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Abstract. In this paper we introduce a natural definition for the affine
maps between two Finsler manifolds (M, F) and (N, F') and we give some
geometrical properties of these affine maps. Starting from the equations
of the affine maps, we construct a natural Berwald-Riemann-Lagrange
geometry on the 1-jet space J'(T'M, N), in the sense of a Berwald nonlin-

ear connection F}%t’ a Berwald F%t—linear d-connection Brbet’ together
with its d-torsions and d-curvatures, which geometrically characterizes the

initial affine maps between Finsler manifolds.
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1 Introduction

It is well known that the harmonic maps between Riemannian manifolds are defined as
extremals of the energy functional. Because these harmonic maps are very important
in differential geometry and mathematical physics, they were intensively studied by
Eells and Lemaire [4].

By using the volume element induced on the projective sphere bundle SM of
a Finsler manifold (M, F'), the harmonic maps between a Finsler manifold and a
Riemannian manifold were considered by Mo [7].

Recent studies on Finsler geometry led to the investigation of the nondegenerate
harmonic maps between two Finsler manifolds (M, F') and (N, F), as critical points of
a natural energy functional on the sphere bundle SM. Thus, Shen and Zhang studied
the variation formulas [11] for harmonic maps between Finsler manifolds, and He and
Shen established a corresponding generalized Weitzenbock formula [5].

A different general geometrical approach for harmonic maps between two gener-
alized Lagrange spaces (M, gag(t7,s7)) and (N, gi;(z*,y*)) is given by the author of
this paper in [8].
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In this work we investigate affine maps between Finsler manifolds, as particular
cases of nondegenerate harmonic maps. From a geometrical point of view, we be-
lieve that our particular case of nondegenerate harmonic maps (we refer to the affine
maps) is not too restrictive one, because we consider that there exist enough inter-
esting geometrical results which characterize the nondegenerate affine maps between
Finsler manifolds. In this direction, using the Riemann-Lagrange geometry on 1-jet
spaces recently developed by the author of this paper in [9] and [10], we will show
that the equations of the nondegenerate affine maps between two Finsler manifolds
(M, F) and (N, F) produce some natural d-torsions and d-curvatures on the 1-jet
space JY(TM, N), where TM is the tangent bundle of the smooth manifold M.

We would like to point out that the jet Riemann-Lagrange geometrical ideas pre-
sented in detail in the works [9] and [10] were initially stated by Asanov in the paper

[2].

2 Basic formulas on Finsler manifolds

Let us denote by M a p-dimensional smooth manifold, which induces on its tangent
bundle TM the local coordinates (t*,s*). Throughout this paper the greek indices
a, 3,7, ... run from 1 to p. Let us consider that the manifold M is endowed with a
Finsler structure F': TM — [0, 00), such that (M, F) is a Finsler manifold.

The fundamental metrical d-tensor of the Finsler manifold (M, F') is defined on
TM\{0} by

e 1 0%F?
G (£, 5%) = 2 0s29sP”

Remark 2.1. Taking into account that F? is 2-positive homogenous, we immediately
deduce, via the Euler theorem, that we have F? = gagsasﬁ.

The fundamental metrical d-tensor (g.3) produces the Cartan d-tensor of the
Finsler manifold (M, F'), putting

109, 1 O3 F?
2 057 4059055057
It is obvious that the Cartan d-tensor is totally symmetric in the indices «, 5 and ~.

