Parallel displacements of directions on the
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Abstract. The Grassmann-like manifold Gr*(m, n) of centered m-planes
LZ, (it has the same dimension as the space of m-planes) is considered in
projective space. The analog of the strong Norden normalization of the
Grassmann-like manifold is realized and induced connections are consid-
ered. Parallel displacements of directions on this manifold are studied.
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1 Introduction

Extensive theory of Grassmann submanifolds has been developed by school of
Baltic geometers, basically, works of Yu.G. Lumiste [1], V.I. Bliznikas [2], I.V. Bliznikene
[3], etc., but here essentially new results are obtained and approaches to researches
differ from earlier used.

The object of research of the present paper are connections in the fiberings as-
sociated with Grassmann-like manifold of centered planes. The work concerns to
researches in the area of differential geometry. The research is based on an appli-
cation of the G.F. Laptev’s method [4] of defining a connection in a principal fiber
bundle and his method of continuations and scopes, which generalizes the moving
frame method and Cartan exterior forms method. The research depends on calcu-
lation of exterior differential forms. Grassmann manifold and the space of centered
planes in the projective space were already studied by autor in this direction [5].

This paper is devoted to studies of parallel displacements of directions in connec-
tions along lines on Grassmann-like manifold of centered planes.
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2 Grassmann-like manifold and parallel displacements

In n-dimensional projective space P, we consider the moving frame {A, A;}
(I,---=1,n) with derivation formulas

dA =0A+w A, dA; =0A; +w{A;+ wiA,

where the form 6 plays the role of a proportionality factor and the structure forms
wl, wf;, wy of the projective group GP(n), which acts effectively on P,, satisfy the
Cartan equations
Duw! = w’ AW,
Duwh = W ANk 4+ 6w AWK Fws AWl
Dwy = w}] Awy.

The Grassmann-like manifold Gr*(m, n) of the centered m-planes L7, is considered
in P,. Let’s produce a specialization of the moving frame {4, A,, A.} (a, - =
1,m; «,---=m+ 1,n) putting the tops A and A, on the plane L¥ = [A4, A,] and
fixing the center A.

The Grassmann-like manifold Gr*(m,n) [6] is given by the equations

w* = Alw® + AL Wy,
where A%, A% are functions; w®, w® are basic forms of this manifold,

dimGr*(m,n) = (n —m)(m+1).

The components of the fundamental object A = {A%, A%} satisfy the differential
comparisons modulo the basic forms w®, w?:

AN + A%w, +w? =0, AAY =0.

a
(0%
The principal fiber bundle G*(Gr*(m, n)) is constructed over the manifold Gr*(m,n)

and the stationarity subgroup G* of the centered plane L}, is the typical fiber.
In the principal fiber bundle the fundamental-group connection is given in G. F. Laptev’s
method:
& = wf — Thow® — Lisug

c)

~a o @ Y _ Jaa, Y
(UB = (U5 FB"/W Lﬁvwa,

~a

a a ab , B ~, a b a
Wy = Wg — Faﬁwﬁ — Lopwy, Wa=wa — Laaw®™ — I Wy,

Do = Wo — Lagwﬁ — Hgﬁwf.
The connection in the associative fibering G*(Gr*(m,n)) is defined by the field of the

connection object I = {T'¢ , LE<, ng, Lgi‘{, Loa, Hza, I'es Lg%, Lag, Hgﬁ} on the base
Gr*(m,n):

ATy, + LiSwe —wp, =0, ALY —wps =0,
o aa (e} J— aa aa —
AFﬁ’y + LB’YWG — Wﬁ,y = O, ALB'Y — Wﬂ,y =0,

ATS 5 + Lebwy, — Tiawh, + T qw? —wis =0, ALY + L1%w? — Lijws, — wih =0,

«

ALgo + (0, + T Jwp =0, AL, + LLw, + 6bws =0

le%
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ALag+ (%5 +T85)wa — Lapwi +T 0wy =0, ATlL s —Ifwh + Lihws + L1jw, = 0,
where
wpy = Aqwy + 0 ASwe + pwa,  whe = Adfwy + 0y ASfwe — Opwy,
WG, = 0 A5we + 05wy + 0Jws,  wiy =djwg + 63/\2“%.
UJZB = A%w()” Ocﬁ = Aﬁ We -
An analog of the strong Norden normalization [7] for this manifold is carried out.
It consists of the fields of the planes C),_,,—1 and Ny, _1:

L:nmcn—m—l :Q/a A¢ N1 CL:n-

The planes Cy,_,,—1 and N,,,_; we shall set by the points B, = Ay + A% A, + A\ A
and B, = A, + A\ A, respectively.

