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Abstract. In this paper we introduce a natural definition for the affine
maps between two Finsler manifolds (M, F ) and (N, F̃ ) and we give some
geometrical properties of these affine maps. Starting from the equations
of the affine maps, we construct a natural Berwald-Riemann-Lagrange
geometry on the 1-jet space J1(TM, N), in the sense of a Berwald nonlin-
ear connection Γb

jet, a Berwald Γb
jet-linear d-connection BΓb

jet, together
with its d-torsions and d-curvatures, which geometrically characterizes the
initial affine maps between Finsler manifolds.
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1 Introduction

It is well known that the harmonic maps between Riemannian manifolds are defined as
extremals of the energy functional. Because these harmonic maps are very important
in differential geometry and mathematical physics, they were intensively studied by
Eells and Lemaire [4].

By using the volume element induced on the projective sphere bundle SM of
a Finsler manifold (M, F ), the harmonic maps between a Finsler manifold and a
Riemannian manifold were considered by Mo [7].

Recent studies on Finsler geometry led to the investigation of the nondegenerate
harmonic maps between two Finsler manifolds (M, F ) and (N, F̃ ), as critical points of
a natural energy functional on the sphere bundle SM. Thus, Shen and Zhang studied
the variation formulas [11] for harmonic maps between Finsler manifolds, and He and
Shen established a corresponding generalized Weitzenböck formula [5].

A different general geometrical approach for harmonic maps between two gener-
alized Lagrange spaces (M, gαβ(tγ , sγ)) and (N, g̃ij(xk, yk)) is given by the author of
this paper in [8].
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In this work we investigate affine maps between Finsler manifolds, as particular
cases of nondegenerate harmonic maps. From a geometrical point of view, we be-
lieve that our particular case of nondegenerate harmonic maps (we refer to the affine
maps) is not too restrictive one, because we consider that there exist enough inter-
esting geometrical results which characterize the nondegenerate affine maps between
Finsler manifolds. In this direction, using the Riemann-Lagrange geometry on 1-jet
spaces recently developed by the author of this paper in [9] and [10], we will show
that the equations of the nondegenerate affine maps between two Finsler manifolds
(M, F ) and (N, F̃ ) produce some natural d-torsions and d-curvatures on the 1-jet
space J1(TM,N), where TM is the tangent bundle of the smooth manifold M.

We would like to point out that the jet Riemann-Lagrange geometrical ideas pre-
sented in detail in the works [9] and [10] were initially stated by Asanov in the paper
[2].

2 Basic formulas on Finsler manifolds

Let us denote by M a p-dimensional smooth manifold, which induces on its tangent
bundle TM the local coordinates (tα, sα). Throughout this paper the greek indices
α, β, γ, ... run from 1 to p. Let us consider that the manifold M is endowed with a
Finsler structure F : TM → [0,∞), such that (M, F ) is a Finsler manifold.

The fundamental metrical d-tensor of the Finsler manifold (M, F ) is defined on
TM\{0} by

gαβ(tε, sε) =
1
2

∂2F 2

∂sα∂sβ
.

Remark 2.1. Taking into account that F 2 is 2-positive homogenous, we immediately
deduce, via the Euler theorem, that we have F 2 = gαβsαsβ .

The fundamental metrical d-tensor (gαβ) produces the Cartan d-tensor of the
Finsler manifold (M, F ), putting

Cαβγ =
1
2

∂gαβ

∂sγ
=

1
4

∂3F 2

∂sα∂sβ∂sγ
.

It is obvious that the Cartan d-tensor is totally symmetric in the indices α, β and γ.
Moreover, because gαβ ’s are positive homogenous of degree zero, the Euler theorem
implies the equalities

C0βγ = Cα0γ = Cαβ0 = 0,

where by the index 0 we understand the contraction with sµ. For instance, we have
Cαβ0 = Cαβµsµ.

Let us consider the formal Christoffel symbols of the second kind

(2.1) γµ
αβ =

gµε

2

(
∂gεα

∂tβ
+

∂gεβ

∂tα
− ∂gαβ

∂tε

)
,

where (gµε) denotes the inverse matrix of (gµε). The formal Christoffel symbols
produce on TM\{0} the nonlinear Cartan connection of the Finsler manifold (M, F ),
taking (see [3, p. 33])

(2.2) Nβ
α = γβ

αεs
ε − Cβ

αεγ
ε
µνsµsν ,
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where Cβ
αε = gβλCλαε. An important geometrical concept in Finsler geometry is given

by the following notion:

Definition 2.2. A curve c : [a, b] → M , locally expressed by tα = tα(t), where
t ∈ [a, b], is called an autoparallel curve of the nonlinear Cartan connection of the
Finsler manifold (M, F ) or, briefly, an autoparallel curve on (M, F ), if and only if

(2.3)
d2tα

dt2
+ Nα

β

(
tµ(t),

dtµ

dt

)
dtβ

dt
= 0, ∀ α = 1, p.

Using the nonlinear Cartan connection (Nα
β ) we can construct the generalized

Christoffel symbols

Γγ
αβ =

gγµ

2

(
δgµα

δtβ
+

δgµβ

δtα
− δgαβ

δtµ

)
,

where
δ

δtα
=

∂

∂tα
−Nε

α

∂

∂sε
.

Remark 2.3. The set of d-vector fields
{

δ

δtα
,

∂

∂sα

}
⊂ X (TM\{0})

represents a basis in the set of vector fields on TM\{0}, which is called the adapted
basis produced by the Finsler structure F . The transformation rules of the elements
of the adapted basis are tensorial ones.

From a geometrical point of view, the generalized Christoffel symbols can be re-
garded as, in Miron and Anastasiei’s terminology [6, p. 149], the adapted components
on TM\{0} of the distinguished linear Rund connection

RΓ =
(
Nβ

α ,Γγ
αβ , 0

)
,

or, in Bao, Chern and Shen’s terminology [3, p. 39], as the coefficients of the Chern
connection on the pulled-back tangent bundle π∗TM → TM\{0}, where π : TM\{0} →
M is the canonical projection.

Remark 2.4. (i) For practitioners of Finsler geometry, Anastasiei pointed out in [1]
that the Rund connection and the Chern connection coincide. In a such geometrical
context, we underline that in this paper we follow the terminology and the notations
used by Miron and Anastasiei in [6].

