An overview for nonlinear A-Dirac equations with
variable growth

Zhang Binlin, Massimiliano Ferrara, Giovanni Molica Bisci

Abstract. In this survey we first briefly give some related definitions
and notations that will be involved. Then we are confined to present
current advances for nonlinear A-Dirac equations with variable growth.
Furthermore, some unresolved problems to the above-mentioned topic are
proposed.
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1 Introduction

The qualitative analysis of nonlinear partial differential equations involving differen-
tial operators with variable exponent is motivated by wide applications to various
fields. Materials requiring such more advanced theory have been studied experimen-
tally since the middle of last century. The first major discovery on electrorheological
fluids is due to Willis Winslow in 1949. These fluids have the interesting property
that their effective viscosity depends on the electric field in the fluid. The dramatical
increase of the effective viscosity (or shear stress) is due to the existence of special
particle structures that appear in the presence of an electric field hindering the flow.
Winslow noticed that in such fluids (for instance Lithium polymetachrylate) the ef-
fective viscosity in an electrical field is inversely proportional to the strength of the
field. The field induces string-like formations in the fluid, which are parallel to the
field. They can raise the effective viscosity by as much as five orders of magnitude.
This phenomenon is known as the Winslow effect. For a general account of the un-
derlying physics we refer to Halsey [27]. For overviews of microscopic models in
relationship with applications to electrorheology we refer the reader to Parthasarathy
and Klingenberg [39] and Ruzicka [40]. Electrorheological fluids have been used in
robotics and space technology. The experimental research has been done mainly in
the USA, for instance in NASA laboratories. We also point out an interesting recent
mathematical model developed by Rajagopal and Ruzicka [41]. The model takes into
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account the delicate interaction between the electromagnetic fields and the moving
fluids. Particularly, in the context of continuum mechanics, these fluids are seen as
non-Newtonian fluids. Other relevant applications of nonlinear equations involving
differential operators with variable exponent include obstacle problems [42], porous
medium equation [1], and Kirchhoff problems [2, 3].

Most materials can be modeled with sufficient accuracy using classical Lebesgue
and Sobolev spaces, LP? and WP, where p is a fixed constant. With the emergence
of nonlinear problems in applied sciences, Lebesgue and Sobolev spaces LP and WP
have demonstrated their limitations in applications. A class of nonlinear problems
with variable exponent is a new research field and reflects a new kind of physical
phenomena. For instance, for some materials with inhomogeneities, e.g., the elec-
trorheological fluids (sometimes referred to as “smart fluids”), this is not adequate,
but rather the exponent p should be able to vary.

To the best of our knowledge, variable exponent Lebesgue spaces appeared in the
literature for the first time already in a 1931 article by Orlicz [38]. In the 1950’s this
study was carried on by Nakano [34], who made the first systematic study of spaces
with variable exponent (called modular spaces). Nakano mentioned explicitly variable
exponent Lebesgue spaces as an example of more general spaces he considered, see
Nakano [34]. Later, the Polish mathematicians investigated the modular function
spaces (see e.g. Musielak [33]). Since Kovacik and Rékosnik discussed LP(*) space
and W*P(@) space in [31], many results have been obtained concerning this kind of
variable exponent spaces, see for instance [8-10, 10-12, 16] for basic properties of
variable exponent spaces and [13—15, 17-19, 44] for the applications of variable expo-
nent spaces on elliptic equations. For an overview of variable exponent spaces with
various applications to differential equations we refer to [28, 43]. In particular, one of
the reasons that forced the rapid expansion of the theory of variable exponent func-
tion spaces has been the models of electrorheological fluids introduced by Rajagopal
and Ruzicka [41], which can be described by the boundary-value problem for the
generalized Navier-Stokes equations.

