New results on two dimensional R—complex
Finsler spaces

Gabriela Campean

Abstract. In this paper we study two - dimensional R complex Hermitian
Finsler space. Using the Berwald frame {I,m,[l,m}, we find two vertical
curvature invariants Iy, I which characterize the holomorphic sectional
curvatures in direction [ and m respectively, of a such space. Finally,
some classes of two - dimensional R complex Hermitian Finsler spaces are
studied. In this case, we obtain that the notions of Kéahler and strongly
Kahler coincide.
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1 Introduction

The notion of R complex Finsler space was introduced in [8], p. 176, in order to obtain
a Legendre duality between complex Randers and Kropina metrics, but their study is
quite new and it has been initiated in [9]. The concept of R complex Finsler manifold
is a direct extension of the complex Finsler one, reducing the scalars to A € R, in the
homogeneity condition.

In two-dimensional real and complex Finsler geometry are known important results
([7, 3, 2]) and a powerful instrument like Berwald frame, is well known.

The aim of this paper is to investigate two-dimensional R complex Finsler spaces,
by means of a Berwald frame in which the orthogonality is with respect to Hermitian
structure, defined by the fundamental metric tensor of a two-dimensional R complex
Hermitian Finsler space.

In section 2, we recall the main properties of the n - dimensional R complex Finsler
spaces, which are completed with some others needed.

In section 3 we give the constuction of the Berwald frame of a two-dimensional R
complex Hermitian Finsler space (M, F'), which have important properties. Also, we
find the expression of the Cartan with respect to this frame and obtain the explicit
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form of the R complex Finsler metric F' of a two-dimensional R complex Hermitian
Finsler space (Theorem 3.1).

Considering vv - Riemann type tensor, we find two vertical curvature invariants
I, and I, and by means of these we define and compute the vertical holomorphic
sectional curvatures in direction I and m.(Theorem 4.1). There results are in Section
4.

In Section 5 we study some classes of R complex Hermitian Finsler space. We
prove that in a two-dimensional R complex Hermitian Finsler space the notions of
Kéhler and strongly Kéhler coincide (Theorem 5.1). Also, we give some necessary
conditions under which this class of spaces is a Berwald one, (Theorem 5.2).

2 R complex Hermitian Finsler space

Let M be a n - dimensional complex manifold, z = (2*) k=Tn are the complex coor-
dinates in a local chart. The holomorphic tangent bundle 7'M is itself a complex
manifold, and the coordinates in a local chart will be denoted by u = (2%, n*), _

1n-
Definition 2.1. A R complex Finsler space is a pair (M, F'), where F' is a continuous
function F' : T'"M — R satisfying:

i) F := L? is smooth on T'M = T'M\{0};

1) F(z,m) > 0 the equality holds if and only if n = 0;

iii) F(z,An, 2, \77) = |A| F(z,m,Z,7), VA € R.
We use the following tensors

9°L L 0°L

2.1 ii = A a9 a7 9= 3= a=7
21) 93 = gniong 99~ anior %5 T oo

and some consequences of the homogeneity condition i), [9],

oL ., OL_, , . 0L
2.2 n'+—n" = 2L; gin'+g:0 = =—;
(2.2) o oy 9" + 957 = 5.5
2L = gin'n’ + 29507 + g0 W

ik 4 09y _ o, Wikyy | Dikgs

67’]] 8ﬁ] ! 677] aﬁJ
Also, we consider the Cartan tensors

9gij __Ogij _ Ogix
(2.3) Cijk = W 3 Cigk = o ~ o
and their conjugates, which have the properties
(2.4 Cijk = Cikj = Cjir, Cijg = Cjigs
Cijo + Cij5 =0, Cioj + Cij0 = 0,

together their conjugates, where Cjj o := Cijknk and Cjjp = Cij,;ﬁk.
If in an R complex Finsler space, we suppose that F satisfies the regularity con-

ditions: g,; is nondegenerated, (i.e., det(g;;) # 0, in any u € m), and it defines
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a positive definite Levi-form for all z € M, then a such class of spaces is called R
complex Hermitian Finsler space, [9].