(ii) It is important to note that, on the Finsler manifold (M, F ), the formula

Nβ
α = Γβ

αγsγ

is always true and very useful. Consequently, the autoparallel curves of the Finsler
manifold (M,F ) are the solutions of the system of differential equations

(2.4)
d2tµ

dt2
+ Γµ

αβ

(
tε(t),

dtε

dt

)
dtα

dt

dtβ

dt
= 0, ∀ µ = 1, p,
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which is equivalent to the ODEs system of second order

(2.5)
d2tµ

dt2
+ γµ

αβ

(
tε(t),

dtε

dt

)
dtα

dt

dtβ

dt
= 0, ∀ µ = 1, p.

It follows that an autoparallel curve c(t) = (tα(t)) having a natural parameter, that is
F (c(t), dc/dt) = constant, is equivalent with a constant speed geodesic on the Finsler
manifold (M,F ). For more details, see [3, p. 125-128] and [6, p. 132-138].

In the Finsler geometry literature, a famous linear d-connection on the Finsler
manifold (M,F ) is the Berwald connection

BΓ =
(
Nβ

α , Bγ
αβ , 0

)
,

whose adapted components are defined by

(2.6) Bγ
αβ = Γγ

αβ + Cγ
αβ|µsµ = Γγ

αβ + Cγ
αβ|0,

where

Cγ
αβ|µ =

δCγ
αβ

δtµ
+ Cε

αβΓγ
εµ − Cγ

εβΓε
αµ − Cγ

αεΓ
ε
βµ

represent the local horizontal covariant derivatives produced by the Rund connection
RΓ.

Remark 2.5. (i) The local horizontal covariant derivatives produced by the Rund
connection RΓ behave as differentiations, in the sense that they work by the Leibniz
rule upon the tensorial product of d-tensors and they commute with the contractions
of d-tensors.

(ii) The following special properties of the local horizontal covariant derivatives
associated to the Rund connection RΓ hold good (see [6, p. 140]):

gαβ|γ = 0, sα
|γ = 0, F|γ = 0.

(iii) If we define the spray of the Finsler manifold (M, F ) by

(2.7) Gµ =
1
2
γµ

αβsαsβ =
1
2
Γµ

αβsαsβ ,

then, by a direct calculation, we find the following relations:

(2.8) 2Gγ = Nγ
αsα, Nγ

α =
∂Gγ

∂sα
and Bγ

αβ =
∂Nγ

α

∂sβ
=

∂2Gγ

∂sα∂sβ
.

(iv) The equations of the autoparallel curves of the Finsler manifold (M,F ) have
the following simple form:

d2tα

dt2
+ 2Gα

(
tµ(t),

dtµ

dt

)
= 0, ∀ α = 1, p.

Moreover, following the geometrical ideas from [6, p. 132-136], it is important to note
that, in fact, the autoparallel curves of the Finsler manifold (M,F ) coincide exactly
with the extremal curves of the integral action of the absolute energy

E(c) =
∫ b

a

F 2

(
tα(t),

dtα

dt

)
dt.
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In this context, taking into account that F 2 = gαβsαsβ , a direct calculation of the
Euler-Lagrange equations of the preceding energy functional leads us to the formula

(2.9) Gγ(tε, sε) =
gγµ

4

[
∂2F 2

∂sµ∂tν
sν − ∂F 2

∂tµ

]
.

From a Finsler geometrical point of view, we point out that the Berwald connection
BΓ is characterized in the adapted basis {δ/δtα, ∂/∂sα} by one local torsion d-tensor

(2.10) bRα
βγ =

δNα
β

δtγ
− δNα

γ

δtβ

and two essential local curvature d-tensors

(2.11)

bRα
βγε =

δBα
βγ

δtε
− δBα

βε

δtγ
+ Bµ

βγBα
µε −Bµ

βεB
α
µγ

bP α
βγε =

∂Bα
βγ

∂sε
.

For more details, the reader is invited to compare the book [6, p. 48, 122, 149] with
the book [3, p. 52, 67].

Remark 2.6. Taking into account the relations (2.8), note that the Berwald curva-
ture d-tensor bP α

βγε is totally symmetric in the indices β, γ and ε.

3 Affine maps between Finsler manifolds

Let (M, F ) and (N, F̃ ) be two Finsler manifolds, where the dimension of N is n, and
let ϕ : (M, F ) → (N, F̃ ) be a smooth map which is nondegenerate, that is its induced
tangent map verifies the condition Ker(dϕ) = {0} (i.e., it is an immersion).

Remark 3.1. (i) We suppose that the tangent bundle TN has the local coordinates
(xi, yi), where i = 1, n. Moreover, throughout this paper, we suppose that the latin
indices i, j, k, ... run from 1 to n.

(ii) On the source Finsler manifold (M,F ) we will use the notations and indices
from Section 2, and on the target Finsler manifold (N, F̃ ) we will denote the same
geometrical entities by the same letters, but with tilde and corresponding indices.

Let us suppose that the nondegenerate smooth map ϕ is locally expressed by
ϕi = ϕi(tµ) and let us introduce the notations

ϕi
α =

∂ϕi

∂tα
and ϕi

αβ =
∂2ϕi

∂tα∂tβ
.

In this geometrical context, we introduce the following concept:

Definition 3.2. The nondegenerate smooth map ϕ : (M, F ) → (N, F̃ ) is called an
affine map between the Finsler manifolds (M, F ) and (N, F̃ ) if and only if

(3.1) ϕi
αβ −Bγ

αβϕi
γ + B̃i

jkϕj
αϕk

β = 0, ∀ α, β = 1, p, ∀ i = 1, n,
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where
Bγ

αβ = Bγ
αβ(tµ, sµ) and B̃i

jk = B̃i
jk(ϕl(tµ), ϕl

ε(t
µ)sε)

are the adapted components of the Berwald connection on (M, F ) and (N, F̃ ), respec-
tively.

Remark 3.3. (i) If the target Finsler manifold (N, F̃ ) is a Riemannian one, then we
have C̃i

jk = 0 and B̃i
jk = γ̃i

jk(ϕl(tµ)). In this case, the assumption on the nondegen-
eration of ϕ is not necessary in our definition.

(ii) If (M,F ) and (N, F̃ ) are both Riemannian manifolds, then we recover the
classical definition of the affine maps between two Riemannian manifolds.

