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1 Introduction

A vector bundle is denoted by m : E — M, or E for short, when no confusion is
possible.

According to [3], a generalized vector subbundle (a g.v.s. for short) D of a vector
bundle E — M is the assignment of a subspace D, C E, = n~(z) C E to every
x € M. A vector X, € D, is allowed if there is a smooth section Y of D)y, on an open
neighborhood U, of z, such that Y, = X,. Denote by A(D), C D, the set of allowed
vectors in x. The null vector 0, € F, is obviously allowed since 0, € A(D),, thus
A(D), is non-void. It is easy to see that A(D) = $EUMA(D)Qc is a generalized vector

subbundle. According to [3], D is smooth if A(D) = D. In general, for an arbitrary
D, A(D) is smooth, according to its construction. More properties of g.v.s.s can be
found in [1, 6]. Important tools in their study are based on [2, 4, 5, 7, 10].

Let us observe that if D; and Dy are smooth g.v.s. of E, then D; + Dy C E is
also a smooth g.v.s.

Let E and E’ be two vector bundles over the same base M. A morphism f: D —
D' of two g.v.s. D C E and D C FE is a collection of linear maps f, : D, — D.,
(V) € M, such that there is a linear morphism of vector bundles F' : E — E’ that
restricts to f in every fiber. An isomorphism is obviously given by the existence of
a couple of inverse morphisms f : D — D’ and f~' : D' — D that are mutually
inverse. Notice that in this case the extending linear morphisms F' of f and F’ of
f~! may be not necessary isomorphisms, but an isomorphism of E and E’ induces an
isomorphism of g.v.s.

Let D C E be a g.v.s. of E. Consider a Riemannian metric g on the fibers
of E and let DYs C E be the orthogonal g.vs., ie. Dy = (D)™, (V)z € M.
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Then (V)x € M, the vector space Dy is canonically isomorphic with the annihilator
D° = {w, € E¥, w,(X,) =0, (V) X, € D,}, via the musical isomorphism -# : F — E*
given by the metric g.

Let us observe that two orthogonal g.v.s., corresponding to two different Rieman-
nian metrics, are both isomorphic to the annihilator, thus they are isomorphic.

A morphism f : D — D’ of g.v.s., induced by F' : E — E’, restricts to a morphism
fa: A(D) — A(D'), induced by the same F.

Also, if D and D’ are isomorphic, then A(D) and A(D’) are isomorphic via the
same linear morphisms. If D C E is a smooth g.v.s. and g is a Riemannian metric
on the fibers of E, then we say that:

e Dls is a co-smooth orthogonal of D;
e DFos= A(D+¢(D)) C E is a smooth orthogonal of D and
e DFs = D 4 D5 is a smooth orthogonal completion of D.

Proposition 1.1. For a smooth D, the following properties hold:
1. — the smooth orthogonal of D= is null (i.e. (DFs)"s =0) and consequently;
2. — the smooth orthogonal completion of DFs is DFo itself (i.e. (DF9)Fs = DFs);

3. — the smooth orthogonal completion DFs = D + D"s has the property that its
mazximal dimension of the fibers is taken on an open dense of M;

4. —in the case when D has a reqular dimension r, then D+9 = D" and DFs = E.

In fact we can recognize D™s and DFs in some cases, according to the following
simple result, that follows from definitions.

Proposition 1.2. Let D1, Dy C Dy C E, all smooth, such that Dgg = {0} and Do,
is an gorthogonal decomposition D1 5 & D24, (V)x € M. Then Dy = Dng’ Dy = Dgg
andD‘lz" :D';" =Dy.

Let D be a generalized vector subbundle. If S C M, denote by Dg = ngDm the
restriction of D to S. For « € M, denote r(z) = dim D,. Consider
(1.1) R={r(x):x € M} ={ri},_q5
where Tpin=rg <11 < -+ < T = rmax- For 7; € R, we denote by

Y, ={zxeM: dmD, =r;}, Xy, ={x € M : dimD, < r;},
Yo, ={zeM: dmD, <r} =%, UX,, s, ={z e M: dimD, > r;},
Yo, ={zeM: dimD, >r} =35, UZs,,.

We say that the subset 3, is the minimal set and X is the maximal set. The
subsets ¥, and X<, are closed and their complements, the sets X>,, and X, are
open in M. The subset X,, C X>,, is the minimal subset of Dis,,. and Y, is void
if i = k and is equal to X5, , if 0 <7 < k.

