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Abstract. In this paper we obtain an unique torsion-free holomorphic
connection on a complex Lie group G. Next, the existence of a metric
holomorphic tensor on G whose local components have vanishing covariant
derivatives with respect the mentioned holomorphic connection is studied.
Finally, the holomorphic curvature 2–form of this connection is considered
and some properties induced by it are obtained. The case of the complex
linear general group Gl(n;C) is considered to ilustrate an example of our
discussion.
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1 Introduction

Complex Riemannian manifolds with analytic (holomorphic) metrics have been inves-
tigated by Penrose in connection with the description of theory of non-linear gravitons
[14]. A natural step in the construction of Penrose’s twistor correspondence is the
complexification of the real analytic Riemannian geometry which leads to the notion
of complex analytic (holomorphic) Riemannian geometry [12]. In [10], LeBrun proved
fundamental relationship between the local complex analytic Riemannian geometry
and the global complex analysis. Also, in some papers of Ganchev, Borisov, Ivanov
and Mihova, [4, 5, 6, 7] a study of connections and curvatures on complex (holomor-
phic) Riemannian manifolds is given. Another studies concerning real geometry of
holomorphic Riemannian manifolds can be found for instance in [3, 9, 13, 15, 16, 19].
We also notice that holomorphic Riemannian geometry possesses an underlying real
geometry consisting of a pseudo-Riemannian metric of neutral signature for which the
(integrable) almost complex structure tensor is anti-orthogonal. This leads to the no-
tion of an anti-Kählerian manifold that is a complex manifold with an anti-Hermitian
metric and a paralel almost complex structure, namely g(JX, JY ) = −g(X, Y ) and
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∇J = 0. It is shown by Borowiec, Francaviglia, Volovich [2] that a metric on such
a manifold must be the real part of a holomorphic metric and also, every complex
parallelisable manifold (in particular the factor space G/D of a complex Lie group
over the discrete subgroup D) is an anti-Kählerian manifold.

Using the tools of complex (holomorphic) Riemannian geometry, in this paper we
present a local description of some holomorphic geometric structures of a complex
Lie group G, the latter being regarded as a complex manifold, giving a holomorphic
analogue of some results of Rund [17] concerning real Lie groups.

The paper is organized as follows: After a briefly review of some basic properties
of the derivatives of the holomorphic composition function of a complex Lie group
G we obtain an unique torsion-free holomorphic connection on G. Next, the exis-
tence of a metric holomorphic tensor on G whose local components have vanishing
covariant derivatives with respect to the mentioned holomorphic connection is ana-
lyzed. In contrast with holomorphic Riemanian geometry, the obtained holomorphic
metric tensor is only symmetric but not necessarily nondegenerated (even when G
is a semi-simple complex Lie group). Finally, as in the case of holomorphic Riema-
nian (anti-Kählerian) geometry the holomorphic curvature 2–form of this connection
is considered and if the complex Lie group is semi-simple then relative to our special
holomorphic metric, the complex Lie group G is locally an anti-Kählerian Einstein
space. Also, the holomorphic sectional curvature (which is defined as in the holo-
morphic Riemannian geometry) is constant on G when is evaluated for a pair of
right-invariant holomorphic vector fields. Moreover, the covariant derivatives of the
components of the holomorphic curvature tensor vanish identically. The case of the
complex linear general group Gl(n;C) is considered to ilustrate an example of our dis-
cussion. The notions are introduced here in a similar manner with the corresponding
results for real Lie groups, [17], using the tools of holomorphic Riemannian (anti-
Kählerian) geometry on complex Lie groups. For these reasons the most proofs are
omitted here.

2 Preliminaries

By a complex analytic group, we mean a group G, which is also a complex analytic
manifold, such that the group multiplication φ : G×G → G, φ(u, v) = u · v and the
inversion u ∈ G 7→ u−1 ∈ G are holomorphic, see for instance [11, 18].

In the following, our considerations will be restricted to a coordinate neighborhood
U of the identity e of an r–parameter complex Lie group G. The coordinates of e
are identified with {0, . . . , 0} ∈ Cr, while the coordinates of elements of z, u, v, w of
U will be denoted by {zα}, {uα}, {vα}, {wα}, respectively. Throughout the paper
α, β, γ, . . . ∈ {1, . . . , r} and the summation convetion is also used.