In order to give some geometrical examples of affine maps, let us introduce the
following definition:

Definition 3.4. A smooth map ϕ : (M, F ) → (N, F̃ ) is called an isometry between
the Finsler manifolds (M, F ) and (N, F̃ ) or, briefly, Finsler isometry, if it satisfies
the conditions:

(i) ϕ is a difeomorphism;

(ii) F (t, s) = F̃ (ϕ(t), dϕ(s)), ∀ (t, s) ∈ TM\{0}.
Remark 3.5. If the smooth map ϕ : M → N is a difeomorphism, then its induced
tangent map dϕt : TtM → Tϕ(t)N , ∀ t ∈ M , is an isomorphism of vector spaces. It
follows that we have p = n and det(ϕi

α) 6= 0, that is ϕ is a nondegenerate map.

Theorem 3.1. Any Finsler isometry ϕ : (M,F ) → (N, F̃ ) is an affine map between
the Finsler manifolds (M, F ) and (N, F̃ ).

Proof. Let ϕ : (M, F ) → (N, F̃ ) be a Finsler isometry and let (ψα
i ) be the inverse of

the matrix (ϕi
α). It follows that we have ψα

i ϕj
α = δj

i and ψα
i ϕi

β = δα
β .

Because ϕ is a Finsler isometry, a direct calculation leads us to the relations

(3.2) gαβ = g̃ijϕ
i
αϕj

β and gαβ = g̃ijψα
i ψβ

j , ∀ α, β = 1, p.

Using formula (2.1) and the relations (3.2), a new direct calculation gives us the
relations

γµ
αβ = γ̃m

ij ϕi
αϕj

βψµ
m + C̃m

ij

(
ϕi

αϕj
βν + ϕi

βϕj
αν

)
ψµ

msν −(3.3)

−C̃ijmgµεϕi
αϕj

βϕm
ενsν + ϕm

αβψµ
m, ∀ α, β, µ = 1, p.

Contracting the relations (3.3) with sα and sβ , the formula (2.7) implies the equalities

(3.4) 2Gγ = 2G̃mψγ
m + ϕm

αβψγ
msαsβ , ∀ γ = 1, p,

where, taking into account that we have C̃ijk = C̃ijk(ϕl, ϕl
εs

ε), we used the relation

C̃ijkϕk
εsε = 0.
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In the sequel, a double differentiation in (3.4), together with the relation (2.8), imply
the equalities

(3.5) Bγ
αβ = B̃m

jkϕj
αϕk

βψγ
m + ϕm

αβψγ
m, ∀ α, β, γ = 1, p.

It is obvious now that the equalities (3.5) imply the equalities (3.1), which repre-
sent the equations of the affine maps. In conclusion, ϕ is an affine map between the
Finsler manifolds (M, F ) and (N, F̃ ). ¤

Corollary 3.2. The identity map I : (N, F̃ ) → (N, F̃ ) is an affine map.

Now, let us study the affinity of the identity map I when it works with two
different Finsler structures F and F̃ on the manifold N .

Proposition 3.3. The identity map I : (N, F ) → (N, F̃ ) is an affine map if and
only if

(3.6) Gi = G̃i, ∀ i = 1, n,

where Gi and G̃i are the spray coefficients of the Finsler manifolds (N,F ) and (N, F̃ ),
respectively.

Proof. Let us suppose that we locally have

Ii = Ii(xk) = xi, ∀ i = 1, n.

Then, it immediately follows that we have Ii
j = δi

j and Ii
jk = 0. Consequently, I is

an affine map between the Finsler manifolds (N,F ) and (N, F̃ ) if and only if we have

(3.7) Bi
jk(xl, yl) = B̃i

jk(xl, yl) ⇔ ∂2Gi

∂yj∂yk
=

∂2G̃i

∂yj∂yk
, ∀ i, j, k = 1, n,

where

Gi =
1
2
γi

pqy
pyq and G̃i =

1
2
γ̃i

pqy
pyq.

Taking into account that the spray coefficients are 2-positive homogenous, by
contractions with yj and yk, the equalities (3.7) imply the equalities (3.6). Conversely,
it is obvious that the equalities (3.6) imply the equalities (3.7). In conclusion, we
obtain what we were looking for. ¤

Corollary 3.4. The identity map I : (N, F ) → (N, F̃ ) is an affine map if and only
if

gip

[
∂2F 2

∂yp∂xq
yq − ∂F 2

∂xp

]
= g̃ip

[
∂2F̃ 2

∂yp∂xq
yq − ∂F̃ 2

∂xp

]
, ∀ i = 1, n.

Proof. The Corollary is an immediate consequence of Proposition 3.3 and formula
(2.9). ¤
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Corollary 3.5. If (N,h) is a flat Riemannian manifold and (N, F̃ ) is a locally
Minkowski manifold, then the identity maps

I : (N, h) → (N, F̃ )

and
I : (N, F̃ ) → (N, h)

are affine maps.

Proof. If F̃ is a local Minkowski structure, then there exists a system of local coordi-
nates (xi) such that F̃ (x, y) = F̃ (y), that is g̃ij(x, y) = g̃ij(y). It follows that we have
γ̃k

ij = 0, that is G̃k = 0, ∀ k = 1, n.

On the other hand, if the Riemannian metric h is flat, then we also have γk
ij = 0,

that is Gk = 0, ∀ k = 1, n. ¤

4 Geometrical properties of the affine maps between
Finsler manifolds

In our geometrical context, let us consider the particular case when our source Finsler
manifold is the Euclidian manifold

(M, F ) = (R, F (t, s) = |s|).

Then, we can prove the following result:

Proposition 4.1. Any affine map c : (R, F ) → (N, F̃ ) is an autoparallel curve of the
Finsler manifold (N, F̃ ).

Proof. If M = R is regarded as the Euclidian manifold (R, 1), then the equations
(3.1) of the affine maps become

(4.1)
d2ci

dt2
+ B̃i

jk

(
cl(t),

dcl

dt
s

)
dcj

dt

dck

dt
= 0, ∀ i = 1, n, ∀ s ∈ R∗,

where c(t) = (ci(t)) is an affine map. Taking into account that B̃i
jk’s are 0-positive

homogenous, we deduce from equations (4.1) that an affine map c(t) must verify the
equations

(4.2)
d2ci

dt2
+ B̃i

jk

(
cl(t),

dcl

dt

)
dcj

dt

dck

dt
= 0, ∀ i = 1, n.