As a powerful tool for solving elliptic boundary value problems in the plane, the
methods of complex function theory play an important role. One way to extend
these ideas to higher dimension is to start with a generalization of algebraic and
geometrical properties of the complex numbers. In this way, Hamilton studied the
algebra of quaternion in 1843. Further generalizations were introduced by Clifford
in 1878. He initiated the so-called geometric algebras or Clifford algebras, which are
generalizations of the complex numbers, the quaternions, and the exterior algebras, see
[26]. Clifford analysis is usually the study of Dirac equation or of a generalized Cauchy-
Riemann system, in which solutions are defined on domains in the Euclidean space and
take values in Clifford algebras, see [4, 24, 45]. In particular, Giirlebeck and Sprofig
[25, 35] developed an operator calculus, which is analogous to the known complex
analytic approach in the plane and based on three operators: a Cauchy-Riemann-type
operator, a Teodorescu transform, and a generalized Cauchy-type integral operator,
to investigate elliptic boundary value problems of fluid dynamics over bounded and
unbounded domains, especially the Navier-Stokes equations and related equations.

The purpose of this survey is to summarize advances of nonlinear A-Dirac equa-
tions. We are confined to the above topic for our personal interests, here we make no
attempt at completeness because there has so far been many comprehensive surveys
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of differential equations with variable growth, for example, see [8, 28] and references
therein. We hope that this article can give some basic ideas for further investigations
in this field.

2 Definitions and notations

We first recall some related notions and results concerning Clifford algebra. For a
detailed discussion we refer to [4, 24-26, 35-37, 45].
Let C/,, be the real universal Clifford algebra over R™. Denote C/,, by

Cl,, = span{eg,e1,€2,...,€,,€1€2,...,€n_1€n,...,€1€2...65},
where ep = 1(the identity element in R™), {e1,ea,...,e,} is an orthonormal basis of
R™ with the relation e;e; + eje; = —20;5€0, where §;; is a Kronecker symbol. Thus

the dimension of C/,, is 2. We have an increasing tower R C C C H C Cl3 C - -,
where H is the algebra of real quaternions. For I = {iy,...,4,} C {1,...,n} with
1<4; <2 <... <1, <n, put e = e;,€;,...6,, while for I = &, e@/ = ep. For
0 < r < n fixed, the space C/], is defined by

Ct; = span{ey : |I| := card(I) = r}.

The Clifford algebra C/,, is a graded algebra as

ct, = @ cu,.

0<r<n
Any element a € C/,, may thus be written in a unique way as
a=lalo+[a1 + ...+ [a]n,

where [ ], : C¢,, — C{, denotes the projection of C¢, onto C/!.

It is customary to identify R with C¢9 and identify R™ with C¢. respectively. This
means that each element z of R" may be represented by z = Y " | x;e;. From an
analysis viewpoint, an extremely important property of the universal Clifford algebra
is that every non-zero vector z € R™ has a multiplicative inverse given by —x/|z|%.
Up to a sign this inverse corresponds to the kelvin inverse of a vector in Euclidean
space.

Notice that there is an isometric isomorphism between the Grassman algebra
and the Clifford algebra. Here the Grassman algebra is denoted by A* with grading
@D, A; (©2). More precisely, the isometric isomorphism can be established by the linear
extension of the map A : A*(Q) — C£,(Q2) defined on reduced multivectors:

Aieg, N Neq, — €y €ay,

where {e1,eq,...,e,} is independent of the choice of basis, see [36].
For u € C{,,, we denotes by [u]o the scalar part of u, that is the coefficient of the
element eg. We define the Clifford conjugation as follows:

r(r41)
€, €y - .- € :(71 2 €4,€,...€4,.

s b
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For A € C¢,,, B € Cl,,, we have

AB=BA, A=A
We denote B
(A4, B) = [ABJo.
Then an inner product is thus obtained, leading to the norm |- | on C¢, given by
A]2 = [AA),.

For all what follows let 2 C R™ be a bounded domain with a sufficiently smooth
boundary 992. A Clifford-valued function u : @ — C/,, can be written as u = X uyey,
where the coefficients u; : 2 — R are real valued functions.