Let us recall some basic properties of the holomorphic composition function on a
complex Lie group. The map φ : G × G → G given by w = φ(u, v) is represented
analytically by r equations wα = φα(u, v), in which {φα} denotes a set of r complex-
valued holomorphic functions on G × G, where φα(u, v) is an abbreviated notation
for φα(u1, . . . , ur, v1, . . . , vr). Since u = e · u = u · e for all u ∈ G, it follows that up
to and including second order terms

(2.1) wα = φα(u, v) = uα + vα + A α
β γuβvγ + . . . ,
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where the 3–index symbols A α
β γ are complex constants (in a given coordinate system)

in terms of which the structure constants of G are defined as

(2.2) C α
β γ = A α

β γ −A α
γ β .

The associativity of the group composition implies the Jacobi identities

(2.3) C α
β σC σ

ε γ + C α
ε σC σ

γ β + C α
γ σC σ

β ε = 0

which also can be obtained from holomorphic Maurer-Cartan equations of G (see the
relations (2.9) below). Let us denote

(2.4) Φα
β (u, v) =

∂φα(u, v)
∂uβ

, Ψα
β (u, v) =

∂φα(u, v)
∂vβ

,

so that by (2.1)

(2.5) Φα
β(u, 0) = δα

β , Ψα
β(0, v) = δα

β .

The derivatives (2.4) give rise to the definitions of the following holomorphic functions
on G:
(2.6)

∗
χα

β (u) = Φα
β (0, u), χα

β (u) = Ψα
β (u, 0), λα

β(u) = Φα
β (u, u−1),

∗
λα

β (u) = Ψα
β (u, u−1),

it being noted as a direct consequence of (2.5)

(2.7)
∗

χα
β (0) = δα

β , χα
β (0) = δα

β , λα
β (0) = δα

β ,
∗

λα
β (0) = δα

β .

Using the same technique as in the real case, [17], we obtain that
∗

χα
β (u) = λ̂α

β (u),
where λ̂α

β(u) denotes the elements of the holomorphic matrix that is inverse to (λα
β (u))

and
∗

λα
β (u) = χ̂α

β (u−1), where χ̂α
β (u) denotes the elements of the holomorphic matrix

that is inverse to (χα
β(u)).

Also by considering the left and right invariant holomorphic 1–forms on the com-
plex Lie group G defined by

(2.8) χ̂α = χ̂α
β(u)duβ , λα = λα

β (u)duβ

we obtain the holomorphic Maurer-Cartan equations of the complex Lie group G:

(2.9) ∂χ̂α +
1
2
C α

ε βχ̂ε ∧ χ̂β = 0 , ∂λα − 1
2
C α

ε βλε ∧ λβ = 0,

where d = ∂ + ∂ is the decomposition of exterior derivative.

3 Metric holomorphic connections on complex Lie
groups

3.1 Holomorphic connection 1–forms on complex Lie groups

As G is a complex manifold the complex coordinate transformation can be expressed
as

(3.1) ũα = fα(u1, . . . , ur) = fα(u), ṽα = fα(v1, . . . , vr) = fα(v)
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in terms of a given set of r holomorphic functions of r independent complex variables.
Also, since the indentity e ∈ G must again have {0, . . . , 0} ∈ Cr as its coordinates,
these holomorphic functions must admit the representation

(3.2) fα(u) = ξα
β uβ +

1
2
ξ α
β γuβuγ + . . . ,

with constant complex coefficients. It is supposed that these transformations are
invertible, so that

(3.3) det(fα
β ) 6= 0,

where we have put

(3.4) fα
β (u) =

∂ũα(u)
∂uβ

=
∂fα(u)

∂uβ
.

Also, according to (3.2) we shall write

(3.5) ξα
β = fα

β (0) =
∂ũα(0)
∂uβ

.

Let us consider now a set of r2 holomorphic 1–forms {ωα
β : α, β = 1, . . . , r} on G

whose representatives in the holomorphic tangent space T 1,0
u G are denoted by ωα

β (u).
These 1–forms are said to be holomorphic connection 1–forms on G, [1], if at local
complex coordinate changes as in (3.1), we have the following change rule for ωα

β (u):

(3.6) ∂fα
β (u) = fα

ε (u)ωε
β(u)− fε

β(u)ω̃α
ε (ũ).