Now, using the formula (2.6) and the fact that C̃i
jk|0(dcj/dt) = 0, it follows that the

equations (4.2) become exactly the equations (2.4) of the autoparallel curves of the
Finsler manifold (N, F̃ ). ¤

In order to obtain a geometrical result which characterizes the affine maps between
Finsler manifolds, let us prove the following helpful statement:
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Lemma 4.2. Let uαβ : TM\{0} → R, where α, β = 1, p, be a family of smooth maps
which have the following four properties:

(i) uαβ = uβα;

(ii) uαβ’s are 0-positive homogenous;

(iii)
∂uαβ

∂sγ
is totally symmetric in α, β, γ;

(iv) uαβsαsβ = 0.

Then, we have
uαβ = 0, ∀ α, β = 1, p.

Proof. Differentiating (iv) with respect to sγ and using (i), we obtain the equalities

(4.3)
∂uαβ

∂sγ
sαsβ + 2uαγsα = 0, ∀ γ = 1, p.

Using now (iii) and (ii), we immediately deduce that

∂uαβ

∂sγ
sαsβ =

∂uβγ

∂sα
sαsβ = 0, ∀ γ = 1, p.

Consequently, the equalities (4.3) become

(4.4) uαγsα = 0, ∀ γ = 1, p.

Applying the same procedure to the equalities (4.4), we find that

uγε = 0, ∀ γ, ε = 1, p.

¤

Theorem 4.3 (characterization of affine maps). A nondegenerate mapping ϕ :
(M, F ) → (N, F̃ ) is an affine map between the Finsler manifolds (M, F ) and (N, F̃ ) if
and only if the map ϕ carries autoparallel curves from (M, F ) into autoparallel curves
on (N, F̃ ).

Proof. Let c(t) = (tα(t)) be an autoparallel curve on the Finsler manifold (M, F ),
that is it verifies the equations (2.4).

Let us consider that the curve c̃(t) = (ϕ ◦ c)(t) is locally expressed by the com-
ponents xi(t) = ϕi(tα(t)). Then, differentiating by t, we immediately find for each
i ∈ {1, ..., n} the equalities

(4.5)
dxi

dt
= ϕi

α

dtα

dt
and

d2xi

dt2
= ϕi

αβ

dtα

dt

dtβ

dt
+ ϕi

µ

d2tµ

dt2
.

Using the equalities (2.4), it follows that we have

d2xi

dt2
+ Γ̃i

jk

dxj

dt

dxk

dt
= ϕi

µ

d2tµ

dt2
+

(
ϕi

αβ + Γ̃i
jkϕj

αϕk
β

) dtα

dt

dtβ

dt
=(4.6)

=
(
ϕi

αβ − Γγ
αβϕi

γ + Γ̃i
jkϕj

αϕk
β

) dtα

dt

dtβ

dt
.
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” =⇒ ” If ϕ is an affine map, then it verifies the equations

(4.7) ϕi
αβ −

(
Γγ

αβ + Cγ
αβ|0

)
ϕi

γ +
(
Γ̃i

jk + C̃i
jk|0

)
ϕj

αϕk
β = 0,

for any α, β = 1, p and i = 1, n. Contracting the equations (4.7) with dtα/dt and
dtβ/dt and taking into account the relations

(4.8) Cγ
αβ|0

dtα

dt

dtβ

dt
= 0, ∀ γ = 1, p,

and

(4.9) C̃i
jk|0ϕ

j
αϕk

β

dtα

dt

dtβ

dt
= 0, ∀ i = 1, n,

we deduce from equalities (4.6) that we have

d2xi

dt2
+ Γ̃i

jk

dxj

dt

dxk

dt
= 0, ∀ i = 1, n.

This is exactly what we were looking for.
” ⇐= ” Conversely, if ϕ carries autoparallel curves from (M, F ) into autoparallel

curves on (N, F̃ ), then the equalities (4.6) imply the relations

(
ϕi

αβ − Γγ
αβϕi

γ + Γ̃i
jkϕj

αϕk
β

) dtα

dt

dtβ

dt
= 0, ∀ i = 1, n,

for an arbitrary d-tensor field sα = dtα/dt. Obviously, the relations (4.8) and (4.9)
lead us to the equalities

(4.10)
[
ϕi

αβ −
(
Γγ

αβ + Cγ
αβ|0

)
ϕi

γ +
(
Γ̃i

jk + C̃i
jk|0

)
ϕj

αϕk
β

]
sαsβ = 0,

for any i = 1, n. Denoting now the square parentheses from the left side of the
equalities (4.10) with ui

αβ , via the relations (2.6) and (2.8), we remark that we can
apply the Lemma 4.2 to ui

αβ , for any i = 1, n. In conclusion, we obtain

ui
αβ = 0, ∀ α, β = 1, p, ∀ i = 1, n,

that is the nondegenerate map ϕ is an affine map between the Finsler manifolds
(M, F ) and (N, F̃ ). ¤

In the sequel, we will show that the affine maps are only particular cases of har-
monic maps between Finsler manifolds, studied by Mo [7] or Shen and Zhang [11].

Proposition 4.4. Supposing that M is a compact oriented smooth manifold without
boundary, then any affine map ϕ : (M, F ) → (N, F̃ ) is a harmonic map between the
Finsler manifolds (M,F ) and (N, F̃ ), with vanishing tension field.

Proof. Following the geometrical ideas developed in [11], a particular case of harmonic
maps between the Finsler manifolds (M, F ) and (N, F̃ ) is when the tension field of
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the nondegenerate smooth map ϕ vanishes identically. But, the tension field of ϕ is
given by the components (see [11, p. 45, (2.25)])

τ i(ϕ) = gαβ
{

ϕi
αβ −Bγ

αβϕi
γ + B̃i

jkϕj
αϕk

β

}
+(4.11)

+4gαβC̃i
jkϕk

α

{
ϕj

βγ − Γµ
βγϕj

µ + Γ̃j
pqϕ

p
βϕq

γ

}
sγ +

+gαβC̃i
jklϕ

k
αϕl

β

{
ϕj

γε − Γµ
γεϕ

j
µ + Γ̃j

pqϕ
p
γϕq

ε

}
sγsε,

where

C̃i
jkl(x, y) = g̃im ∂C̃jkl

∂ym

and, we underline that, in the expression (4.11), the Finsler geometrical entities on
(N, F̃ ) are computed in

(xl, yl) = (ϕl(tµ), ϕl
µsµ) ∈ TN\{0}.

