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Abstract. The Grassmann-like manifold Gr∗(m, n) of centered m-planes
L∗m (it has the same dimension as the space of m-planes) is considered in
projective space. The analog of the strong Norden normalization of the
Grassmann-like manifold is realized and induced connections are consid-
ered. Parallel displacements of directions on this manifold are studied.
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1 Introduction

Extensive theory of Grassmann submanifolds has been developed by school of
Baltic geometers, basically, works of Yu.G. Lumiste [1], V.I. Bliznikas [2], I.V. Bliznikene
[3], etc., but here essentially new results are obtained and approaches to researches
differ from earlier used.

The object of research of the present paper are connections in the fiberings as-
sociated with Grassmann-like manifold of centered planes. The work concerns to
researches in the area of differential geometry. The research is based on an appli-
cation of the G.F. Laptev’s method [4] of defining a connection in a principal fiber
bundle and his method of continuations and scopes, which generalizes the moving
frame method and Cartan exterior forms method. The research depends on calcu-
lation of exterior differential forms. Grassmann manifold and the space of centered
planes in the projective space were already studied by autor in this direction [5].

This paper is devoted to studies of parallel displacements of directions in connec-
tions along lines on Grassmann-like manifold of centered planes.
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2 Grassmann-like manifold and parallel displacements

In n-dimensional projective space Pn we consider the moving frame {A,AI}
(I, · · · = 1, n) with derivation formulas

dA = θA + ωIAI , dAI = θAI + ωJ
I AJ + ωIA,

where the form θ plays the role of a proportionality factor and the structure forms
ωI , ωI

J , ωI of the projective group GP (n), which acts effectively on Pn, satisfy the
Cartan equations

DωI = ωJ ∧ ωI
J ,

DωI
J = ωK

J ∧ ωI
K + δI

JωK ∧ ωK + ωJ ∧ ωI ,

DωI = ωJ
I ∧ ωJ .

The Grassmann-like manifold Gr∗(m,n) of the centered m-planes L∗m is considered
in Pn. Let’s produce a specialization of the moving frame {A,Aa, Aα} (a, · · · =
1,m; α, · · · = m + 1, n) putting the tops A and Aa on the plane L∗m = [A,Aa] and
fixing the center A.

The Grassmann-like manifold Gr∗(m,n) [6] is given by the equations

ωa = Λa
αωα + Λab

α ωα
b ,

where Λa
α, Λab

α are functions; ωα, ωα
a are basic forms of this manifold,

dimGr∗(m,n) = (n−m)(m + 1).

The components of the fundamental object Λ = {Λa
α, Λab

α } satisfy the differential
comparisons modulo the basic forms ωα, ωα

a :

∆Λa
α + Λab

α ωb + ωa
α ≡ 0, ∆Λab

α ≡ 0.

The principal fiber bundle G∗(Gr∗(m,n)) is constructed over the manifold Gr∗(m, n)
and the stationarity subgroup G∗ of the centered plane L∗m is the typical fiber.

In the principal fiber bundle the fundamental-group connection is given in G. F. Laptev’s
method:

ω̃a
b = ωa

b − Γa
bαωα − Lac

bαωα
c , ω̃α

β = ωα
β − Γα

βγωγ − Lαa
βγωγ

a ,

ω̃a
α = ωa

α − Γa
αβωβ − Lab

αβωβ
b , ω̃a = ωa − Laαωα −Πb

aαωα
b ,

ω̃α = ωα − Lαβωβ −Πa
αβωβ

a .

The connection in the associative fibering G∗(Gr∗(m,n)) is defined by the field of the
connection object Γ = {Γa

bα, Lac
bα, Γα

βγ , Lαa
βγ , Laα,Πb

aα, Γa
αβ , Lab

αβ , Lαβ , Πa
αβ} on the base

Gr∗(m,n):
∆Γa

bα + Lac
bαωc − ωa

bα ≡ 0, ∆Lac
bα − ωac

bα ≡ 0,

∆Γα
βγ + Lαa

βγωa − ωα
βγ ≡ 0, ∆Lαa

βγ − ωαa
βγ ≡ 0,

∆Γa
αβ + Lab

αβωb − Γa
bβωb

α + Γγ
αβωa

γ − ωa
αβ ≡ 0, ∆Lab

αβ + Lγb
αβωa

γ − Lab
cβωc

α − ωab
αβ ≡ 0,

∆Laα + (Πb
aα + Γb

aα)ωb ≡ 0, ∆Πb
aα + Lcb

aαωc + δb
aωα ≡ 0
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∆Lαβ +(Πa
αβ +Γa

αβ)ωa−Laβωa
α +Γγ

αβωγ ≡ 0, ∆Πa
αβ−Πa

bβωb
α +Lba

αβωb +Lγa
αβωγ ≡ 0,

where

ωa
bα = Λa

αωb + δa
b Λc

αωc + δa
b ωα, ωac

bα = Λac
α ωb + δa

b Λec
α ωe − δc

bω
a
α,

ωα
βγ = δα

β Λa
γωa + δα

β ωγ + δα
γ ωβ , ωαa

βγ = δα
γ ωa

β + δα
β Λba

γ ωb.

ωa
αβ = Λa

βωα, ωab
αβ = Λab

β ωα.

An analog of the strong Norden normalization [7] for this manifold is carried out.
It consists of the fields of the planes Cn−m−1 and Nm−1:

L∗m ∩ Cn−m−1 = f¡ , A /∈ Nm−1 ⊂ L∗m.