Consider the sections of the complexified tangent bundle of T"M. Let VI'M C
T'(T'M) be the vertical bundle, locally spanned by {%}, and VT"”M its conju-
gate. The idea of complex nonlinear connection, briefly (c.n.c.), is an instrument in
'linearization’ of the geometry of the manifold 7M. A (e.n.c.) is a supplementary
complex subbundle to VI'M in T'(T"M), ie. T'(T'"M) = HT'M @© VT'M. The
horizontal distribution H,T'M is locally spanned by {5%,9 = % - Ni%}, where
N,Z(z,n) are the coefficients of the (c.n.c.). The pair {6 1= 2, := 6—&} will be

Szk»

called the adapted frame of the (c.n.c.), which obey the change rules 0, = %sz d%
and 9y, = gz/,: 8; By conjugation everywhere we obtain an adapted frame {6z, d;} on

T!(T'M). The dual adapted bases are {dz*,é6n*} and {dz*, 67~}
A complex nonlinear connection for R complex Hermitian Finsler space (M, F),
called Chern-Finsler (c.n.c.), is given by

v ag_f ag v
h ._ _1h Tl =7 sl s

In an R complex Hermitian Finsler space, we have recovered the Chern-Finsler com-
plex linear connection, ([9]), which is metrical of (1,0)— type, and it is given by

(2.6) Ly, = g™ 6(gkm) 3 Cie = 9™ 05(grm) 3 L, = Clp =0,

where here and further on dy is the adapted frame of the Chern-Finsler (c.n.c.) (2.5).
Moreover, we have

(2.7) Ll =0;Nis Ni =Ly’ + (0:Np)i" 5 2G* = Nin?.

In [4] are introduced the following notions. A R complex Hermitian Finsler space
(M, F) is strongly Kahler iff T;k = 0, Kdhler iff T;knj = 0 and weakly Kdhler iff
giZTjknjﬁl = 0, where Tjk = L;k — L};j. Also, (M, F) is called Berwald if is K&hler
with the coefficients Lj-k depend only on z.

Theorem 2.1. [4]. Let (M, F) be an R complex Hermitian Finsler spaces. If G are
holomorphic with respect to n and (M, F) is Kdhler, then it is Berwald.

The Sasaki type lift of the metric tensor g,;, defined on T (7" M), is
(2.8) G = g;;dz"' @ dz’ + g;50m" @ o7,

with respect to Chern-Finsler (c.n.c.).

3 R complex Berwald frames

Further on, let M be a 2 - dimensional complex manifold, (¥, n¥)_1 2 are the complex
coordinates on tangent bundle 7" M, the indices ¢, j, k... run over {1, 2}.
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We set a” := g;n'T and [ := 1'9; a unit vector (i.e., G(I,1) = 1), with its dual
form w = [;0n*, where
(3.1) = Lyiand = Lo I

. = - an i — —4;5 = g;507.
2l 97 = 9ij

Using the same technique as in [3], we construct an orthonormal frame in the
vertical bundle VT’ M which is 2 - dimensional in any point. So, VI'M = {lI}@{l}+,
where {l}* is spanned by a complex unit vector m.

Requiring the orthogonality conditions G(I,m) = 0 and G(m,m) = 1, and using
m; = gﬁmj , we get a linear system:

llml + lgm2 =0
mim! + mam? = 1.

This doesn’t admit an unique solution. If we solve this system formally ([3], [6]) as
one linear, we get ”the solutions”:

l l
m' = _ZZ7 m* = Zl’ my = _Al27 ma = Allv
where A = lyms—Iamy. They are not completely determined, because A depends on
m;. A straightforward computation give us |A| = /g and A" = 7A, under a change
of the local coordinates (z*,7%)r—12 in (2'%,7%)r=12, where g = det(g;7) > 0 and
T = det (gj,;) . Our statement will be made for a fixed choice of A and{l,m,l,m},
with

1 . .
m = Z(—lgal =+ 1182)7

which will be called the R - complex Berwald frame. The dependence for the chosen
A will be analyzed everywhere.

When we work in a fixed local chart, we can take A = ,/g , and so, in this case
we have

1 . .
(32) m = %(71281 + 1182)

for a fixed local chart.

Then {l,m,[,m}, with m from (3.2), will be called the local R - complexr Berwald
frame of the R - complex Hermitian Finsler space.

Although m from (3.2) depends of the change of the local coordinates, it is very
important for our study in a fixed chart. An important remark is that the quantities
m;m?, m'm?, mym;, mym are independent of the chosen chart.