Because we have
Cα

βγ|0s
γ = C̃i

jk|0y
k = 0,

the formula (2.6) implies that the components (4.11) of the tension field of the non-
degenerate smooth map ϕ take the simpler form

(4.12) τ i(ϕ) = gαβτ i
αβ + 4gαβC̃i

jkϕk
ατ j

βγsγ + gαβC̃i
jklϕ

k
αϕl

βτ j
γεs

γsε,

where
τ i
αβ = ϕi

αβ −Bγ
αβϕi

γ + B̃i
jkϕj

αϕk
β , ∀ α, β = 1, p, ∀ i = 1, n.

It is obvious now that if the nondegenerate smooth map ϕ is an affine map, then
its tension field vanishes identically. In conclusion, we obtained what we were looking
for. ¤

Remark 4.1. In Proposition 4.4 the assumptions upon the source manifold M were
imposed by the good definition of the harmonic maps between two Finsler manifolds
(see [11]). We point out yet that our definition of the affine maps between Finsler
manifolds did not require these assumptions.

Corollary 4.5. Under the assumptions of Proposition 4.4, any nondegenerate smooth
map ϕ : (M,F ) → (N, F̃ ), which carries autoparallel curves from (M, F ) into autopar-
allel curves on (N, F̃ ), is a harmonic map between the Finsler manifolds (M,F ) and
(N, F̃ ), with vanishing tension field.

5 Berwald-Riemann-Lagrange geometry on the 1-
jet space J1(TM,N), produced by the equations
of the affine maps between two Finsler manifolds

The aim of this Section is to associate to the affine maps equations (3.1) some geomet-
rical objects which could characterize the affine maps between two Finsler manifolds.
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Taking into account that starting from the Asanov’s geometrical ideas [2] one has
recently elaborated a Riemann-Lagrange geometry on 1-jet spaces, in the sense of
d-connections, d-torsions and d-curvatures (see [9]), our geometrical construction is
made on the 1-jet space J1(TM, N). For a more clear exposition of our jet geometri-
cal ideas, it is important as the tangent bundle TM to be regarded as having the local
coordinates (tα, sa), where the indices α, β, γ, ... and a, b, c, ... have the same range:
1, 2, ..., p.

Remark 5.1. (i) In our geometrical context, it is more convenient to have two kinds
of indices, in order to mark the distinct elements of the adapted basis

(5.1)
{

δ

δtα
=

∂

∂tα
−N b

α

∂

∂sb
,

∂

∂sa

}
⊂ X (TM\{0})

provided by the canonical nonlinear Cartan connection (2.2) of the Finsler structure
F : TM → R+ on the smooth manifold M .

(ii) Note that we will use the formal notation A = (α, a) for an index which run
two times from 1 to p, namely, firstly by α, corresponding to the coordinates tα or,
equivalent, to the horizontal d-vector fields δ/δtα, and after that by a, corresponding
to the coordinates sa or, equivalent, to the vertical d-vector fields ∂/∂sa. Moreover,
throughout this paper, the capital latin letters A,B, C, ... will denote indices like the
previous one.

Using the notation
(
TA

)
= (tα, sa) for the local coordinates on the tangent bundle

TM , we recall that the coordinates on the 1-jet space J1(TM, N) are
(
TA, xi, Xi

A

)
,

where the coordinates
(
Xi

A

)
=

(
xi

α, yi
a

)
have the meaning of the partial derivatives

of the functions xi with respect to tα (these are denoted by xi
α) and with respect to

sa (these are denoted by yi
a), respectively. The coordinate transformation rules on

J1(TM, N) are given by the general transformation laws [9]





T
A

= T
A (

TB
)

xi = xi
(
xj

)

X
i

A =
∂xi

∂xj

∂TB

∂T
A

Xj
B .

Consequently, direct local computations say us that the local coordinates on
J1(TM, N) are

(
tα, sa, xi, xi

α, yi
a

)
and that they transform by the rules

(5.2)





t
α = t

α (
tβ

)

sa =
∂t

a

∂tb
sb

xi = xi
(
xj

)

xi
α =

∂xi

∂xj

∂tβ

∂t
α xj

β +
∂xi

∂xj

∂2tb

∂t
α
∂t

c
∂t

c

∂td
sdyj

b

yi
a =

∂xi

∂xj

∂tb

∂t
a yj

b .
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Firstly, let us suppose that

(
ΓC

AB

)
=

(
1Γγ

αβ , 2Γc
αβ , 3Γγ

aβ , 4Γc
aβ , 5Γγ

αb,
6Γc

αb,
7Γγ

ab,
8Γc

ab

)

are the normal components of a linear connection ∇ on TM\{0}, in the sense that
we have

∇ ∂

∂TB

∂

∂TA
= ΓC

AB

∂

∂TC
,

that is

∇ ∂

∂tβ

∂

∂tα
= 1Γγ

αβ

∂

∂tγ
+ 2Γc

αβ
∂

∂sc
, ∇ ∂

∂tβ

∂

∂sa
= 3Γγ

aβ

∂

∂tγ
+ 4Γc

aβ
∂

∂sc
,

∇ ∂

∂sb

∂

∂tα
= 5Γγ

αb

∂

∂tγ
+ 6Γc

αb
∂

∂sc
, ∇ ∂

∂sb

∂

∂sa
= 7Γγ

ab

∂

∂tγ
+ 8Γc

ab
∂

∂sc
.

Then, following the geometrical ideas from [9, p. 25], we underline that the compo-
nents

(5.3) M
(j)
(B)A = −ΓC

ABXj
C ,

where
Xj

C =
(
xj

γ , yj
c

)
,

represent a temporal nonlinear connection on the 1-jet space J1(TM, N), naturally
attached to the linear connection ∇ from TM\{0}.

In this geometrical context, we point out that the Berwald adapted components
Bγ

αβ = Bγ
αβ(tµ, sa) define a linear d-connection b∇ on TM\{0}, given in the adapted

basis (5.1) by the relations

(5.4)

b∇ δ

δtβ

δ

δtα
= Bγ

αβ

δ

δtγ
, b∇ δ

δtβ

∂

∂sa
= Bc

aβ

∂

∂sc
,

b∇ ∂

∂sb

δ

δtα
= 0, b∇ ∂

∂sb

∂

∂sa
= 0.

Remark 5.2. The adapted torsion and curvature d-tensors of the Berwald linear
d-connection b∇ on TM\{0} are given by the formulas (2.10) and (2.11).