Let us denote by ©P the set ; of D, and RP = {rP(z) : 2 € M} = {riticom
where k = maxRP. The set EE C M is open; if it is also a dense set in M, then the
set Zﬁiqk contains the set ZE, thus it is also a dense set in M, thus m — ry is the

Tmax

maximal dimension of the g.v.s. D"9. For example, it is the particular case when D
is tangent to the leaves of a singular Riemannian foliation.
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2 Locally regular vector subbundles

A reqular family of vector subbundles of the vector bundle £ over the base M is an
open cover {U;};cr of M such that:

e there is a vector subbundle &; C £ over the base U; with the dimension of the
fibers r; and

e on an intersection U; N U; # I r < 7j, the vector bundle &;y,ny; is a vector
subbundle of &;y,ny; if ri <715, or §uinv; = Euinu, i i =15

A regular family of vector bundles gives rise to a smooth generalized vector sub-
bundle and as well as to a cosmooth generalized vector subbundle, as follows.

For every x € M, we denote by r(z) = maxr;, s(z) = migln— and D, = (&),,
zeU; xzelU;

Er = (&;)a, where r(z) = r; and s(z) =r;. Then D = UM D, is a smooth generalized
[AS
vector subbundle of £ and £ = UM &, is a cosmooth generalized vector subbundle of
e
. Notice that U,, =%,, = X>,,.

We say that a smooth generalized vector subbundle D is locally regular if it is
defined by a regular family of vector subbundles.

Thus for a smooth generalized vector subbundle D that is locally regular then
every subset ¥; C M has an open neighborhood U; such that:

e there is a vector bundle &; over the base U; with the dimension of the fibers r;;

o the fibers of ; are contained in the fibers of Dy, and

e on an intersection U; N Uy, r; < 1, the vector bundle & y,ny, is a vector sub-
bundle of &; v,y -

Analogously, for a cosmooth generalized vector subbundle D is locally regular then
every subset >; C M has an open neighborhood U; such that:

e there is a vector bundle &; over the base U; with the dimension of the fibers r;;

e the fibers of Dy, are contained in the fibers of & and

e on an intersection U; N Uy, r; < 1, the vector bundle & y,ny; is a vector sub-
bundle of &; v,y -

For a smooth g.v.s. D C E, a natural anchor is a vector bundle morphism p :
E — D C F that is a surjection on fibers. A (possibly local) vector field X € T'(D) is
an eigenvector section (e.s. for short) if there is an u € F(M) such that p(X) = u- X;
we say that the eigenvector field is regular (r.e.f. for short) if u(z) # 0 for every x in
the domain of X or if u(z) # 0 and X, # 0,, for every x the same.

A Riemannian metric g on the fibers of E can give rise to natural anchors on a
locally regular g.v.s., as follows.

Consider j, U; D X;, and a test function ¢; corresponding to the closed set
M\U;. We construct first the linear projections P; defined as the natural orthogonal
projection P; : Ey, — & on U; and the null map Eynp, — Eypp, on M\U;, then
P:E—FE P = <p,»15i; let us notice that P; is a smooth linear morphism and its
values belong to the fibers of D, without being, in general, a surjection. We define
the linear morphism

k
P=>"P.
1=0
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Proposition 2.1. The linear morphism P is a natural anchor.
Using the proof of the above Proposition, the following result can be proved.

Proposition 2.2. Let {e1,...,e.(z)} C D, be an orthonormal base. Then there are
local (around x) eigenvector sections {E1,. .., E. )} corresponding to P, such that

Ei»=c¢;, (V)i=1,r(z).
The following converse property holds.

Proposition 2.3. Let P € End(FE) such that for every x € M and every orthonor-
mal base {e1,...,e. ()} C Dy then there are local (around x) eigenvector sections
{E1,...,Ep ()} corresponding to P, such that E;, = e;, (V)i = 1,r(x). Then the
smooth generalized vector subbundle given by the image of P is locally regular.

3 Generalized vector subbundles

The results that follows asserts that every smooth g.v.s. has a natural anchor (see [8]
for more details).

Theorem 3.1. If M is a connect manifold, E is a vector bundle over M and D is
a smooth generalized subbundle of E, then there is a smooth endomorphism ® on the
fibers of E such that its images are the fibers of D.