With respect to the local R - complex Berwald frame, we have

(3.3) 9; = l;l +m;m and 97 = lily +mim;.
Taking into account (2.2) and (2.4), with respect to the local R - complex Berwald
frame, the Cartan tensors (2.3) are decomposed as it follows
Cijk = Aliljlk + B(miljlk + limjly + liljmk)
—|—C(llmjmk + miljmk + mimjlk) + Dmimjmk;
C, ik = (—Al;’C + Bm,;)lzl] + (—BZE + Wm,;)(llm] + mll])
+(—le€ + Vm;;)mimj,

(3.4)
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with A = —A and W = —W, and from here we can express the vertical coefficients
of Chern-Finsler complex linear connection
Cs = ¢FCp = (—Al° + Bm®)lil

—l—(—BlS + ng)(llmj + milj) + (—Cls + Vms)mimj,
and A = —ljlkth;fk, B = —ljmkthjhk, C = —mjmkth;‘k, B = ljlkthfk, V =
mjmkthJ}-Lk, W = ljmkth]hk.
Denoting b? := g;;n'n’ and b% := gfijﬁiﬁj, and using (2.2) we have following rela-
tion: )
2L = b* + b* + 24>
After several computations, we deduce the following results
(3.5) Opa® + Ob? = aly and Opa® + Opb® = aly + 2gikm".
Contracting (3.5) by (*and mF* | it follows
I(a?) +1(0%) = a, 1(a?) +1(b?) =a+ 222
m(a?) + m(B?) = 0, m(a?) + m(t?) = 2guxnmk.
I(a®) = Wgzn'n’) = Cijklknzﬁj + %gijnlﬁj =—a?A+a
m(a?) = m(ggn'iY’) = mFCogpn'i’ + mPg50 = —a’B.

Summarizing, we get the following results

l(a?) =  —a?A+a; 1) = a?A+ 22, 1(B?) = a24;
(3.6) m(a?) = —2a2€3 ; m(b?) = a?B + 2g.;m"™ 3 m(b*) = a®B;
(L)= =5 m(L) = grym™n?,

and their conjugates.

Proposition 3.1. With respect to the local R - complex Berwald frame, we have

37 1) = (;a + A> I 130 = (1 n A> i

2 2a 2
w = (—;1 - 21a> i~ Bmi; 1) = (;a - f21> i — Bmy ;
N ) LA R C e I
I(m") = (—2/ — 21a) L+ Bl I(m') = (—VZ + 22) m' — Bl
m(l;) = —gli —Cm; ; m(l;) = —;lz + (l + W)mg;
m(l") = gﬁ + %mi s m(lh) = 712‘;
m(m;) = —lli + %mz ; m(my;) = gmi;
m(m') = CI'— gm’ ; m(m') = —(é + W)t — %mi7
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and their conjugates.

For the proof we use the same technique for the formulas (3.6) from [3], but with
(3.6).

Lemma 3.1. With respect to the local R - complexr Berwald frame are hold

I(A) + 1(A) = _g W)+ 1) = —% . 1(C) +1(C) = _%.

Proof. 1(A) + I(A) = [(~IIF1,Cl) + [(~IIEL,Ch)
= %C’,’:jljlklhij}.‘k(f2Bmh)ljlk = %C,gjljlklh = —4 and, we can prove the others
relations in the same way. O

. . . . 2
Further on, our goal is to give the representation of the metric tensor g;; = %

in terms of the local R - complex Berwald frame. Since b? := g;;n'n’, then

b2

where Y and X are functions on 7" J\/.I'2 which will be determinate. ,

Firstly, we obtain that det g;; = (%X—YQ)Q and so, g;; is invertible iff Z—QX £Y?2,

Secondly, differentiating (3.8) with respect to n and 7, we obtain

. 2
Cijk = Orgij = Alilily, + (milsly, +m;lil) (=25 +1(Y)) + Lim;l(5F — 45)+
2

+U(X) + XW + £ — BYmm;ly + [m(Y) — Z — Z](Limymi + milymy)+

+(5E — BXymlimy, + Lilymy (B — £) + m(X) + XV — YC)mymmy,

Ciji = Orgiy = Alilyly, — B2 (maljli + mjlily) + [[(X) = XW — ZJmm; l+
+Blilymy, + % (2 = W) (Lmgmy + malymy) + [(X) + XV]mam;m

which together with (3.4) lead to

b2
. Y = 0; B=0; =
(3.9) 0; 0; W PEEEIE
a? +b% o a? + b?
(xX) = 20 e ; (X)) =-2C PO
a? + b2 _ _
X = - P C; D=m(X)+XV; V=mX)+XV.

Now, we distinguish two cases:
1. If C =0 then X =0 and so, D =V = 0. These give that g;; is not invertible.