Moreover, because g.g’s are positive homogenous of degree zero, the Euler theorem
implies the equalities

Caﬁ"/ =

OOﬂ’y = CaO’y = CaﬁO = O,

where by the index 0 we understand the contraction with s#. For instance, we have
Cago = Cagusu.
Let us consider the formal Christoffel symbols of the second kind

wo_ " [ 09ca agaﬂ _ 89046
21) Tas = 73 <8tﬁ ot ote )’

where (g#°) denotes the inverse matrix of (gu.). The formal Christoffel symbols
produce on TM\{0} the nonlinear Cartan connection of the Finsler manifold (M, F'),
taking (see [3, p. 33])

« «

(2.2) NP = fygssg — Cﬁsfyzus“s”,
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where C8_ = g°*C) .. An important geometrical concept in Finsler geometry is given
by the following notion:

Definition 2.2. A curve ¢ : [a,b] — M, locally expressed by t* = t%(t), where
t € [a,b], is called an autoparallel curve of the nonlinear Cartan connection of the
Finsler manifold (M, F) or, briefly, an autoparallel curve on (M, F), if and only if

2t dt*\ dif
2. 4 NS (t*(H),— ) —=0,Va=1p.
( 3) dtQ + Jé] < ( )7 dt ) dt 07 « , D

Using the nonlinear Cartan connection (Ng) we can construct the generalized

Christoffel symbols
= ﬂ OGua | 09up - dgap
o 2 U th T Sste atr )

where 5 3 5
~ _N¢

St ot ese
Remark 2.3. The set of d-vector fields

{&5& afa} C X(TM\{0})

represents a basis in the set of vector fields on TM\{0}, which is called the adapted
basis produced by the Finsler structure F. The transformation rules of the elements
of the adapted basis are tensorial ones.

From a geometrical point of view, the generalized Christoffel symbols can be re-
garded as, in Miron and Anastasiei’s terminology [6, p. 149], the adapted components
on TM\{0} of the distinguished linear Rund connection

Rl = (Ng,r’;ﬁ,()) :
or, in Bao, Chern and Shen’s terminology [3, p. 39], as the coefficients of the Chern

connection on the pulled-back tangent bundle 7*T'M — TM\{0}, where 7 : TM\{0} —
M is the canonical projection.

Remark 2.4. (i) For practitioners of Finsler geometry, Anastasiei pointed out in [1]
that the Rund connection and the Chern connection coincide. In a such geometrical
context, we underline that in this paper we follow the terminology and the notations
used by Miron and Anastasiei in [6].

(ii) It is important to note that, on the Finsler manifold (M, F'), the formula

N§ =18 s

is always true and very useful. Consequently, the autoparallel curves of the Finsler
manifold (M, F') are the solutions of the system of differential equations

d>tH dte\ dt> dt?
2.4 — 4T (), — | —— =0,V pu=1
( ) dt2 + af ( ( )? dt) dt dt ) /J/ » Py
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which is equivalent to the ODEs system of second order

2+ dte\ dt> dtP
2. — ), — | —— = -1
( 5) dtQ +’Yozﬁ ( ( )7 dt > dt dt 07 V M , P

It follows that an autoparallel curve c(t) = (t*(t)) having a natural parameter, that is
F(c(t),de/dt) = constant, is equivalent with a constant speed geodesic on the Finsler
manifold (M, F'). For more details, see [3, p. 125-128] and [6, p. 132-138].

In the Finsler geometry literature, a famous linear d-connection on the Finsler
manifold (M, F') is the Berwald connection

BT = (Nf,Bgﬁ,O),

whose adapted components are defined by

Yo y LY v
(2.6) Baﬂ = Faﬁ + Caﬁmsl = Faﬁ + Camo’
where
e, = a8 e e, - o
afly = T 5n +Capley — e ap — Yast Bu

represent the local horizontal covariant derivatives produced by the Rund connection
RT.

Remark 2.5. (i) The local horizontal covariant derivatives produced by the Rund
connection RI' behave as differentiations, in the sense that they work by the Leibniz
rule upon the tensorial product of d-tensors and they commute with the contractions
of d-tensors.

(ii) The following special properties of the local horizontal covariant derivatives
associated to the Rund connection RI" hold good (see [6, p. 140]):

Japly =0, s*, =0, F|, =0.
(iil) If we define the spray of the Finsler manifold (M, F') by

Uy owg 1w o
(2.7) GH = ifygﬂs sP = iFgﬂs 7,
then, by a direct calculation, we find the following relations:
0G7 ON) 0?G"
2.8 2G7 = N7s® NY =22 and B, = 2 . 9%
(28) a¥h Mo T o M Tas = 55 0529sb

(iv) The equations of the autoparallel curves of the Finsler manifold (M, F') have
the following simple form:
d?t”

dt?