Following step by step the construction from the real case, [17] (see also [8]), we can
prove

Theorem 3.1. Let G be a complex Lie group. Then there is an unique torsion-
free holomorphic connection on G whose holomorphic connection 1–forms ωα

β (u) =
Γ α

β γ(u)duγ has local coefficients given by

(3.7) Γ α
β γ(u) = λ̂α

ε (u)
(

∂λε
β(u)

∂uγ
+

1
2
C ε

ν µλν
β(u)λµ

γ(u)
)

,

which, can also be expressed as

(3.8) Γ α
β γ(u) =

1
2
λ̂α

ε (u)
(

∂λε
β(u)

∂uγ
+

∂λε
γ(u)

∂uβ

)
.

3.2 Metric holomorphic connection on complex Lie groups

A holomorphic Riemannian manifold is a complex manifold M , together with a holo-
morphic tensor field g that is a complex scalar product (i.e., nondegenerate, symmet-
ric, C–bilinear form) on each holomorphic tangent space T 1,0

z M , z ∈ M . Holomorphic
Riemannian geometry has many formal analogies with pseudo-Riemannian geometry
and so has not required special study to elaborate its basic features.
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In this subsection, by analogy with holomorphic Riemannian geometry we shall
now seek holomorphic tensor fields g ∈ (

T 1,0G
)∗ ⊗ (

T 1,0G
)∗ which (if they exist) are

such that their covariant derivatives vanish identically for the holomorphic connection
specified in the Theorem 3.1.

However, in contrast to holomorphic Riemannian geometry it is not stipulated
that such holomorphic tensor fields are symmetric and/or nondegenerate. We shall
write locally g = gαβduα ⊗ duβ in our complex coordinates on G. The covariant
derivatives of the components of g with respect to holomorphic connection from the
Theorem 3.1 are usually given by

(3.9) gστ |γ =
∂gστ

∂uγ
− gετΓε

σγ − gσεΓε
τγ .

The holomorphic connection from the Theorem 3.1 is said to be metric with respect
to g if gαβ|γ = 0 identically.

The following theorem can be proved step by step in accordance with similar
construction from the real case, [17].

Theorem 3.2. The torsion-free holomorphic connection from the Theorem 3.1 is
always metric with respect to the holomorphic tensor field g ∈ (

T 1,0G
)∗ ⊗ (

T 1,0G
)∗

whose local components are given by

(3.10) gαβ(u) = Cεγλε
α(u)λγ

β(u),

where Cαβ = Cγ
αδC

δ
βγ are the complex Cartan-Killing elements of the complex Lie

group G. Moreover, if the complex Lie group G is semi-simple, that is det gαβ 6= 0, it
is the only symmetric holomorphic connection for which this is the case.

Remark 3.1. For the case of holomorphic metric tensor g from (3.10) its symmetry is
guaranted from the expression of complex Cartan-Killing elements Cαβ . If G is semi-
simple then the holomorphic connection coefficients from (3.8) admit a representation
in terms of the Christoffel symbols of (3.10).

Remark 3.2. The holomorphic metric tensor gαβ from (3.10) is not in general unique
such that the torsion-free holomorphic connection from Theorem 3.1 is metric with
respect to it.

As usual, the holomorphic curvature 2–forms associated with the holomorphic
connection 1-forms ωα

β (u) = Γ α
β γ(u)duγ are specified by the equations of structure,

namely

(3.11) Ωα
β = ∂ωα

β + ωα
γ ∧ ωγ

β .

As in the real case, an explicit evaluation of these holomorphic 2–forms can be
carried and thus we obtain the explicit expression for these forms, namely

(3.12) Ωα
β =

1
8
λ̂α

ε Cε
νµCµ

στλν
β(λσ ∧ λτ )

which in view of second relation from (2.9) can be also expressed as

(3.13) Ωα
β =

1
4
λ̂α

ε Cε
νµλν

β∂λµ.
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Let us consider now X 1,0(G) be the Lie algebra of holomorphic vector fields on
G. As usual, we can asociate with the holomorphic 2–forms (3.12) the curvature
operator R(Z, W )(U) for any triplet of holomorphic vector fields Z, W , U as a map
R : X 1,0(G)×X 1,0(G)×X 1,0(G) → X 1,0(G) that is represented by

(3.14)
1
2
R(Z, W )(U) =

(
Ωα

β (Z,W )Uβ
) ∂

∂uα
.

If the holomorphic curvature 2–forms are locally given by

(3.15) Ωα
β = −1

2
Rα

βγδduγ ∧ duδ,

the local components of the resulting holomorphic curvature tensor must be

(3.16) Rα
βγδ = −1

4
λ̂α

ε Cε
νµCµ

στλν
βλσ

γλτ
δ .