It mince 9ij = %lzlj and

(310) C,k = Allljlk and Cijfc = 7Alfclilj + Wml;(llm] + milj),
Wlth W = a(agiib%.
2. IfC 7& O, then 9ij = %lilj - a2jb2 C’mimj and det 9ij = —%OQ, i.e., Gij

is invertible. But, that the tensor g;; to define a positive definite quadratic form for

all z € M, we must to make a suitable choice for the function C. Due to Lemma 3.1,
— 72
it must to satisfy the equation I(C) +1(C) = —%. A solution of this is C' = —m,
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which gives detg;; = Z’Z—Egg > 0 and X = Z—z. Using (3.6) with B = 0, we have
m(X) =m(X) =0. Hence V = XV, which gives V =0 and so, D = 0. In this case,

(3.11) Cijk = Aliljlk + C(limjmk +mglymy + mimjlk);
Cijfc = 7Alj€lll] —+ Wm,;(limj + mllj) — Cl;;mimj,
WlthW:a(agij_bZ) andC:fa(aEij_bz).
Moreover, we obtained that W = a(agij_bz,), in both cases. But, W = —W which
implies a? = — Ejj_l_’;, with b% + b? < 0, because a® > 0.

Therefore, we have proved:

Theorem 3.2. Let (M, F) be a 2 - dimensional R complex Hermitian Finsler space.

2_p2)2 . 2 2 2,12
Then, F? = gzb%g) and either g;; = %lilj or gij = Z—zlilj — 4 ;H’ Cmym;j, C # 0,

with b + b2 < 0.

Using above results (with C =0 or C = —a(ag’ij_bz,)), by a direct computation we

obtain formulas for vertical covariant derivatives of I, m, [ and m with respect to the
Chern-Finsler complex linear connection (2.6):

A 1 w1
(3.12) Ll = (2 - 2a> Lily 5 milj = (2 - 2a> mil;

Ll = (21a - 1;) Lil; + <61L + W) mims;
mil; = (;a—l/;/> Lym; + <—1—W) Limy;

li|j = (2161—;1>1113+ (i-l—W) mimj;

'y = (—21a+§> Il m'l (—;a V2V> m'l;
mi|3 = (21a - VZ) m'l; + <—1 - W) limg,

and their conjugates.

4 Vertical curvature invariants

Our next aim is to give the expression of the vertical Riemann curvature tensors
corresponding to the Chern-Finsler connection, with respect to the local R - complex
Berwald frame. The nonzero curvatures coefficients of the Chern-Finsler connection
are:

i . _7i ol o iomi i _mi

(4.1) Rz, = —L'm—NLaCh ; S = —Clp =Sl
1 _ [ Li_vio. T _ T . Qt

Pjﬁk - _ij‘h - Nk|h Gl Sjﬁk - _Cjk|h - Skﬁj'

Then the Riemann tensors have the following hh—, hto—, vh—, v0— components:
[ > S » M 5 S SR - AN o AN o)
Rjiﬁk = gljRi,gka Pjihk = glei]TLka =jikk = 91555080 Sjihk = ng'Siﬁk-
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We study the vv - Riemann type tensor S
Firstly, we suppose that C' = fa((jiibz). In this case, by (3.6), we have C|zm® = 0.
Now, taking into account (3.12), it results
s 2 s
Seine = —Cirnln = (ALl + 45 + G Rlelily, + (Alsm®)mylrdl
—(W|sl® + X + WA pme(mjle + myly)
+mymem;my (—% +2W?) + (% — AW + % — W?2) myle(Lymy + myly)
+plemimy, (C|§Z§ — CTA — 3¢ _ CW) , because W |zm® = 0.
But S; s is symmetric in j, k and 7, h. Thus, we have

(4.2) Alsm® = 05 Wl = ==+ —= = — +W*.

In the another case, (C' = 0), a similar computation gives

Siiie = —Cirrln = (Alsl® + 55 + 4 glelili + (Alsm®)mpli il

—(W sl + X+ WA mp(mjle + myly) + mpmemmy (— 25 4+ 272)

+ (2 — AW + ¥ — W) my (L + myly),

and requiring the symmetry properties for S;;z;, we again obtain the conditions
(4.2).

We make the following notations:

- Al e 1
I = AR+ 5 (a +A4); I, = 2W(a W),
in which I; and I, are invariable to the changes of the local coordinates because S Tk
lil7l,1, and mymymymsz are tensors. As in [3], we call the functions I and Iy vertical
curvature tnvariants.
Also, by analogy with [3], we define the vertical holomorphic sectional curvature
in direction !

(4.3) K¥%,(z,m) = 2R(l,1,1,1)

)

and the vertical holomorphic sectional curvature in direction m
(4.4) K (2,m) = 2R(m,m, m,m).