. dtr
+2G tﬂ(t)’ﬁ :0, \V/Oézl,p.

Moreover, following the geometrical ideas from [6, p. 132-136], it is important to note
that, in fact, the autoparallel curves of the Finsler manifold (M, F) coincide exactly
with the extremal curves of the integral action of the absolute energy

E(c) = /ab F? (t"‘(t), CZ:) dt.
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In this context, taking into account that F? = g,3s*s”, a direct calculation of the
Euler-Lagrange equations of the preceding energy functional leads us to the formula
gw O%2F?

OF?
V(4 oF g v
(2.9) G (t5,s°%) = 1 asl‘at”s o

From a Finsler geometrical point of view, we point out that the Berwald connection
BT is characterized in the adapted basis {§/t*, 9/9s*} by one local torsion d-tensor

ONg  ON®
bpa __ B8 _ Y
(2.10) Ry = =2 = 3

and two essential local curvature d-tensors

_ 9By, 0B

bpa " o 1 «@

(2.11) Rie ==~ 500 PovPue = Bacbin
brp a 8Bg’7
Bre Ose

For more details, the reader is invited to compare the book [6, p. 48, 122, 149] with
the book [3, p. 52, 67].

Remark 2.6. Taking into account the relations (2.8), note that the Berwald curva-
ture d-tensor bPBS‘/E is totally symmetric in the indices 3,7 and e.

3 Affine maps between Finsler manifolds

Let (M, F) and (N, F) be two Finsler manifolds, where the dimension of N is n, and
let ¢ : (M, F) — (N, F) be a smooth map which is nondegenerate, that is its induced
tangent map verifies the condition Ker(dyp) = {0} (i.e., it is an immersion).

Remark 3.1. (i) We suppose that the tangent bundle T'N has the local coordinates
(x%,y"), where i = 1,n. Moreover, throughout this paper, we suppose that the latin
indices 1, j, k, ... run from 1 to n.

(ii) On the source Finsler manifold (M, F') we will use the notations and indices
from Section 2, and on the target Finsler manifold (N, F) we will denote the same
geometrical entities by the same letters, but with tilde and corresponding indices.

Let us suppose that the nondegenerate smooth map ¢ is locally expressed by
o' = @' (t*) and let us introduce the notations

) 8tpi ) 82<pz'
T 7 —
oo = o a0 Pap = Frags

In this geometrical context, we introduce the following concept:

Definition 3.2. The nondegenerate smooth map ¢ : (M, F) — (N, F) is called an
affine map between the Finsler manifolds (M, F) and (N, F) if and only if
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where B B

Bgﬁ = Bgﬁ(t“, s") and B}, = B;k(cpl(t“), oL (t")s%)
are the adapted components of the Berwald connection on (M, F') and (N, 15), respec-
tively.

Remark 3.3. (i) If the target Finsler manifold (N, F) is a Riemannian one, then we
have C?) = 0 and Bl =77, (¢'(#*)). In this case, the assumption on the nondegen-
eration of ¢ is not necessary in our definition.

(ii) If (M, F) and (N, F) are both Riemannian manifolds, then we recover the
classical definition of the affine maps between two Riemannian manifolds.

In order to give some geometrical examples of affine maps, let us introduce the
following definition:

Definition 3.4. A smooth map ¢ : (M, F) — (N, F) is called an isometry between

the Finsler manifolds (M, F) and (N, F) or, briefly, Finsler isometry, if it satisfies
the conditions:

(i) ¢ is a difeomorphism;

(i) P(t,5) = F(p(t), dp(s)), ¥ (t,5) € TM\{0}.
Remark 3.5. If the smooth map ¢ : M — N is a difeomorphism, then its induced
tangent map dy; : TyM — T, N, V_t € M, is an isomorphism of vector spaces. It
follows that we have p = n and det(¢?,) # 0, that is ¢ is a nondegenerate map.