The Dirac operator on Euclidean space used here is as follows:

n a n
D=2 s, m
Jj=1 Jj=1

If u is C' real-valued function defined on a domain  in R”, then Du = Vu =
(O1u, Ogu, - -+, Opu), where V is the distributional gradient. Further D? = —A, where
A is the Laplace operator over R™ which operates only on coefficients. A function
is left monogenic if it satisfies the equation Du(z) = 0 for each z € Q. A similar
definition can be given for right monogenic function. An important example of a left
monogenic function is the generalized Cauchy kernel

Gla)= oo
wn |z[™
where w,, denotes the surface area of the unit ball in R”. This function is a funda-
mental solution of the Dirac operator. Basic properties of left monogenic functions
one can refer to [4, 24-26, 45].

Next we recall some basic properties of variable exponent spaces of Clifford-valued
functions, for a detailed treat we refer to [20, 21].

Let P(£2) be the set of all Lebesgue measurable functions p : 2 — (1,00). Given
p € P(Q) we define the conjugate function p’(z) € P(2) by

p(z)
plz) =1
We denote by w the Radon measure canonically associated with the weight w(x)
in the following way:

p(z) = z €.

uE) = [ e

Let M(€) be the set of all measurable real functions defined on . Note that two
measurable functions are considered as the same element of M (£2) when they are equal
almost everywhere. The variable exponent Lebesgue space LP(*)(Q,w) is defined by

LP0)(Q,w) = {u € M(Q) : /Q () P@dp < oo}.
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with the norm

p(z)

oo () = it > 0 / \@ duz1),
Q

and the variable exponent Sobolev space WP(#)(Q) is defined by
Wr@(Q,w) = {u e LP@(Q,w) : |Vu| € L”(’”)(Q,w)},
with the norm
lullwrre @.w) = VU]l Lo (0,0) + 18l Lre) @,0)- (2.1)

Denote Wolm(w)(Q,w) by the completion of Cg°(Q) in WHP(*)(Q,w) with respect
to the norm (2.1). The space W~1P(*)(Q,w) is defined as the dual of the space
Wy ) (€, w). For more details we refer to [16] and references therein.

In the sequel, we say that u € LP(*)(Q, C/,,,w) can be understood coordinatewisely.
For instance, u € LP®)(Q, C/,,w) means that {u;} C LP(*)(Q,w) for u = Sjurer €
Ct,, with the norm ||u||pee) (0,00 w) = 2.1 lurllee) ). Throughout this way,
spaces WP (Q, Cl,,,w), Wol’p(x)(Q, Cly,w), C5°(22, Cly, w), ete., can be understood
similarly. In particular, if w(x) = 1, then the space L?(£2, C/,,) can be converted into

a right Hilbert Cf,,-module by defining the following Clifford-valued inner product
(see [24, Definition 3.74])

(F9)cr, = | Fgla)da. (2.2)
Definition 2.1.(see [39]) A function a : Q@ — R is globally log-Hélder continuous in
Q if there exist L; > 0 (i = 1,2) and as € R™ such that

< Ly
= Tog(e 1 Jz — g1

la(z) - aly)

Lo
) a\r) — Qo Sia
o lal@) = el < e D

hold for all x,y € 2. We define the following class of variable exponents

1
Ploe(Q) = {p eP(): » is globally log — Holder continuous}.

3 Advance in nonlinear A-Dirac equations

In this section, we will focus our attention on advance of nonlinear A-Dirac equations.

In [35, 36], Nolder first introduced A-Dirac equations DA(z, Du) = 0 and devel-
oped some tools for the study of weak solutions to nonlinear A-Dirac equations in the
space Wol’p(Q, C¢,,). Note that If A(z, &) = &, then A-Dirac equations DA(z, Du) =0
becomes —Au = 0, i.e., Clifford Laplacian equation. If A(z,&) = [£[P72¢, then A-
Dirac equations becomes D(|Du|P~2Du) = 0, that is, p-Dirac equation, see [37].
Moreover, if u is real-valued function, then the scalar part of A-Dirac equations cor-
respond to A-harmonic equations —div(A(x, Vu)) = 0. These equations have been
extensively studied with many applications, see [29]. It is worth pointing out that
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Nolder [35, 36] showed a Caccioppoli-type estimate and the removability result for
solutions to scalar part of A-Dirac equations.