Lemma 3.2. Let Wy,...,W,, C Wy C V be vector subspaces and g be a (positive
definite) scalar product on V. Let us denote by I1; : V. — V;, i = 0,n, the orthogonal
projection and let ag, o, ...a, be some strict positive real scalars. Then the linear
map

II:V - Wy, (Z) = agly(Z) + - - - + a1, (Z)

s a surjection and the restriction of 11 to Wy is an authomorphism, more specifically
a symmetric endomorphism according to g, having strict positive eigenvalues.

4 Fundamental forms of singular distributions

If g is a Riemannian metric on the fibers of E, then it induces natural anchors
P=I1:E—D P=1I"":E—D"9and P=P, + P, =1IFs : E — DFs.

In spite that IT induces an automorphism I, p, : Dy — Dy, (V)x € M, it does
not induces always an isomorphism of I'y = II(I'(E)) and T'(D), since Ty is finite
generated and, in general, I'(D) is not.

We particularize now to the case E = T'M. We call a generalized vector subbundle
D C TM as a singular distribution.

Let g be a Riemannian metric on M and V be its Levi-Civita connection. Consider
'y = P(X(M)) c T(D), ie. the sections X' € I'(D) of the form X' = II(X),
X € X(M). Then I'y is an F(M)-submodule of I'(D). Analogously, we denote
Ty = Py(X(M)) C T(D"s).

Let us consider the maps By, By : X(M) x X(M) — X (M), defined by

Bi(Y,X) =Vp,xPY,By(X,Y) = Vp,y P X.
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The structural tensors of D C T'M are the bilinear maps B; : X(M) x X(M) — T;
given by
Bl(}/v X) = Pl(Bl(Yv Y)) = PlvPl(X)PQ(Y)v
By(X,Y) = Py(By(X,Y)) = P,Vp,vyPi(X), (V)XY € X(M).
They restrict to bilinear forms B : T'(D"¢)xI'(D) — I'y and By : T(D)xI'(D"¢) — Ty,
having also the properties that if X € I'(D"¢) and Y € X (M), or if X € X(M) and
Y € I'(D), then B1(X,Y) = B2(Y, X) = 0.
In general, P; and P, are not projectors, unless the case when D is regular. Let
us consider the bilinear forms

B X(M) x X(M) — Ts,i,j = 1,2,

(X1, Xo) = P2V p,x, PLXs — PyV p, x, P2 Xo;
B<2 (X1,Xs) = PiVp,x, PLXs — PoV p2x, P1Xo;
B{(Y, Z) = PN p,y P,Z — PN p,y P} Z;
BP (Y, Z) = PPV p,y PyZ — PiV p2y P2 2.
We say that the singular distribution D is normally allowed or V is adapted if
(4.1) BY =0,i,j =12

Proposition 4.1. If D is normally allowed then for all X1, X9, XY, Z € X(M), the
following relations hold true:

P3P X1, PLX5] = P2[PEXy, P Xs] = Po[P1 Xy, PEXo),
PYRY, P, Z] = PI[PY, Py Z) = P\[RY, P3 7],
P3Vp,y PLX = PyVpay PLX = P;Vp,y PEX;
P}Vp,x PY = PV p2x PY = PV p, x P3Y.
Proposition 4.2. Given D, there is a linear connection V that satisfies (4.1).

Notice that an adapted connection is the Levi-Civita connection of the metric g
that gives P; and P», satisfying the condition (4.1).
Let us consider

TV, X1, X5, 2) = ((Vix,Be) (X2,Y), P22)
= (PoVp x,B2(X2,Y) = Bo(Vp, x, P1X2,Y)
—B3(X, Vp,x, YY), Z) = (RV p x, 2V p,y P X5
PV p,y PiVp x,P1Xo — PaVp,v, « Py P1X2, Z);
T, X1,X2,2) = ((VeyBi) (2, X1), PiX2)
= (PAVp,yBi1(Z, X1) — Bi(Vp,y P2 Z, X1)
—B1(Z,Vp,y P1X1), X2)(PiVp,y PV p x, P2 Z
—PiIVpx, 2V p,yP2Z — PNV piv,, P x, P22, Xo),
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and

R(Y,X1,X2,7) = (Vp,y PVp,x, P X2 — Vp x, PV p,y P X5
~Vripy,px, ) P11 X2, P2 7).
Consider f € F(M). Then

