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Abstract. We develop the properties of the Codazzi algebras associated to
pairs of Levi-Civita connections on the tangent space of fibered manifolds,
and of the the corresponding Ji-planar characteristic algebras.
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1 Fibered manifolds

A fibered manifold is a triple (Y, 7, X), where Y and X are finite dimensional differ-
entiable manifolds and 7 : Y — X is a surjective submersion with dim X = n and
dimY = m+n. At every point y € Y, the following two equivalent conditions defining
submersions are satisfied:

(1) the tangent mapping T, 7 : )Y — Ty ()X is surjective,

(2) there exists a chart (V,4), ¥ = (u',y°) at y € Y, where 1 <i <n,1 <o <m,
and a chart (U, ¢), ¢ = (z°) at * = n(y) € X, such that U = n(V) and 2’7 = u'.

We further write 2% instead of u?, and call (V,v), ¥ = (x%,4°), a fibered chart.
The chart (U, ), ¢ = (z%), on X is unique, and is said to be associated with (V, 1),
Y = (z*,y%). A section of a fibered manifold (Y, 7, X), is a mapping v : U — Y,
where U C X is an open set, such that

(1.1) moy =1idy.

A vector field 7 on Y is said to be m-projectable, or simply projectable, if there exists
a vector field £ on X such that

(1.2) Tr-T=¢om.

If € exists, then it is unique, and it is called the w-projection of 7. In a fibered chart

(V,4), ¥ = (2,y7), a m-projectable vector field 7 is expressed as 7 = &' 52; + 77 52

i ’ i i 3y0‘7
where & = ¢'(2?) and 77 = 77 (27, y7).
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2 Jet prolongations of a fibered manifold

Let y € Y, x = m(y), and let I}, | be the set of smooth sections vy of Y defined at =
such that v(z) = y. Let > 0 be a positive integer. We define the binary equivalence
relation y; ~ 7o by requiring that there exists a fibered chart (V,1), ¥ = (z¢,y°) at
1y, such that

DilDiQ ce Dik <y071@71)(@(x)) - DilDi2 s le (yo’)/?(pil)((p(x))

for all k =1,2,...,r and for all i1,49,...,7; such that 1 <i; < iy < ... < i <nis
an equivalence on the set I'; . The equivalence class containing a section v is called
an r-jet with source x and target y or the r-jet of y at z, and is denoted by J~v. We
denote by J"Y the set of r-jets with source in X and target in Y. The canonical jet
projections are the mappings 7">* (respectively 7") of J"Y onto J*Y, where 0 < s < r
(respectively on X), defined by n™*(JIv) = (Jiv) (respectively by 7" (JLvy) = x).

The smooth structure of J"Y associated with the smooth structure of Y is defined
as follows. Let (V,v), ¢ = (2%,94%), where 1 < i < n, 1 < o < m, be a fibered
chart on Y, (U, ), » = (x'), the associated chart on X. Then the associated fibered
chart (V" ,97), Y7 = (2,9, y%1,...,y%d2ir) on J"Y is defined by the following
two conditions:

V= (50 V),

and for any Jyv e V",
Yooz (J;’Y) = Djl Djz s Djk (yo,yw—l)(so(x)L

where k = 1,2,...,rand 1 < j; < jo < ... < jp < n. If (V',9'), ¢/ = (2'",y/0) is
another fibered chart such that VNV’ # &, then by writing

/o /—1

YO T =y ogypT o pp
and by using the chain rule, we get the transformation formula in recurrent form

y'onizde = Dj Dy, .. Dj, (Y7 o by o o' T (¢ (2)).

As well, we note that dim J"Y n+m< n;—r >

3 The horizontalization of tangent vectors

A vector bundle morphism acts on the tangent spaces to jet prolongations of a given
fibered manifold. Similarly, as in the case of differential forms, this vector bundle
morphism is induced by the structure of jet prolongations.
Let 7 > 0 be an integer. One can assign to every tangent vector & € TJ Y at
a point JI 1y € J"HY a tangent vector hé € TJ"Y at Jiy = a"tLr(Jrtly) € JY
by
hé =TpJ yoTn . ¢
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The mapping h : TJ™HY — TJ"Y defined by this formula is a vector bundle mor-
phism over the jet projection 7"+1"; we call h the m-horizontalization, or simply the

horizontalization and we have

Ik

{0 T 0
he =¢’ - o 7
5 E 8.’171 + Z Z y]l]‘l---]k] aya P

k=0j1<j2<...<J

Lemma 3.1. [5] Let 7 be a w-projectable vector field on Y, let (V,4), ¥ = (2%,y%)

Dpi +T”%. Then J"T is

be a fibered chart on'Y, and let T be expressed by T = £
expressed with respect to the associated chart (V",4") by

T i 0 " o o
Jr=¢ ri + Z Z Tivdzedn gga |
yj1j2~~-jk

k=03j1<j2<...<Jk

where the components 77, are determined by the recurrent formula

1J2---Jk

o og’

o
s Tjdaek—1 ~ Yirda-deri g

o :d]

Tj1j2--dk
Lemma 3.2. [5] Let 7, and 72 be two mw-projectable vector fields on'Y. Then the Lie

bracket [11,T2] is also a w-projectable vector field on'Y, and J" [, 2] = [J"71, J T2].

Let A(1,72) = V70 — V. 75 be a tensor field of type (1,2) which defines the
deformation algebra associated to the pair of linear connections (V,V’) on TJ"Y,
which we denote by U(J"Y, A). For details, we refer the reader to [4, Prop. 3 p. 226].