However, the existence of weak solutions to the homogeneous A-Dirac equations
was not proved in [35, 36]. Inspired by his works, Fu and Zhang were interested
in the the existence of weak solutions for A-Dirac equations with variable growth.
For this purpose, it is natural to consider variable exponent spaces as the corre-
sponding working spaces. In [20], the authors introduced weighted variable expo-
nent Lebesgue spaces L”(ﬂ”)(Q7 CY¢,,,w) and weighted variable exponent Dirac Sobolev
spaces WPP®) (0, Cl,,,w) as follows.

Definition 3.1. The space LP(*)(Q, Cl,,,w) is defined by

Lp($)(Q,C£n7w) = {u eCl,:u= ZUIGI,UI € Lp("‘”)(Q,w)}7
I

with the norm

=Y lutll oo @.0);

lull Lre (0,000 0) = H > urer
I Lr@)(Q,Cly,w) I
and the Dirac Sobolev Space WP?(#)(Q, Cf,,w) is defined by
WPP@) (Q, Clyy,w) = {u € L@ (Q, Cly,w) : Du € LP@(Q, Cén,w)},
with the norm
lullwp.re (@,c0,.w) = Ul Lr@ (@000 w) + DUl Lre) (0,00, 0)-
and the Sobolev space WP(*)(Q, Cf,,,w) is defined by
W@ (Q, Cl,,w) = {u e LP®(Q,Cly,w) : |Vu| € LP@(Q, czn,w)},
with the norm
||u||W1~P<1‘)(Q,CZn,w) = ||VUHLP<E>(Q,cen,w) + Hu||LP<w>(Q,cen,w)~ (3.1)

Let W) (Q, Cl,,w) be the completion of C5°(Q, C4,) in W1P@)(Q, Cl,,w) with
respect to the norm (3.1). The space W ~1P(*)(Q, C¢,,,w) is defined as the dual of the
space Wol’p (x)(Q, Clp,w).

Theorem 3.1. Ifp(z) € P(), then the space LP®)(Q, CL,,,w) and WPP@) (Q, CL,,,w)
are reflexive Banach spaces.

As an application, the existence and uniqueness of weak solutions to the scalar
parts of nonhomogeneous A-Dirac equations DA(z, Du) + B(z,u) = 0 in spaces
wpb ’p(w)(Q, Cl,,w) were obtained under some natural assumptions. That is to say,
there exists a unique Clifford valued solution u € WP (Q, Cl,,w) to scalar part
of the above equations such that

/ {A(:c, Du)Dy + B(z,u)p| dr =0,
Q 0
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for any o € WP (Q,Cl,,,w). See [20] for the details.

Notice that WP (Q, Cl,,,w) € WPP®)(Q,Cl,,w). Therefore, in order to re-
place Dirac Sobolev spaces WP (Q, Cl,,,w) by WHPE)(Q, Cl,), by the theory of
Calderén-Zygmund in variable exponent spaces, the operator theory in classic Sobolev
spaces of Clifford-valued functions was generalized to variable exponent spaces of
Clifford-valued functions as follows, see [32]. In what follows, we always assume
(unless declared specially) that p € P'°8(Q) and 1 < p_ =: inf cqp(z) < p(z) <
Sup,eq p(z) < +o0.

Theorem 3.2. Let p(z) € P(Q). Then WHP@)(Q,CL,,) is a separable and reflexive
Banach space.

Theorem 3.3. Ifu € Wol’p(w)(Q, Ct,,), then ||uHW01,p<m>(Q7CL,n) and || Dul| Lp@) (,ce,)

are equivalent norms on Wol’p(x)(ﬂ, Ct,).

As an application of above-mentioned spaces theory, the existence of weak solu-
tions to the scalar parts of inhomogeneous Dirac systems DA(z, u, Du) = B(z, u, Du)

in spaces I/VO1 P (I)(Q, C¢,,) was obtained under certain conditions, see [21, Theorem
3.1].