T, [ X1, X5, Z) =Th(Y, X1, X, fZ) = fT1(Y, X1, X2, Z),

T (Y, X1, fX2,2Z) = fT1(Y, X1, X2, Z) + PLX1(f)(P3(Vp,y PLX2) — P,V p,y P2X5),

Ty (fY, X1, X2, Z) = fT1(Y, X1, Xa, Z) + PLX1(f)(P3(Vp,y P1X2) — P2V pzy PL X3).
As well, we get

(Y, X1, fX2,2) =Ta(fY, X1,Xs,Z) = fTo(Y, X1, X0, Z),

To(Y, fX1, Xo, Z) = [Ta(Y, X1, Xo, Z) + P2Y (f) (P} (Ve x, P2Z) = PV p,x, P35 Z),

To(Y, X1, Xo, fZ) = fTo(Y, X1, X2, Z) + PQY(f)(PE(VPlXIPQZ) — PlvaX1P2Z)-

Analogously, we infer:

R(Y, X1, X>, fZ) = fR(Y, X1, X2, Z),

R(fY, X1,X2,Z) = fR(Y, X1, X2, Z) — PuX1(f)(P3(Vp,y PLX2) — PaV pzy Pr X3, Z),
R(YY,fX1,X2,2) = fT(Y, X1,X2,Z) = Y (f)(PQvalelXQ_P22vP1X1P1X272)7
R(Y, X1, fX2,2) = fR(Y, X1, X2, Z) — PBY (f)(P2Vp,x,P?Xs — PiVp x,PL1 X2, 7)

—Pi X1 (f)(P3(Vp,yPiXs) — P2V p,y P2 X5, Z).
We denote also
S1(Y, X1, X2,Z) = (Ba(X2, B2(X1,Y)), P2 Z),
Sy(Y, X1, X9, Z) = (B1(Z, B, (Y, X1), P, X5).

Proposition 4.3. Let us assume that BJ(»i) =0,14,7=1,2. Then
e R+S1+T1+So4+T5,=0 and
e RS, T;: X(M)* — F(M), i =1,2, are F(M)-linear maps.

An important example of a singular distribution D that is normally allowed is
when P = f -1, where P = P; 4+ P», I is the identity endomorphism of TM and f
is a real function in F(M) such that its support is the whole M, i.e. its non-zero
set is dense in M; for example f has an at most countable set of zeros. Examples of
singular distributions of this type, even integrable, are given below.

It is easy to see that the smooth orthogonal completion of a distribution D defined
as the image of P, = fI, with f as above, is D itself, the smooth orthogonal D" v is
null and its orthogonal completion is D.

On R2?, consider the singular distribution D spanned by the vector field
X = y% - :1:8% = (¢,y,y, —r). The g-orthogonal distribution D"s, also singular,
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is spanned by the vector field Y = xa% + ya% = (z,y,z,y). The endomorphisms of
TR?, given by

P1($7y7X7 Y) = ($7y7 _(_yX + 9CY)1/7 (_yX + LL'Y)(E) and
Py(z,y, X,Y) = (z,y, (X + yY )z, (X + yY)y)

are orthogonal projectors on D and D" respectively. Their sum is P = P, + P, =
(22 + y?)I5. It is easy to see that Pi(z,y,1,0) and P;(x,y,0,1) generate D, while
Py(z,9,1,0) and Py(x,y,0,1) generate D"s. This example can be easy extended to
a couple of endomorphisms on R™ having as images the singular distributions D,
tangent to the spheres centered in the origin and the origin itself as a singular point,
and Do, generated by the position vector field. For n = 3, D is generated by the
vector fields

Xl = Zagy — y% = ($7y72,072; _y)a
_ 0 0
Xy=0o — 25— = -

2 va Za.’lf (x7yvza Z,O,$)7
Xg = y% — 33% = (xaywzvya —$,O),

0
while D9 is generated by Xg = 2— + y— + z—. Consider
Or y 0z

P(X)=(X -X)X1+ (X -Xo)Xo+ (X - X3)X3,
which can be expressed as
Pi(x,y,2,X,Y,Z) = (z,y,2,(zY —yZ)(0,z,—y) + (—2X + 22)(—2,0,x)
+(yX —z2Y)(y,,0)) = (z,y, 2, (> + 2°) X — 2yY — 227,
—ayX + (22 + 22)Y —yzZ, —w2X — yzY + (22 + y?)2),
and
Py(X) = (X-X0)Xo = (2,4, 2, 22 X +ayY +22Z, xy X +y*Y +yzZ+x2 X +yzY +222).

Then P = P; + P, has the form P(X) = (22 + ¢ + 2%)X.