4 Codazzi algebras and applications

Definition 4.1. [7] Let g and ¢’ be two Riemannian metrics on the C*°-differentiable
manifold J"Y, and let V, V' be the Levi-Civita connections associated to the Rie-
mannian metrics g and g’. The algebra defined by the (1, 2) tensor field

(4.1) A(Ti,7m2) =V — Vi 7

is called the Codazzi algebra associated to the pair of linear conections (V, V') if Vg
is a (0, 3)-symmetric tensor field on TJ"Y.

Proposition 4.1. An algebra U(J"Y, A) is a Codazzi algebra if and only if V'gA is
a symmetric tensor field.

Proof. Let V''g = V'gA be a linear connection. Then Vg + V'g = 2Vg = 0, which
proves the claim. O

It is known that V" is not a metric connection ([7]).

Proposition 4.2. An algebra U(J"Y, A) given by (4.1) is a Codazzi algebra if and
only if

(4.2) (Vx )Y = (Vy )X,
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which means V j, is a symmetric field in the covariant index and Jy is the (1,1)-tensor
field associated to the pair of metrics g and g’ given by

(4.3) J(X,Y)=g(hX,Y), forall X,Y € T} JY

Proof. Let J; be the (1, 1)-tensor field associated to the pair of metrics g and ¢’ given
by (4.3). Then there exists a contraction C such that

g =ClgalJ)
and we get Vg = C(g ® V.J1), which infers (4.2). O

Examples. a) Let the metrics ¢’ and g be conformal equivalent, i.e.,
g =¢e%g

and let VJ; = doJ;. The algebra U(J"Y,V — V') is Codazzi if and only if do = 0,
and then ¢’ and g are homothetic and V = V.

b) Let g be the metric induced by a hypersurface J"Y of a space R”+m(n:r)+l
and let ¢’ be the second fundamental form. If we suppose that g is non-degenerate,
then the the Codazzi equation proves that there exists a Codazzi algebra on J"Y and
Ji is the Weingarten mapping.

Let J; be a fixed tensor field of type (1,1) on J"Y and let £ be a fixed vector
field on J"Y. We shall give some properties of the vectors and of jet prolongations of
Ji-planar characteristic vector fields and of the Codazzi algebras.

Definition 4.2. [7] a) A tangent vector v of Tyr,J"Y is called characteristic vector
of the deformation algebra U(J5v, A), if the vector subspace (v) generated by v is a
subalgebra of the deformation algebra U(J5y, A).

b) Let V' be a vector subspace of Ty, J"Y. We say that the deformation algebra
U(JLv, A) deviates to the direction of Jy in the vector subspace V', if we have the
condition

Ag (V! V') SV T (V).

which means that for all v,w € V', Ay, (v,w) is in the vector subspace generated by
ViU Jgey (V7).

c) A tangent vector v of Ty, J"Y is called Ji-planar characteristic vector of the
deformation algebra U(J%~, A), if the deformation algebra U(J.v, A) deviates to the
direction of J; in the vector subspace (v) generated by v.

The following results are known from [7]:

a) The set of the characteristic vectors is a cone.

b) The set of the Ji-planar characteristic vectors is also a cone.

¢) Any eigenvector is Ji-planar characteristic. The 0-planar characteristic vectors are
the eigenvectors of the deformation algebra.

d) An eigenvector of Jy ., is Ji-planar characteristic if and only if it is characteristic.

Theorem 4.3. Let U(J"Y,A) bea Codazzi algebra given by (4.1) and let dimJ"Y >
3. Then the following statements are equivalent:

(1) The algebra U(J"Y, A) is Jy-planar characteristic.

(2) A=0, ie., V=V".
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Proof. The implication (2) = (1) is straightforward. For the proof of (1) = (2), we
remark that A, # 0. We further denote

L={peJY | the algebra U(J"Y, A) is Ji-planar characteristic}.

Assume that L # ¢f and that there exists p € J"Y such that ¢’ and ¢ are not pro-
portional at p. Then there exist both an open set U, p € U and a frame (eq,...,en),
where N = n+m (™F") + 1 on U, and the differentiable functions f;, i = 1,..., N,
such that

Jlei = fiei, for i = 1,...,N,

and
(4.4) filg) # fnlq), A #0,

for all ¢ € J"Y. We note that there exist the 1-forms w and 7 on J"Y’; from the fact
that the algebra U(J"Y, A) is Ji-planar characteristic and using the unity partition,
we have

(4.5) A=wRITI+I1IQw+nJ1+J1 ®@n.
The derivation Ay of a vector field Y verifies the relation:
(4.6) Ayg=Vyg=C(g® VyJ1),
and from (4.2), we get
Ayg'(Z,X) = Axg (Z,Y), for all X,Y,Z € TJJ"Y.

Using that the algebra U(J"Y, A) is commutative, we obtain

9'(A(X, 2),Y) =g (ALY, Z), X),
which infers
(4.7) 9(A(X, 2), 1Y) = g(A(Y, Z), J1 X).
By using (4.5) in (4.8), we get
(4.8) w+ fin=0, foralli=1,...,N.

From (4.4) and (4.8), we obtain that w = 7 = 0. Then A = 0, which is in contradiction

with (4.7). Thus ¢’ and g are proportional at every point. If L = &, then using
that the algebra U(J"Y, A) is Codazzi and that the conformal metrics ¢’ and g are
homothetic, it results A = 0. |
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