It is natural to consider the homogeneous A-Dirac questions DA(z, Du) = 0 under
more natural conditions:

(A1) A(z, &) is measurable with respect z for £ € Cf,, and continuous with respect to
¢ for ae. € Q)

(A2) |A(x, &) < C1¢P@) =1 for ae. z € Q and & € Cly;
(A3) [A(x,f)f]o > Col€P™) for ae. x € Q and € € Cly;
(Ad) [(A(z,&1) — Az, &)) (& — fg)]o >0 for a.e. x € Q and &,& € C,,.

In [48], the existence of weak solutions to the scalar part of homogeneous A-Dirac

equations DA(z, Du) = 0 in spaces Wol’p(w)(Q, C¢,,) was proved under the assump-
tions (A1)—(A4).

It is crucial to consider the existence of weak solutions to nonlinear A-Dirac equa-
tions. For this, Fu, Zhang and Riddulescu [22] established a Hodge-type decomposition
of variable exponent Lebesgue spaces of Clifford-valued functions as follows.

Theorem 3.4.The space LP\) (Q, CL,,) allows the Hodge-type decomposition
LP@)(Q,Ct,) = (kerD N LP®)(Q,CL,)) @ DW P (Q, Ce,) (3.2)

with respect to the Clifford-valued product (2.2), where the operator D : LP(*)(Q, Cl,,) —
W—Lr)(Q,Cl,) can be considered as a unique continuous linear extension of the
Dirac operator.

Beginning with this decomposition we can get the following projections
P : LP®)(Q, CL,) — kerD N LP®)(Q, CL,,)
Q : LP@)(Q,CL,) — DWP(Q, Cey).
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For p(x) = 2, these are orthoprojections. Notice that from the proof of Theorem 3.7
we know _
Q=DA,'D,P=1-Q. (3.3)

It follows from (3.3) that the operator Q as well as P maps the space LP®)(Q, C(,,)
into itself.
With the aid of Theorem 3.4, we obtain the following useful corollary.

Corollary 3.1. The space LP®)(Q, Cl,)NimQ is a closed subspace of LP®)(Q, CL,,).

Corollary 3.2. (LP(®)(Q,Ct,) N imQ)* = LP'®)(Q,CL,) NimQ.

With the aid of this decomposition, together with the Minty-Browder theorem, exis-
tence and uniqueness of a weak solution to the A-Dirac equations DA(Du) = 0 were
obtained under the following assumptions:

(H1) [AE) — A(n)| < Ci([g] + )P ~2[¢ —l;

(82) [(A(€) — A (€ ~ )], = Ca'(lg] + Il P

(H3) A(0) € L @)(, CLy,),

where € and 7 are arbitrary elements from C/,,, both C;’ and Cs’ are positive constants

independent of ¢ and 7. Notice that when A(¢) = |£[P(®)=2¢, then the equations

DA(Du) = 0 generalizes the important case of the equation D(|Du|P(*)=2Du) = 0.
Obviously, the conditions (A1)—(A4) are weaker than those of (H1)-(H3) in a

sense. Therefore, one may ask: does there exists a unique weak solution to the homo-

geneous A-Dirac equations under the assumptions (A1)—(A4)? In [47], Zhang, Molica

Bisci and Radulescu gave the positive answer to the homogeneous A-Dirac equations

DA(z, Du) = 0. Furthermore, they proceeded to consider the inhomogeneous A-Dirac
equations DA(z, Du) = Df, where f € L ®)(Q, C¢,,). Their result reads as follows:

Theorem 3.5. Under the assumptions (Al), (A2), (A3) and (A4), for each f €
LP'@)(Q, CL,,), there exists a weak solution u € Wol’p(m)(ﬂ, Ct,,) to the A-Dirac equa-
tions DA(xz,Du) = Df, that is to say, there exists a Clifford-valued function u €
Wy (Q,Cl,) such that

/A(m,Du)Dvdx:/?Dvdm
Q Q

for anywv € Wol’p(m)(ﬂ, Ct,,). Furthermore, the solution to the scalar part of the above
equations is unique up to a monogenic function.