The holomorphic Ricci tensor is obtained by contraction over the indices α and δ in
(3.16), which yields

(3.17) Rβγ = −1
4
Cε

νµCµ
σελ

ν
βλσ

γ ,

or, in terms of complex Cartan-Killing elements

Rβγ = −1
4
Cνσλν

βλσ
γ .

By comaparing this holmorphic tensor with the holomorphic metric tensor from (3.10)
it is seen that

(3.18) Rαβ = −1
4
gαβ ,

which implies that every complex Lie group is locally holomorphic Einsteinian.
Now, as well as we noted, if G is a semi-simple complex Lie group the holomorphic

metric tensor from (3.10) is symmetric and nondegenerated. Thus, according to [2]

ds2 = 2Re
[
gαβ(u)duα ⊗ duβ

]

defines an anti-Kählerian metric on G. Consequently, by (3.18), we have

Theorem 3.3. Every semi-simple complex Lie groups is locally an anti-Kählerian
Einstein space with respect to the anti-Kählerian metric defined by holomorphic metric
(3.10).

Proposition 3.4. If the complex Lie group is semi-simple then its holomorphic cur-
vature scalar is constant and it is given by

(3.19) gαβRαβ = −1
4

(dimCG) .
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In the following, as in the case of holomorphic curvature of holomorphic Rieman-
nian manifolds, it is natural to consider the type (0, 4) holomorphic curvature tensor
associated with (3.16) as

(3.20) Rαβγδ = gβεR
ε
αγδ.

According to (3.10) and (3.16) the explicit form of this holomorphic tensor is

(3.21) Rαβγδ = −1
4
CµρC

ρ
νεC

ε
στλν

αλµ
βλσ

γλτ
δ ,

from which it result the skew-symmetry relations

(3.22) Rαβγδ = −Rβαγδ , Rαβγδ = −Rαβδγ .

Remark 3.3. In contrast to the standard holomorphic Riemann-Christoffel tensor of
a holomorphic Riemannian (or an anti-Kählerian) manifold, the holomorphic tensor
from (3.21) may not be expressible in terms of Christoffel symbols and their first
derivatives.

Taking into account (3.22) it is reasonable to define the holomorphic sectional
curvature k(Z, W ) of G with respect a pair of holomorphic vector fields Z, W ∈
X 1,0(G) in accordance with the standard formula

(3.23) k(Z, W )(gαγgβδ − gαδgβγ)ZαZγW βW δ = RαβγδZ
αZγW βW δ.

Similarly to the real case [17] we get

Theorem 3.5. The holomorphic sectional curvature of a complex Lie group G with
respect to every pair of right-invariant holomorphic vector fields is constant.

Theorem 3.6. The covariant derivatives of the components of Rα
βγδ with respect to

the torsion-free holomorphic connection from the Theorem 3.1 vanish identically.

3.3 Explicit expressions for metric holomorphic connection
and curvature forms on G = GL(n;C)

In this subsection we shall briefly describe the explicit expressions of the notions
discussed above for the case when our complex Lie group G is identified with the
group GL(n;C) of all nonsingular n× n matrices with complex entries.

Let u, v ∈ GL(n;C) be complex matrices with entries {Aj
h}, {Bj

h}, j, h = 1, . . . , n.
The parametrization is choosen such that the parameters of u and v are respectively
given by

(3.24) uj
h = Aj

h − δj
h vj

h = Bj
h − δj

h,

which ensures that the identity matrix is represented by {0, . . . , 0}. Evidently, we
have dimCGL(n;C) = r = n2, and then the indices α, β, . . . from the above general
notations must be replaced by pairs

(
j
h

)
,
(
l
k

)
, . . ., in a manner that should be clear

in the sequel. If w = u · v is the matrix multiplication, then the entries in this matrix
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are given by Cj
h = Aj

l B
l
h = δj

h +wj
h, and consequently the composition functions (2.1)

assume the form

(3.25) wj
h = φj

h(u, v) = uj
h + vj

h + uj
l v

l
h.

We therefore have for n2 × n2 matrices (2.4):

(3.26) Φjk
hl (u, v) =

∂φj
h(u, v)
∂ul

k

= δj
l (δ

k
h + vk

h) , Ψjp
hm(u, v) =

∂φj
h(u, v)
∂vm

p

= δp
h(δj

m + uj
m)

so that
∂Φjk

hl

∂vm
p

= δj
l δ

k
mδp

h.