Now, using Lemma 3.1 and the properties A = —A, W = —W, the second equation
from (4.2), yields A = —W. So, we can prove the following results.

Theorem 4.1. Let (M, F) be a 2 - dimensional R complex Hermitian Finsler space.
Then,
i) Kiy(z,m) = 2L = 0;

.. 2
ZZ) K}é’m(z,n) = 212 = _((1;:-#1)2)2"

’LZZ) Ifgij = Zélilj then,
(45) Cijk = Aliljlk 5 CijIZ: = _A(lfglzl] + m,;limj + m,;milj),

Seine = Tompmemgmy;
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. 2 72
w) If gij = Zﬁlilj + Zﬁmimj then,

(46) Cijk = Allljlk + C’(limjmk + miljmk + mimjlk);
Cijfc = 7A(ZEZ1ZJ + mlglimj + m,;mzl]) - C’l,;mimj;
52 _ b2
Sfjhk = Lompmsmymy + 7((12 n b2)2l,3lfmjmk,
’IUZthA:_a(agiibg) andC:_a(agiibQ).

Proof. i) Since A = —W, we have [(A) = _(—a(agbiilﬂ)) = —4(+A4).But, I =
I(A) + %(% + A) and so, it results I; = 0 and Kp,(z,1) = 2I; = 0.
ii) By direct computation, Iy = —2W (£ —W) = % and from here, Ky, (2,7) =
oAy = — A,
(a24b%)°
iii) If g;; = 231;0; then C = 0 and by (3.11), we have
Cijk = Allljlk and CijE = —A(l;’clil]‘ + m,;limj + m,;mll])

Now, because A = —W and I = 0 it follows, S5, = Lompmzm;my,.

iv) Using (3.11), it results the first two relation from (4.6). Since g;; = Z—Zlilj +
%mimj and C = —a(ag’ij_bz\) we have C|51° — % — % —CW = % which leads
to the third relation of (4.6). O

5 Some classes of R complex Finsler spaces

With respect to the local R - complex Berwald frame, the local coefficients of the
Chern-Finsler (c.n.c) can be written in the following form

N; = aljli + ﬂljmi + 'ymjli + (Smjmi7

where a, 3, 7, ¢ are functions on T” M. Taking into account (2.7) and (3.7), after some
computations, we obtain

(5.1) G

S (al’ 4 Bm");

a

i He)llil" + (U(y) + g)ljmkli + (l(ﬁ) 6) Lilm® +1(8)lymym’
+(m (a) + 0C — g) milpl' + (—aC + m(y) + 5C)m myl’
o d i v i
- +m(0) — o mjlm' + (—5C + - + m(0))m;mim’,
with conditions

(5.2) (o) +1(a) =

QI 2|9
-~ |
=
(o9
S~—
+
—
—~
[«9)
Nt
Il

() +1y) =
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Proposition 5.1. Let (M, F) be a 2 - dimensional R complex Hermitian Finsler

space. Then,
1) It is weakly Kdhler if and only if

(53 m(a) 1) = 2~ 5C

1) It is strongly Kahler if and only if it is weakly Kdhler and

(5.4) 16) — m(p) = 22,

a

1it) It is Kdhler if and only if it is strongly Kdhler.

Proof. To prove i), we must compute the expression g; 15777 Due to (5.1), we
obtain o
gaThn'il' = a®Thlil? = a®[m(a) — 1(y) = 3 + BC)my.
So, gi[T;knjﬁl = 0 if and only if m(a) — I(y) = 277 — pBC, ie. i).
i) Ly, — Ly = [m(a) + BC = Z = 1()|'hm; + [[(y) + 2 — m(a) = BCIILimy,
HU8) = m(B) = 2 + Symimyl + {m(8) + 2 — 2 — 1(8) il
Hence, L, —Lj. = 0if and only if m(e) —1(y) = 2 = BC and 1(3) —m(B) = 232

a

For iii), using again (5.1), we have (L}, — Lj )7’ = 0 if and only if m(a) —1(v) =
2 — BC and I(5) — m(B) = 2=2. O

a

Theorem 5.2. Let (M, F) be a 2 - dimensional R—complex Hermitian Finsler space.

If it satisfies (5.3), (5.4) and

(5.5) o) = m(B) =0; 1(8) = == 5 m(a) = = + BA.

Proof. Using (3.7) and (5.1), we obtain
20-G* = lp[al(Q)l' + (al(B) + B)Ym'] + mz[(am(a) — B — aBA)I* + am(B)m?].

If 9;G* = 0, it results (5.5). Now, by applying Theorem 2.1 and (5.2), the claim
follows. O
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