In [23], Fu and Guo obtained the existence of weak solutions to nonhomogeneous A-
harmonic equations d*A(z, du(z)) + B(x,u(z)) = 0 in space Wol’p(x)(Q, A1), where
Al=1 denotes differential forms of degree I — 1. Inspired by [23, 47], one may ask the
following question:

Open Question 3.1. Does there exists a unique weak solution to the nonhomoge-
neous A-Dirac equations DA(z, Du) = B(x, Du)? where A : Q x Cf,, — C{,, satisfies
the conditions (A1)—(A4) and B : Q x C{,, — C¢,, satisfies the growth condition.

It is worth pointing out that an A-harmonic equation divA(z, Vu) = 0 is the scalar
part of the equations (1.1) under appropriate identifications, see [20, 29]. When u is
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a real function, Du can be identified with Vu. Hence the equations DA(x, Du) =
B(x, Du) corresponds to the nonhomogeneous A-harmonic equation divA(z, Vu)
B(x,Vu). For detailed account we refer to [5, 8, 46] and references therein.

More generally, one may consider the following question:

Open Question 3.2. Does there exists a unique weak solution to the nonhomoge-
neous A-Dirac equations DA(x,u, Du) = B(x,u, Du)? where A : Q x C¢, — Cl,
and B : Q x C¢,, — C/,, satisfies the certain growth conditions.

Another important subject for nonlinear A-Dirac equations is regularity. Alkhutov
has proved in [6] that bounded supersolutions satisfy Harnack’s weak inequality and
solutions satisfy Harnack’s inequality. Harjulehto, Kinnunen and Lukkari [30] gen-
eralize his result to unbounded supersolutions. Both papers apply Moser’s iteration
which heavily depends on the Caccioppoli estimate. For the detailed account we refer
to the excellent survey [28] and references therein.

It is natural to ask if there has the corresponding Caccioppoli-type estimate for
A-Dirac equations. In [47], Zhang, Molica Bisci and Radulescu obtain the following
Caccioppoli-type estimate.

Theorem 3.6.  Let p(z) € P(Q). If u be a weak solution to the scalar part of
DA(z,Du) =0 and n € C§° () with 0 <n <1, then

2
/ [Dufr @y do < (1+ 7(]”“)”/ |u|P@) || @) i
Q Co Q

In [7], Chen and Wang considered the inhomogeneous A-Dirac equations D A(x, Du)
f(x, Du) in space WP (Q,C¢,). Tt is showed that under suitable conditions, the so-
lutions to the inhomogeneous A-harmonic equations if f satisfies the controllable
growth condition in fact is a scalar part of weak solutions to the corresponding in-
homogeneous A-Dirac equations, see [7, Theorem 1.1]. The proof applied a suitable
Caccioppoli-type estimate for the above equations. Motivated by their works, we may
ask the following questions:

Open Question 3.3. Does there has a Caccioppoli-type estimate for the inhomo-
geneous A-Dirac equations DA(z, Du) = f(z,Du) in space Wol’p(x)(Q,CEn) under
certain growth conditions?

In [32], Y. Lu and G. Bao were concerned with the regularity properties of weak
solutions in WO1 P(Q, CeF) to the obstacle problem for homogeneous A-Dirac equa-
tions, such as a global reverse Holder inequality and stability. In [47], Zhang, Molica
Bisci and Radulescu considered the following stability for the inhomogeneous A-Dirac
equations DA(xz, Du) = Df if the condition (A4) is replaced by the following strong
monotonicity:

(A4") [(A(z, &) — Az, &)) (& — &)], = Cslér — &P,

where ('3 > 0 is a constant.
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Theorem 3.7. Under the assumptions (A1), (A2), (A3) and (A4"), for given
f.g € LP'®)(Q,CL,), each of the two equations

DA(xz,Du) = Df DA(z,Dv) = Dyg
ue Wi (@, ce,), v e WP (@, ce,),

has a unique weak solution and

. —1 _—1
mm{ e = vuzvj;é”)(“(n,cen)’ I = v”Zv)vl’P(’)(n,czn)} < Cnp DS = gllre@ce.)-

0

The usual problem is that whether the result can be extended to the stability

case for the inhomogeneous A-Dirac equations DA(xz, Du) = B(x, Du). This is an
interesting topic to explore.
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