Theorem 3.1. Any Finsler isometry ¢ : (M, F) — (N, ﬁ) is an affine map between
the Finsler manifolds (M, F) and (N, F).

Proof. Let ¢ : (M, F) — (N, F) be a Finsler isometry and let (¢5') be the inverse of
the matrix (¢},). It follows that we have ¢!, = 0] and ¢} = 5.
Because ¢ is a Finsler isometry, a direct calculation leads us to the relations

(3.2) o = Gijohely and g% = Giyey? Vo, B =T p.

Using formula (2.1) and the relations (3.2), a new direct calculation gives us the
relations

(3.3) Y = ALearsth +CF (%%V + %wﬁ;u) Phs” —

- z]mgM‘P;‘PJg@Z;SV + 90?51/)#”7 v 04757# = 17p

Contracting the relations (3.3) with s* and s”, the formula (2.7) implies the equalities
(3.4) 2G7 = 2G™ ), + @l s*s®, ¥y =T,p,
where, taking into account that we have éijk = @jk(sﬁl, ¢Ls%), we used the relation

éijkwlgse =0.
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In the sequel, a double differentiation in (3.4), together with the relation (2.8), imply
the equalities

(3.5) Bl = Bl bl + ol ¥V o, B,y =T p.

It is obvious now that the equalities (3.5) imply the equalities (3.1), which repre-
sent the equations of the affine maps. In conclusion, ¢ is an affine map between the
Finsler manifolds (M, F') and (N, F). O

Corollary 3.2. The identity map T : (N, ﬁ) — (N, F) s an affine map.

Now, let us study the affinity of the identity map Z when it works with two
different Finsler structures F' and F' on the manifold N.

Proposition 3.3. The identity map Z : (N,F) — (N, 13) is an affine map if and
only if

(3.6) G'=G, Vi=T1n,

where G* and G* are the spray coefficients of the Finsler manifolds (N, F) and (N, F),
respectively.

Proof. Let us suppose that we locally have

T =T (") =2", Vi=Tn.

Then, it immediately follows that we have IJ’ = 5; and I}k = 0. Consequently, 7 is
an affine map between the Finsler manifolds (N, F) and (N, F) if and only if we have

PG PG
dyioyk — Oyioyk’

(3.7) Ji‘k(l’layl) = E;k(iﬂl,yl) <

Viajak = 17”3

where
1 ~ 1,
G = 5pqy"y" and G = S704"y".

Taking into account that the spray coefficients are 2-positive homogenous, by
contractions with 4/ and y*, the equalities (3.7) imply the equalities (3.6). Conversely,
it is obvious that the equalities (3.6) imply the equalities (3.7). In conclusion, we
obtain what we were looking for. O

Corollary 3.4. The identity map T : (N, F) — (N, ﬁ) s an affine map if and only
if

02 F? OF?

q

q yd —
OyPoxd ozP

8y1’8x‘1y O

) 2F2 F2 )
e

Proof. The Corollary is an immediate consequence of Proposition 3.3 and formula
(2.9). (]
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Corollary 3.5. If (N,h) is a flat Riemannian manifold and (N, F) is a locally
Minkowski manifold, then the identity maps

T:(N,h)— (N,F)

and
Z:(N,F)— (N, h)

are affine maps.

Proof. If Fisa local Minkowski structure, then there exists a system of local coordi-
nates (z*) such that F(z,y) = F(y), that is g;;(z,y) = ;;(y). It follows that we have

FE =0, that is G¥ = 0,V k = T, n.
On the other hand, if the Riemannian metric h is flat, then we also have fyfj =0,
that is GF =0,V k=1,n. O

4 Geometrical properties of the affine maps between
Finsler manifolds

In our geometrical context, let us consider the particular case when our source Finsler
manifold is the Euclidian manifold

(M, F) = (R, F(t,5) = |s]).
Then, we can prove the following result:

Proposition 4.1. Any affine map ¢ : (R, F) — (N, F) is an autoparallel curve of the
Finsler manifold (N, F).

