Spg = Thpgs
(@) p=6,v=a=T(a = b (e e = Tipg = Sy
0 e 8 D T

- [ ] =+ =0

2. for every a = 8 € {1,2,...,m} we obtain (no sum by «):

@ W) _ o
(@) n#av#Fa=T0 om0 =0

B 4=y £ oD (a)(u)ilrzm)(u)h _giv v
(b) p=a,

()a(p)(9) (p)(q) apq agp’
_ @ W _ Loim .
(©) n#av=a=Tq o = (q)(p)h = Tebpg = Selap’
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@) ()(@) _ @) ()(a) _
(d) p=a,v=a= F(a)a(p)(q) - F(a)a((n(p) -

) e | = Thypg + '

L [pit) (@
- g + T (@)(p) Tapq + Sapg’

9 (p (9)

The first symmetry condition from (3.12), together with 1. (c¢) and 1. (d), give us
(m=dimT > 3)

i _ i _ i _ i . i N 7
Slpq - Tqu - T3pq - T4pq - - Tmpq D) qu

2pq 1pq 3;Dq dpg T - mpq T 2 Pq
St = T¢ = T¢ = T¢ = . . = T = 1 1

mpq 1pq 2pq 3pq (m=1)pqg 927 PT

Consequently, for every a # € {1,2,...,m} we have

@ W) _ 1o v sw
L )swya) = 3 e [555B+ 5@‘55}

and for every a € {1,2,...,m} we have F&))a(szﬁ) = I‘;q = I‘Eg)a((q';‘é(;) = Ffm.

Using now all the preceding properties, together with the equality 2. (b), we find
the equations (3.10). Moreover, for every « # v € {1,2,...,m}, it is obvious that we
have (no sum by p) 8%, 48 =0=8% =0.

All the preceding situations can be briefly written in the general formula

DO ) = Trs, 556 + 620%] + S 0up0% [L — 5% + S

(a)B(p)(a) 9 P4 apq agp

dapln [1 — 04].

In conclusion, we obtain the equalities (3.11) on the 1-jet space J (T, M). O

Open problem. If we fix the indices ¢ and p # ¢ in the set {1,2,...,n}, then we
deduce that the system of equations (3.10) is a homogenous linear system of order
m(m — 1). Consequently, it has at least the null solution. Because the coefficients of
the system depend only by the metric hqs(t), the following question naturally arises:
— There exists a temporal Riemannian metric hog(t) such that the system of equations
(3.10) to admit only the zero solution?
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