The planes Cn−m−1 and Nm−1 we shall set by the points Bα = Aα + λa
αAa + λαA

and Ba = Aa + λaA, respectively.
The differential equations for the components of the clothing quasitensor λ =

{λa
α, λα, λa} are of the form [8]:

∆λa + ωa = λaαωα + λb
aαωα

b ,

∆λa
α + ωa

α = λa
αβωβ + λab

αβωβ
b ,

∆λα + λa
αωa + ωα = λαβωβ + χa

αβωβ
a .

We have (see [6])

0

Γ a
bα = −δa

b λα + µa
αλb + δa

b µc
αλc,

0

L
ac
bα = δc

bλ
a
α − (δa

b Λec
α + δe

bΛ
ac
α )λe,

0

Γ α
βγ = −δα

γ λβ − δα
β λγ + δα

β µa
γλa,

0

L
αa
βγ = −δα

γ λa
β − δα

β Λba
γ λb,

01

Γ a
αβ = −Λa

βλα − µa
βλbλ

b
α,

01

L
ab
αβ = −Λab

β λα + Λab
β λc

αλc − λa
βλb

α,

01

L aα = µb
αλaλb,

01

Π b
aα = δb

aλα − Λcb
α λaλc,

01

L αβ = −λαλβ + λaλαµa
β − λaλbλ

b
αµa

β ,
01

Π a
αβ = −Λba

β λbλα − λβλa
α + Λba

β λc
αλbλc.

Theorem 2.1. The analog of the strong Norden normalization of the Grassmann-like
manifold Gr∗(m,n) induces a connection in the associated fibering.

We’ll consider the straight line in the plane L∗m and passing through a point A.
It crosses an analogue of a normal of the 2nd type Nm−1 in the point B = µaBa =
µa(Aa + λaA). We have

dB = [θ + (−λα + µb
αλb)ωα − Λcb

α λcω
α
b ]B+

+∇µaBa + µa[λaωα + ωα
a ]Bα+

+µa[(λaα + λaλbµ
b
α − λaλα)ωα + (λb

aα − λaλcΛcb
α − δb

aµα)ωα
b ]A,

where µa
α = λa

α − Λa
α, µα = λα − λaλa

α and ∇µa = dµa + µbω̃a
b .

If the covariant differential of the geometrical object µ vanishes we get parallel
displacement and we have
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Theorem 2.2. The straight line AB ⊂ L∗m determined by a point B ∈ Nm−1 (A /∈
Nm−1 ⊂ L∗m) is parallel displaced in the plane linear connection Γ1 = {Γa

bα, Lac
bα} iff

the point B is displaced in a plane Pn−m+1 = Nn−m +B, where Nn−m is an analogue
of a normal of the 1st type (Nn−m = A + Cn−m−1).

We consider a normal straight line AC intersecting an analog of the Cartan plane
Cn−m−1 ⊂ Nn−m in the point C = µαBα = µα(Aα + λa

αAa + λαA). We find the
differential of the point C

dC = [θ − (Λa
βλa + µβ)ωβ − Λba

β λbω
β
a ]C +∇µαBα+

+µα[(λa
αβ − λαµa

β)ωβ + (λab
αβ + λαΛab

β − λa
βλb

α)ωβ
b ]Ba+

+µα[(λαβ − λaλa
αβ + λaλαµa

β − λαλβ)ωβ + (χa
αβ − λbλ

ba
αβ − λbλαΛba

β − λa
αµβ)ωβ

a ]A,

where ∇µα = dµα + µβω̃α
β .

Theorem 2.3. The straight line AC ⊂ Nn−m determined by a point C ∈ Cn−m−1

(Cn−m−1 is an analogue of the Cartan plane) is parallel displaced in the normal linear
connection Γ2 = {Γα

βγ , Lαa
βγ} iff the point C is displaced in a plane Pm+1 = L∗m + C.

We consider general parallel displacements. We consider the point M ∈ Ln−1 =
Nm−1 + Cn−m−1.

M = ηaBa + ηαBα.

We find the differential of the point M

dM = θM + [∇ηa + (−ηaλα + ηaµb
αλb + ηβλa

βα − ηβλβµa
α)ωα+

+(ηcλcΛab
α + ηβλab

βα + ηβλβΛab
α − ηβλa

αλb
β − ηaΛcb

α λc − ηcΛab
α λc)ωα

b ]Ba+

+[∇ηα + (δα
β ηaλa − ηαλβ + ηαµa

βλa)ωβ + (δα
β ηa − ηαΛba

β λb)ωβ
a ]Bα+

+[(ηaλaα + ηaλaλbµ
b
α − ηaλaλα − ηβλaλa

βα + ηβλβα − ηβλaλβΛa
α − ηβλβµα)ωα+

+(ηaλb
aα − ηaλaλcΛcb

α − ηbµα − ηβλaλab
βα + ηβχb

βα − ηβλaλβΛab
α − ηβλb

βµα)ωα
b ]A,

where ∇ηa = dηa + ηbω̃a
b , ∇ηα = dηα + ηβω̃α

β .

Theorem 2.4. The straight line AM is parallely displaced in the compound connec-
tion Γ1 ∪ Γ2 by any displacement of the point M , i.e. parallel displacement in this
connection is degenerated.
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