Taking into account the relations (5.4), together with the equality

∂

∂tα
=

δ

δtα
+ N b

α

∂

∂sb
,

by direct computations, we deduce that the Berwald d-connection b∇ on TM\{0}
has, in the normal basis

{
∂

∂tα
,

∂

∂sa

}
⊂ X (TM\{0}),
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the normal components
(

bΓC
AB

)
=

(5.5)
1bΓγ

αβ = Bγ
αβ , 2bΓc

αβ = N c
α:β , 3bΓγ

aβ = 0, 4bΓc
aβ = Bc

aβ ,

5bΓγ
αb = 0, 6bΓc

αb = Bc
αb,

7bΓγ
ab = 0, 8bΓc

ab = 0,

where
N c

α:β =
∂N c

α

∂tβ
+ Nd

αBc
dβ −N c

γBγ
αβ .

As a consequence, via the formula (5.3) applied to the Berwald linear d-connection
b∇ from TM\{0}, we find the following geometrical result and concept:

Definition 5.3. The set of local functions
(

bM
(j)
(B)A

)
=

(
1bM

(j)
(β)α, 2bM

(j)
(b)α, 3bM

(j)
(β)a, 4bM

(j)
(b)a

)
,

where

(5.6)
1bM

(j)
(β)α = −Bγ

αβxj
γ −N c

α:βyj
c ,

2bM
(j)
(b)α = −Bc

αby
j
c

3bM
(j)
(β)a = −Bc

aβyj
c ,

4bM
(j)
(b)a = 0,

represents a temporal nonlinear connection on J1(TM,N), which may be called the
Berwald temporal nonlinear connection on J1(TM,N).

Secondly, let us consider that ϕ : (M, F ) → (N, F̃ ) is an affine map between
the Finsler manifolds (M,F ) and (N, F̃ ). Then, it is important to note that, under
a change of coordinates on M and N , the behaviour on J1(TM, N) of the coordi-
nates

(
yi

a

)
(see the relations (5.2)) is the same with that of the components

(
ϕi

α

)
.

Consequently, by a convenient jet extension, the Berwald adapted components

B̃i
jk = B̃i

jk(ϕl, ϕl
εs

ε),

which appear in the equations of the affine maps (3.1), can be well represented on the
1-jet space J1(TM, N) by the geometrical objects

B̃i
jk = B̃i

jk(xl, yl
asa),

whose transformation rules on J1(TM,N) are (for more details, please consult [6,
p. 122] or [3, p. 43])

(5.7) B̃
q

rs = B̃i
jk

∂xj

∂xr

∂xk

∂xs

∂xq

∂xi
+

∂2xi

∂xr∂xs

∂xq

∂xi
.

Following the jet geometrical ideas from [9] or [10], it immediately follows that the
components [9, p. 25]

(5.8) bN
(j)
(B)i = B̃j

ikXk
B ,

where Xk
B =

(
xk

β , yk
b

)
, represent a spatial nonlinear connection on the 1-jet space

J1(TM, N). In conclusion, putting B = β and B = b, respectively, into the formula
(5.8), we can enunciate the following geometrical result and concept:
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Definition 5.4. The set of local functions
(

bN
(j)
(B)i

)
=

(
1bN

(j)
(β)i,

2bN
(j)
(b)i

)
,

where

(5.9) 1bN
(j)
(β)i = B̃j

ikxk
β , 2bN

(j)
(b)i = B̃j

ikyk
b ,

represents a spatial nonlinear connection on J1(TM, N), which may be called the
Berwald spatial nonlinear connection on J1(TM, N).

Remark 5.5. The set of local functions

Γb
jet =

(
bM

(j)
(B)A, bN

(j)
(B)i

)

is a nonlinear connection on J1(TM, N), which may be called the jet Berwald non-
linear connection on J1(TM, N).

The Berwald nonlinear connection Γb
jet, whose local components are given by (5.6)

and (5.9), produces the jet adapted basis [9, p. 24]
{

δJ

δTA
,

δJ

δxi
,

∂

∂Xi
A

}
⊂ X (J1(TM, N)),

where
δJ

δTA
=

∂

∂TA
− bM

(j)
(B)A

∂

∂Xj
B

,
δJ

δxi
=

∂

∂xi
− bN

(j)
(B)i

∂

∂Xj
B

.

Taking into account that A = (α, a) and using the formulas (5.6) and (5.9), it is
easy to deduce

Proposition 5.1. The elements of the jet adapted basis are
{

δJ

δtα
,

δJ

δsa
,

δJ

δxi
,

∂

∂xi
α

,
∂

∂yi
a

}
⊂ X (J1(TM, N)),

where

(5.10)

δJ

δtα
=

∂

∂tα
+

(
Bγ

αβxj
γ + Nc

α:βyj
c

) ∂

∂xj
β

+ Bc
αby

j
c

∂

∂yj
b

,

δJ

δsa
=

∂

∂sa
+ Bc

aβyj
c

∂

∂xj
β

,

δJ

δxi
=

∂

∂xi
− B̃j

ikxk
β

∂

∂xj
β

− B̃j
ikyk

b
∂

∂yj
b

.

Following again the jet geometrical ideas exposed in [9] and [10], the Berwald
linear d-connection b∇ from TM\{0}, together with the Berwald linear d-connection
b∇̃ from TN\{0}, produce a jet Berwald linear d-connection BΓb

jet on J1(TM,N),
taking as its jet adapted components the following coefficients [9, p. 30]:
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BΓb
jet =

(
G

A

BC = bΓA
BC , Gk

iC = 0, G
(i)(B)
(A)(j)C = −δi

j
bΓB

CA,

L
A

Bj = 0, Lk
ij = B̃k

ij , L
(i)(B)
(A)(j)k = δB

A B̃i
jk,

C
A(C)

B(k) = 0, C
j(C)
i(k) = 0, C

(i)(B)(C)
(A)(j)(k) = 0

)
,

where

δB
A =





δβ
α, if A = α, B = β

δb
a, if A = a, B = b

0, otherwise.

Remark 5.6. The jet Berwald linear d-connection BΓb
jet is a Γb

jet-linear connection

on J1(TM, N). For more details, please consult [9, p. 28] or [10].