The structure constants (2.2) are therefore expressible as

(3.27) C
(j

h)
(l

k)(m
p ) == δj

l δ
k
mδp

h − δj
mδk

hδp
l = Cjkp

lmh.

The resulting complex Cartan-Killing elements are given by

(3.28) C(j
h)(l

k) = 2(nδh
l δk

j − δh
j δk

l ) = Chk
jl .

Similarly to the real case it follows that the complex matrix from (3.28) has rank
n2 − 1, and det(Cαβ) = det(Chk

jl ) = 0, that is, the complex group GL(n;C) is not
semisimple.

Now, for the functions from (2.6) we have the following local expressions: for the
second of these functions we have directly from (3.26)

(3.29) χjk
hl (u) = Ψjk

hl (u, 0) = δk
h(δj

l + uj
l ) = δk

hAj
l .

The third functions in (2.6) depends on the parameters ûh
j of the inverse u−1 = (Âh

j )
of u = (Aj

h). In accordance with (3.24) we write Âh
j = δh

j + ûh
j , so that

(3.30) λjk
hl = Φjk

hl (u, u−1) = δj
l (δ

k
h + ûk

h) = δj
l Â

k
h.

The inverses of (3.29) and (3.30) are respectively given by

(3.31) χ̂mk
pl = δk

p Âm
l , λ̂mk

pl = δm
l Ak

p.

Thus, the corresponding holomorphic connection 1–forms of our torsion-free holomor-
phic connection from Theorem 3.1 take the form

(3.32) ω
(j

h)
(l

k)
= ωkj

lh = −1
2
(δj

l Â
k
mdum

h + δk
hÂm

l duj
m),

from which it follows that the corresponding connection coefficients (3.7) are given
by

(3.33) Γ(j
h)

(l
k)(p

q)
= Γkjq

lhp = −1
2
(δj

l δ
q
hÂk

p + δj
pδ

k
hÂq

l ).
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The holomorphic curvature 2–forms on GL(n;C) take the form

(3.34) Ω(j
h)

(l
k)

= Ωkj
lh = ∂ωkj

lh + ωsj
rh ∧ ωkr

ls

which also can be expressed as

(3.35) 8Ωkj
lh = [δs

hδj
l Â

k
pÂq

r − δq
hδj

l Â
s
pÂ

k
r + δj

rδ
k
hÂs

pÂ
q
l − δj

pδ
k
hÂq

rÂ
s
l ]dup

q ∧ dur
s.

Thus, if we write in accordance with (3.15)

(3.36) Ωkj
lh = −1

2
Rkjqr

lhpsdup
q ∧ dus

r,

it follows that the local components of the holomorphic curvature tensor are given by

(3.37) 4Rkjqs
lhpr = δj

l (δ
q
hÂk

r Âs
p − δs

hÂq
rÂ

k
p) + δk

h(δj
pÂ

s
l Â

q
r − δj

rÂ
s
pÂ

q
l ).

Also, the same arguments as in [17], implies that a class of holomorphic metrics gαβ

with respect to which the torsion-free holomorphic connection from Theorem 3.1 is
metric for the complex Lie group GL(n;C) is given by

(3.38) g(h
j )(l

k) = gjk
hl = αÂj

hÂk
l + βÂj

l Â
k
h,

where α, β ∈ C, and according to (3.28) and (3.30) the metric holomorphic tensor
from (3.10) is obtained from the choice α = −2 and β = 2n in (3.38). Thus the metric
holomorphic tensor gαβ from (3.10) is not in general unique such that the torsion-free
holomorphic connection from Theorem 3.1 is metric with respect to it, which justify
the Remark 3.2.

Finally, for the metric holomorphic tensor from (3.38) the corresponding (0, 4)
holomorphic tensor from (3.20) is written here in the form

(3.39) R(j
h)(l

k)(p
q)(r

s) = g(a
b )(l

k)R
(a
b )

(j
h)(p

q)(r
s)

,

and, also notice that the terms whose coefficient is α in (3.38) do not influence the
final result in (3.39). It is obtained that

(3.40) R(j
h)(l

k)(p
q)(r

s) = β[Âk
j Âq

l Â
h
r Âs

p − Âk
j Âh

pÂq
rÂ

s
l + Âh

l Âk
pÂs

jÂ
q
r − Âh

l Âk
r Âq

jÂ
s
p].
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