The differential equations for the components of the clothing quasitensor A =
{A\%, Ao, Ao} are of the form [8]:

ANy 4 wa = Agaw® + X0 w2,
AN + wi = )\aﬁw + )\aﬁwb,
Ay + Nowg + wo = )\aﬁw + Xa,@wg.
We have (see [6])

0 0
U ho = =05 Aa + bado + 05 g A, Lo = 0pAq — (05 AL+ 05AL") Ae,

0
T §, = =055 — 05, + 65 ulXa, L G = —09NG — S5A N,

ol b b b b
T Zﬁ = —A%)\a — u’é)\b)\a, L aﬁ = —Aa Ao + A% Ao A )\“ﬁ)\a,

01 01
L aa = :ul(;)‘a)‘ln H Za = 52)\@ - Agb)\aAw
01 01
L af = _Aa/\ﬂ + )\a)\ouu% - )‘a/\b/\z:ugv g af — _A /\b/\ Aﬁ/\a + A >‘c ApAc-

Theorem 2.1. The analog of the strong Norden normalization of the Grassmann-like
manifold Gr*(m,n) induces a connection in the associated fibering.

We'll consider the straight line in the plane L, and passing through a point A.
It crosses an analogue of a normal of the 2nd type IV,,_1 in the point B = y*B, =
1 (Ag + A A). We have

dB = [0+ (=X + pb Xp)w® — AN wi| B+
+VuB, 4+ pAaw® + ws ]| Ba+
H1 [ Naa + Aadvig = Aada)w® + (Ao — XAy — 000 )wi |4,

where p& = A2 — A%, o = Ao — A A2 and Vu® = du® + pof.
If the covariant differential of the geometrical object p vanishes we get parallel
displacement and we have
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Theorem 2.2. The straight line AB C L, determined by a point B € Np,—1 (A ¢
Ny—1 C L%,) is parallel displaced in the plane linear connection T'hv = {T'¢, LS} iff

ba?
the point B is displaced in a plane P,_p+1 = Np—m + B, where Ny_p, is an analogue
of a normal of the 1st type (Nypy—pm = A+ Cr_pm—1).

We consider a normal straight line AC intersecting an analog of the Cartan plane
Crn—m-1 C Np_pm in the point C = p*B, = p*(Aq + XN2A, + Ay A). We find the
differential of the point C

dC = [0 — (AfAq + pg)w’ — A AW ]C + Vi Ba+

FOTAL S = AapB)w? + (A% + Ao AL — AIAL)w) ] B+
1 [(Aap = AaAls + Aadatth — Aadg)w” + (x%s — MAG — ApAa A — A& ug)wl] A,
where Vu® = du® + ,uﬁu?g.

Theorem 2.3. The straight line AC C Ny_,, determined by a point C € Cp_p_1
(Cr—m—1 is an analogue of the Cartan plane) is parallel displaced in the normal linear
connection I'y = {Fgw’ Lgs iff the point C' is displaced in a plane Py,+1 = L}, + C.

We consider general parallel displacements. We consider the point M € L,,_1 =
Nmfl + Cnfmfl'
M =n*B, + n%B.

We find the differential of the point M
dM = OM + [V + (=1 Aa + 0oy + 07 NGe — 0P Agpl )w®+
FMNAL + 1N+ 0 AL — P AGNG = AL A — AL A )i | Bat
+[Vn® 4+ (350" Aa — 1™ Ag + 0 uAa)w” + (850 — n*AY X wl]Ba+
H1" Naa + 7 XXkl = 1" Aada — 17 AaXG0 + 177N g0 — 1P XaAAL — 0P Agpia)w™+
FM* Ao = 1" N AAL = 0t = 1P XAB, + 0O XBa — 1P XaAgAL = P Ao )wi] A,
where Vn® = dn® + n°@g, Vn® = dn® + nﬁd)g.

Theorem 2.4. The straight line AM is parallely displaced in the compound connec-
tion T'y U Ty by any displacement of the point M, i.e. parallel displacement in this
connection is degenerated.
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