Proof. If M = R is regarded as the Euclidian manifold (R,1), then the equations
(3.1) of the affine maps become

d2 i . d l d J d k
(4.1) d—; +Bi, (Cl(t)7clcts> df‘;% =0,Vi=1n, VseR",

where c(t) = (¢!(t)) is an affine map. Taking into account that E;k’s are O-positive
homogenous, we deduce from equations (4.1) that an affine map c¢(t) must verify the
equations

>~ dct\ de? dck
4.2 B [dt),— | —— = = T.n.
(4.2) + k(c (t), dt) pT 0, Vi N

Now, using the formula (2.6) and the fact that éj?klo(dcj/dt) =0, it follows that the
equations (4.2) become exactly the equations (2.4) of the autoparallel curves of the

Finsler manifold (N, F). 0

In order to obtain a geometrical result which characterizes the affine maps between
Finsler manifolds, let us prove the following helpful statement:
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Lemma 4.2. Let uap : TM\{0} — R, where a, 3 = 1,p, be a family of smooth maps
which have the following four properties:

(i) uap = uga;

(i1) uap’s are 0-positive homogenous;

0
(#ii) gaf is totally symmetric in o, 3,7;
s

i) ugzs®s® = 0.
B

Then, we have
Uap :Oa v aaﬁzm'

Proof. Differentiating (iv) with respect to s” and using (i), we obtain the equalities

Oug
(4.3) %SQSB + 2uays =0, Vy=1,p.

Using now (iii) and (ii), we immediately deduce that
auagaﬂiauﬁgwaﬁi o
WSS —WSS —O,V’y—l,p
Consequently, the equalities (4.3) become

(4.4) Uays® =0, Vy=1,p.

Applying the same procedure to the equalities (4.4), we find that

Uye =0, Vy,e =1,p.
]

Theorem 4.3 (characterization of affine maps). A nondegenerate mapping ¢ :
(M, F) — (N, F) is an affine map between the Finsler manifolds (M, F) and (N, F) if
and only if the map ¢ carries autoparallel curves from (M, F) into autoparallel curves

on (N, F).

Proof. Let c(t) = (¢t*(t)) be an autoparallel curve on the Finsler manifold (M, F),
that is it verifies the equations (2.4).

Let us consider that the curve ¢(t) = (p o ¢)(t) is locally expressed by the com-
ponents z°(t) = ¢'(t*(t)). Then, differentiating by ¢, we immediately find for each
i € {1,...,n} the equalities

det  , dt® d?z Codtedt? L dPtr

i

4 M g B At e
(4.5) ar ~ Pogr A g T Py g T

Using the equalities (2.4), it follows that we have
A’z ~. dad daF dPtH . ~ dt® dtf
46) 4T o i f ( LT ’“) = 2 -
@46 g U Yuggz T \Pas ¥ Lik¥als ) G gy
: D dte dt?
_ ) ¥ 7 7 k
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7 =7 If ¢ is an affine map, then it verifies the equations

(4-7) @gﬁ - ( Camo) + ( C k\O) 90&90[3 =0,

for any o, 3 = 1,p and i = 1,n. Contracting the equations (4.7) with dt®/dt and
dt? /dt and taking into account the relations

dt> dt’
4.8 Clo——=0,Vy=1
( ) amo dt dt ’ Y Py
and
dt> dt?
% k _ N
(49) C k\O‘poz(p,B dt dt - Oa Vi= 17”7
we deduce from equalities (4.6) that we have
2.0 g0 Aok
d“x ; dx? dx —0, Vi-Tn.

e TUR g ar

This is exactly what we were looking for.
7 <" Conversely, if ¢ carries autoparallel curves from (M, F') into autoparallel
curves on (N, F), then the equalities (4.6) imply the relations

i i dt® dtP ]
(‘Paﬁ - Flﬁ‘% +T k%ﬁﬂg) - 0, Vi=1,n,

for an arbitrary d-tensor field s = dt*/dt. Obviously, the relations (4.8) and (4.9)
lead us to the equalities