This example can be extended to R™, considering the singular distribution D on
U spanned by the vector fields
0 .0

szﬁaﬂ—ﬂag,1§i<j§n+L

.0
Then D's is generated by X, = xza -
x’b

An other example is given considerering an open subset U C R*, with coordinates
(z,y, z,t) and the distribution D on U generated by the vector fields X; = u% + v%
and X, = “a% + va%, where u,v : U — R are two real functions such that the set of
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their common zeros is an open dense subset of U; for example, u = zy and v = zt.
If the set of common zeros of v and v is void, then D is regular, otherwise D is a
singular distribution. The distribution D"¢ contains the distribution D’ generated by
the vector fields Y, = va% —u% and Y, = Ua% —ua%. In fact, according to Proposition
1.2 we have D"s = D',

5 The mean curvature vector fields and the
divergence formulas

Let us consider a local orthonormal base {e;};,_17; C I'(T'My) = X(U) of sections
and denote

M(e;) =Wej, To(e;) =Te;, ble,e;) = bfjek, Ve =T*%

Then
bes, ej) = 1T (e (T15) + T3105) ey

(Y, X1,X0,2) =
(PoVp,x,B2(X2,Y) — Ba(Vp,x, P1X2,Y) — Bo(Xo,Vp, x,P2Y), Z) =
(Vex, P2V e,y PLXs = Vp,y PiIVp x, PiXs = Vp,v, « Py P1 X2, P2 Z).
We have:
(Vp,x,PoVp,yPiXo, PoZ) = P X1(P2Vp,yPiXs, Po7)
—(PVp,y P1 X2,V x, P2 Z)

(VeyPiVp x,Pi1Xe, P2Z) = —(P\Vpx, P X2, VpyPZ).
Let us consider Sz = Y, R(Paet, Pres, Pres, Poet) and
s,t=1

m
divp X =Trace(Y — PVpyX)= > (PVpe X, es)
s=1

(Vpe, X, Pes) = > (Pes (X, Pes) — (X, Vpe, Pey)).

=1

[
NgE!

s=1

"

Then .
(Ho, X) = —Trace(Y — By(X,Y)) == > (B2 (X, e5),¢€5)

s=1

= - Z (PQVPzesple es) = Z (PlngesP2637X)7
1 s=1

and hence Hy = Y P;Vp,. Pres; and we infer
=1

S

divp Hy, = (Vpe, PV pye, Paey, Pey)

s 1

(Pet (P1VP265P2687P6t) - (P1VP265P2€S7 VPetP(ft))-

s 1

hINGERRINGE
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Consider further \Hgﬁ;l = > (P1Vpye P25, Vp,e, Paer) and

s, t=1

s=1

Z (VpleSX, Ples) = Z (Ples (X, Ples) - (X, VpleSPles)).
1 s=1

dinlX :Trace(Y—>P1Vp1yX) == Z (PlvplesX,es)

S

Then we have

NIE!

din1 Hy = (VPletplvaeé,PQGM Plet)

s,t=1

NIE!

(Pre¢ (P1V pye, Poes, Prey) — (P1V pye, Paes, Vp e, Prey)),

s,t=1

s

and thus divp, He =divp Hs + \Hgﬁ;l.
The second fundamental forms of the distributions are

hi:T(D) xT(D) - I(D"s)  and  hy:T(D"¢) x I(D"¢) — I'(D),

given by
{ hi(X1,X2) =P (Vp,x, PiX2+ Vp, x, P X1)

ho(Y,Z) = Py (Vp,yP2Z + Vp,z PY),
and the integrability tensors are

A :T(D)xT'(D) - T(D*) and Ay :T(D"¢) x I'(D"¢) - I'(D),

given by

A(X1,X2) =P (Vp,x,PiXs — Vp x, P X1)
As(Y, Z) = P, (Viyy PoZ — Vp, s PoY) .

One can easily remark that the maps ho and Ay are similarly defined by symmetric
formulas. These tensors are involved in the generalized Walczak formula described
below.

Proposition 5.1. We have the generalized Walczak formula
. 2 2 2 2 2 2
div (Hy + H2) = smix + [|ha[|” + [lho||” = | A" = | 42[" = [H[p, — |Halp, -

We note that since in the general case the integral of the P-divergence does not vanish
(because of P), the integral over the right side of the above formula (for M compact),
does not vanish as well (see [11, 9] for the classical formulas).
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