Consequently, using the relations (5.5) and taking into account that the indices
A,B, C, ... have the form (α, a), (β, b), (γ, c), ..., we obtain

Proposition 5.2. The essential adapted components of the jet Berwald linear d-
connection BΓb

jet are only the following eleven components:

(5.11)

BΓb
jet =

(
G

α

βγ = Bα
βγ , G

a

βγ = Na
β:γ , G

a

bγ = Ba
bγ , G

a

βc = Ba
βc,

G
(i)(β)
(α)(j)γ = −δi

jB
β
γα, G

(i)(b)
(α)(j)γ = −δi

jN
b
γ:α,

G
(i)(b)
(α)(j)c = −δi

jB
b
cα, G

(i)(b)
(a)(j)γ = −δi

jB
b
γa, Lk

ij = B̃k
ij ,

L
(i)(β)
(α)(j)k = δβ

αB̃i
jk, L

(i)(b)
(a)(j)k = δb

aB̃i
jk

)
.

Because the Riemann-Lagrange geometry of the general Γ-linear connections on
1-jet spaces, in the sense of their d-torsions and d-curvatures, is now completely done
in [9] and [10], it follows that we can compute on J1(TM,N) the adapted components
of the torsion and curvature d-tensors produced by the Berwald linear d-connection
BΓb

jet. In a such jet Riemann-Lagrange geometrical context, using the formulas (2.10)
and (2.11), we can give the following geometrical results:

Theorem 5.3. The jet Berwald linear d-connection BΓb
jet on J1(TM,N) is charac-

terized by fifteen essential local adapted d-torsions:

(T1) T a
βγ = Na

β:γ −Na
γ:β = bRα

βγ ,

(T2) P
(m) (b)
(µ)i(j) = bP̃m

ikjx
k
µsb,

(T3) P
(m) (b)
(c)i(j) = bP̃m

ikjy
k
c sb,

(T4) R
(m)
(µ)αβ = −

[
bRε

µαβ + bPε
µαcN

c
β − bPε

µβcN
c
α

]
xm

ε +

+A{α,β}

[
∂N c

β:µ

∂tα
+ Nd

β:µBc
dα −N c

β:γBγ
αµ

]
ym

c ,
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(T5) R
(m)
(µ)αb = − bPε

µαbx
m
ε +

[
∂Bc

bµ

∂tα
− ∂N c

α:µ

∂sb
+ Bd

bµBc
dα −Bγ

αµBc
γb

]
ym

c ,

(T6) R
(m)
(µ)aβ = bPε

µaβxm
ε −

[
∂Bc

aµ

∂tβ
− ∂N c

β:µ

∂sa
+ Bd

aµBc
dβ −Bγ

βµBc
γa

]
ym

c ,

(T7) R
(m)
(c)αβ = −

[
bRd

cαβ + bPd
cαfNf

β − bPd
cβfNf

α

]
ym

d ,

(T8) R
(m)
(c)αb = − bPd

cαby
m
d ,

(T9) R
(m)
(c)aβ = bPd

caβym
d ,

(T10) R
(m)
(µ)αj = − bP̃m

jklB
c
αbs

bxk
µyl

c,

(T11) R
(m)
(µ)aj = − bP̃m

jklx
k
µyl

a,

(T12) R
(m)
(c)αj = − bP̃m

jklB
d
αbs

byk
c yl

d,

(T13) R
(m)
(c)aj = − bP̃m

jkly
k
c yl

a,

(T14) R
(m)
(µ)ij =

[
bR̃m

kij + bP̃m
kilÑ

l
j − bP̃m

kjlÑ
l
i

]
xk

µ−

−
[

bP̃m
kilB̃

l
jp − bP̃m

kjlB̃
l
ip

]
xk

µyp
asa

(T15) R
(m)
(c)ij =

[
bR̃m

kij + bP̃m
kilÑ

l
j − bP̃m

kjlÑ
l
i

]
yk

c−

−
[

bP̃m
kilB̃

l
jp − bP̃m

kjlB̃
l
ip

]
yk

c yp
asa

where A{α,β} means an alternate sum;

Proof. The essential local adapted d-torsions of the Berwald linear distinguished con-
nection BΓb

jet on J1(TM,N) are given by the general formulas [9, p. 34]:

(t1) TM
AB = G

M

AB −G
M

BA,

(t2) P
(m) (B)
(M)A(j) =

∂
[

bM
(m)
(M)A

]

∂Xj
B

−G
(m)(B)
(M)(j)A,

(t3) P
(m) (B)
(M)i(j) =

∂
[

bN
(m)
(M)i

]

∂Xj
B

− L
(m)(B)
(M)(j)i,

(t4) R
(m)
(M)AB =

δJ
[

bM
(m)
(M)A

]

δTB
−

δJ
[

bM
(m)
(M)B

]

δTA
,

(t5) R
(m)
(M)Aj =

δJ
[

bM
(m)
(M)A

]

δxj
−

δJ
[

bN
(m)
(M)j

]

δTA
,

(t6) R
(m)
(M)ij =

δJ
[

bN
(m)
(M)i

]

δxj
−

δJ
[

bN
(m)
(M)j

]

δxi
,
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where
(
TA

)
= (tα, sa) and

(
Xi

A

)
=

(
xi

α, yi
a

)
. Taking into account that the indices A,

B, ... are indices of kind (α, a), (β, b), ... and using the fomulas (5.11), (5.6), (5.9) and
(5.10), by laborious local computations, we find the required result. ¤

Theorem 5.4. The jet Berwald linear d-connection BΓb
jet on J1(TM,N) is charac-

terized by thirty essential local adapted d-curvatures:

(C1) R
δ
αβγ = bRδ

αβγ+ bPδ
αβcN

c
γ− bPδ

αγcN
c
β,

(C2) R
d
αβγ = A{β,γ}

[
∂Nd

α:β

∂tγ
+ Nc

α:βBd
cγ −Nd

µ:βBµ
αγ

]
,

(C3) R
δ
αβc = bPδ

αβc,

(C4) R
d
αβc =

∂Nd
α:β

∂sc
− ∂Bd

αc

∂tβ
+ Bµ

αβBd
µc −Bf

αcB
d
fβ,

(C5) R
δ
αbγ = − bPδ

αbγ ,

(C6) R
d
αbγ =

∂Bd
αb

∂tγ
− ∂Nd

α:γ

∂sb
+ Bc

αbB
d
cγ −Bµ

αγBd
µb,

(C7) R
d
aβγ = bRd

aβγ+ bPd
aβcN

c
γ− bPd

aγcN
c
β,

(C8) R
d
aβc = bPd

aβc,

(C9) R
d
abγ = − bPd

abγ ,

(C10) Rl
iβk = − bP̃ l

ikjB
c
βasayj

c ,

(C11) Rl
ibk = − bP̃ l

ikjy
j
b ,

(C12) Rl
ijk = bR̃l

ijk+ bP̃ l
ijrÑ

r
k− bP̃ l

ikrÑ
r
j +

[
bP̃ l

ikrB̃
r
jp − bP̃ l

ijrB̃
r
kp

]
yp

b sb,

(C13) P
l (c)

ij(k) = bP̃ l
ijksc,

(C14) R
(l)(α)