(4.10) [cpflﬁ - (Flg + C’;’ﬁm) o+ ( it Cr k\O) cpaapﬁ] 5P =

for any ¢ = 1,n. Denoting now the square parentheses from the left side of the
equalities (4.10) with w5, via the relations (2.6) and (2.8), we remark that we can

apply the Lemma 4.2 to uf, 5, for any i = 1,n. In conclusion, we obtain

ufyﬂ:07 Va?ﬁ:ma v’L-::l7’n’7

that is the nondegenerate map ¢ is an affine map between the Finsler manifolds
(M, F) and (N, F). |

In the sequel, we will show that the affine maps are only particular cases of har-
monic maps between Finsler manifolds, studied by Mo [7] or Shen and Zhang [11].

Proposition 4.4. Supposing that M is a compact oriented smooth manifold without
boundary, then any affine map ¢ : (M, F) — (N, F) is a harmonic map between the
Finsler manifolds (M, F) and (N, F), with vanishing tension field.

Proof. Following the geometrical ideas developed in [11], a particular case of harmonic
maps between the Finsler manifolds (M, F') and (N, F) is when the tension field of
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the nondegenerate smooth map ¢ vanishes identically. But, the tension field of ¢ is
given by the components (see [11, p. 45, (2.25)])

(A1) 7@) = " {ehs — Blywl + Biwleh ) +
+49°°Clugh {¢h, ~ Th, ol + Thaght } 7 +
+9° bty { Phe — Thetoh + Thaplipl | 575",
where

- —im OCk
Cjkl(xay) =49 (’)y]m

and, we underline that, in the expression (4.11), the Finsler geometrical entities on
(N, F) are computed in

(2',y") = (&' (t"), ¢l s") € TN\{0}.

Because we have
~io ok
Coyos” = Clgpoy” =0,
the formula (2.6) implies that the components (4.11) of the tension field of the non-
degenerate smooth map ¢ take the simpler form

(4.12) () = g™ 7l + 49" Clrphrh 57 + g* 0 Clph ol s s7,
where ' ' o o o
It is obvious now that if the nondegenerate smooth map ¢ is an affine map, then

its tension field vanishes identically. In conclusion, we obtained what we were looking
for. |

Remark 4.1. In Proposition 4.4 the assumptions upon the source manifold M were
imposed by the good definition of the harmonic maps between two Finsler manifolds
(see [11]). We point out yet that our definition of the affine maps between Finsler
manifolds did not require these assumptions.

Corollary 4.5. Under the assumptions of Proposition 4.4, any nondegenerate smooth
map ¢ : (M, F) — (N, F), which carries autoparallel curves from (M, F) into autopar-
allel curves on (N, ﬁ), is a harmonic map between the Finsler manifolds (M, F') and
(N, F), with vanishing tension field.

5 Berwald-Riemann-Lagrange geometry on the 1-
jet space JY(TM,N), produced by the equations
of the affine maps between two Finsler manifolds

The aim of this Section is to associate to the affine maps equations (3.1) some geomet-
rical objects which could characterize the affine maps between two Finsler manifolds.
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Taking into account that starting from the Asanov’s geometrical ideas [2] one has
recently elaborated a Riemann-Lagrange geometry on 1-jet spaces, in the sense of
d-connections, d-torsions and d-curvatures (see [9]), our geometrical construction is
made on the 1-jet space J!(T M, N). For a more clear exposition of our jet geometri-
cal ideas, it is important as the tangent bundle T'M to be regarded as having the local
coordinates (t*, s*), where the indices «, 3,7, ... and a,b, ¢, ... have the same range:
1,2,...,p.