(ε)(i)βγ = −δl
i ·

[
bRα

εβγ + bPα
εβcN

c
γ − bPα

εγcN
c
β

]
= −δl

i ·Rα
εβγ ,

(C15) R
(l)(α)

(ε)(i)βc = −δl
i· bPα

εβc = −δl
i ·Rα

εβc,

(C16) R
(l)(α)

(ε)(i)bγ = δl
i· bPα

εbγ = −δl
i ·Rα

εbγ ,

(C17) R
(l)(a)

(ε)(i)βγ = −δl
i · A{β,γ}

[
∂Na

β:ε

∂tγ
+ Nc

β:εB
a
cγ −Na

β:µBµ
εγ

]
,

(C18) R
(l)(a)

(ε)(i)βc = −δl
i ·

[
∂Na

β:ε

∂sc
− ∂Ba

cε

∂tβ
+ Bµ

βεB
a
µc −Bd

cεB
a
dβ

]
,

(C19) R
(l)(a)

(ε)(i)bγ = −δl
i ·

[
∂Ba

bε

∂tγ
− ∂Na

γ:ε

∂sb
+ Bc

bεB
a
cγ −Bµ

γεB
a
µb

]
,

(C20) R
(l)(a)

(d)(i)βγ = −δl
i ·

[
bRa

dβγ + bPa
dβcN

c
γ − bPa

dγcN
c
β

]
= −δl

i ·Ra
dβγ ,

(C21) R
(l)(a)

(d)(i)βc = −δl
i· bPa

dβc = −δl
i ·Ra

dβc,

(C22) R
(l)(a)

(d)(i)bγ = δl
i· bPa

dbγ = −δl
i ·Ra

dbγ ,
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(C23) R
(l)(α)

(ε)(i)βk = −δα
ε · bP̃ l

ikjB
c
βbs

byj
c = δα

ε ·Rl
iβk,

(C24) R
(l)(α)

(ε)(i)bk = −δα
ε · bP̃ l

ikjy
j
b = δα

ε ·Rl
ibk,

(C25) R
(l)(a)

(d)(i)βk = −δa
d · bP̃ l

ikjB
c
βbs

byj
c = δa

d ·Rl
iβk,

(C26) R
(l)(a)

(d)(i)bk = −δa
d · bP̃ l

ikjy
j
b = δa

d ·Rl
ibk,

(C27) R
(l)(α)

(ε)(i)jk = δα
ε ·Rl

ijk,

(C28) R
(l)(a)

(d)(i)jk = δa
d ·Rl

ijk,

(C29) P
(l)(α) (c)

(ε)(i)j(k) = δα
ε · bP̃ l

ijksc = δα
ε · P l (c)

ij(k),

(C30) P
(l)(a) (c)

(d)(i)j(k) = δa
d · bP̃ l

ijksc = δa
d · P l (c)

ij(k).

Proof. The essential local adapted d-curvatures of the Berwald linear distinguished
connection BΓb

jet on J1(TM,N) are given by the general formulas [9, p. 36]:

(c1) R
D
ABC =

δJG
D
AB

δT C
− δJG

D
AC

δT B
+ G

M
ABG

D
MC −G

M
ACG

D
MB ,

(c2) Rl
iBk = −δJLl

ik

δT B
,

(c3) Rl
ijk =

δJLl
ij

δxk
− δJLl

ik

δxj
+ Lm

ij Ll
mk − Lm

ikLl
mj ,

(c4) P
l (G)

ij(k) =
∂Ll

ij

∂Xk
G

,

(c5) R
(l)(A)

(D)(i)BC =
δJG

(l)(A)

(D)(i)B

δT C
−

δJG
(l)(A)

(D)(i)C

δT B
+

+G
(m)(A)

(M)(i)B ·G(l)(M)

(D)(m)C −G
(m)(A)

(M)(i)C ·G(l)(M)

(D)(m)B ,

(c6) R
(l)(A)

(D)(i)Bk =
δJG

(l)(A)

(D)(i)B

δxk
−

δJL
(l)(A)

(D)(i)k

δT B
+

+G
(m)(A)

(M)(i)B · L(l)(M)

(D)(m)k − L
(m)(A)

(M)(i)k ·G(l)(M)

(D)(m)B ,

(c7) R
(l)(A)

(D)(i)jk =
δJL

(l)(A)

(D)(i)j

δxk
−

δJL
(l)(A)

(D)(i)k

δxj
+

+L
(m)(A)

(M)(i)j · L(l)(M)

(D)(m)k − L
(m)(A)

(M)(i)k · L(l)(M)

(D)(m)j ,

(c8) P
(l)(A) (G)

(D)(i)j(k) =
∂L

(l)(A)

(D)(i)j

∂Xk
G

,

where
(
T B

)
=

(
tβ , sb

)
and

(
Xk

G

)
=

(
xk

γ , yk
c

)
.

Taking into account that the indices A, B, C, ... are indices of kind (α, a), (β, b),
(γ, c)... and using the fomulas (5.11) and (5.10), by laborious local computations, we
find what we were looking for. ¤
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Remark 5.7. In order to obtain geometrical informations on J1(TM, N) about our
starting affine map ϕ : (M,F ) → (N, F̃ ), we can replace again yi

α with ϕi
α. In this

jet geometrical context, the nondegenerate affine map ϕ is effectively ”characterized”
by eight jet d-torsions (we refer to (T2), (T3), (T10)−(T15)) and twelve jet d-
curvatures (we refer to (C10)−(C13), (C23)−(C30)). It is an open problem what
is the real geometrical meaning of this intimate connection between the affine maps
between two Finsler manifolds and their attached d-torsions and d-curvatures on the
1-jet space J1(TM, N).
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