Remark 5.1. (i) In our geometrical context, it is more convenient to have two kinds
of indices, in order to mark the distinct elements of the adapted basis

5.1) {5 o w0 0

5ta o eps asa} C X(TMA{0})
provided by the canonical nonlinear Cartan connection (2.2) of the Finsler structure
F:TM — R, on the smooth manifold M.

(ii) Note that we will use the formal notation A = («, a) for an index which run
two times from 1 to p, namely, firstly by «, corresponding to the coordinates t* or,
equivalent, to the horizontal d-vector fields §/5t*, and after that by a, corresponding
to the coordinates s® or, equivalent, to the vertical d-vector fields 8/0s*. Moreover,
throughout this paper, the capital latin letters A, B, C, ... will denote indices like the
previous one.

Using the notation (TA) = (1%, s%) for the local coordinates on the tangent bundle
TM, we recall that the coordinates on the 1-jet space J!(T'M, N) are (TA,xi,Xf;l),
where the coordinates (ng) = (:vfl,yfl) have the meaning of the partial derivatives
of the functions ¢ with respect to t* (these are denoted by z?) and with respect to
5% (these are denoted by y¢), respectively. The coordinate transformation rules on
JYTM, N) are given by the general transformation laws [9]

T =T" (17)
T =7 (27)
oz 01"

A~ Oxi aTA B

Consequently, direct local computations say us that the local coordinates on
JYTM,N) are (to‘, szt xl, yfl) and that they transform by the rules

=1" (%)
—=a aia b
o’
(5.2) 7 =7 (2)
g 0O, 0m p8 O
° T 92i 08 T Bad oot ord”
oo omor
ya - a.’EJ afayb-
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Firstly, let us suppose that

61 ¢ ™ 81 ¢
Fozb? Fab’ Fab)

are the normal components of a linear connection V on TM\{0}, in the sense that
we have

(F4p) = ( Thg Tap “Tog "o °T1

a ab?

B o 0
V 0 gra ~Tasgre
oTB
that is
O iy 9 ape O 0 _ sy 0 ape O
Vo g™ Tasgn * Tasge Vo g™ Tasge t Tage
a8 a8
0 _ sy O epe O O _ 1y 9 spe 0
Vo g™ Tagan T Tege Vo ga= Tags + Tage
Osb Osb

Then, following the geometrical ideas from [9, p. 25], we underline that the compo-
nents

(5.3) M((JB))A = _FgBXé"

where . o
Xe = (@l u2).
represent a temporal nonlinear connection on the 1-jet space J*(TM, N), naturally
attached to the linear connection ¥ from TM\{0}.
In this geometrical context, we point out that the Berwald adapted components
B) 5 = B, 4(t", s*) define a linear d-connection b7 on TM\{0}, given in the adapted
basis (5.1) by the relations

P 5 B B
b o B’Y o b _ c Y
Vs o= Basgm "V 6 ga = Busge
B B8
(5.4) ot 5 ot ,
b 9 _ b _
V0 G = V0 =
Osb Osb

Remark 5.2. The adapted torsion and curvature d-tensors of the Berwald linear
d-connection PV on TM\{0} are given by the formulas (2.10) and (2.11).

Taking into account the relations (5.4), together with the equality

) , 0
oo~ e T Nagg

by direct computations, we deduce that the Berwald d-connection PV on TM\{0}
has, in the normal basis

{3 5 € X))
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the normal components ( ngB) =

1b _ 2b — 3b — 4b —
7, =Bl 2T, = NG I, =0, TS, = B

(55) 5br7 =0 Gch — B¢ 7bF’Y =0 Sch =0 "
ab — ab T Fab ab — > ab T ™)
where aNe
8= 5t N{¢BG; — NSBY .

As a consequence, via the formula (5.3) applied to the Berwald linear d-connection
bY from TM\{0}, we find the following geometrical result and concept:

Definition 5.3. The set of local functions

b s0) _ [ 1bysG)  2bas0G)  3bas)  4bg ()
( M(B)A)—( M@Gar = Mijar = Mg)as M(b)a)’
where
(5.6) M@, = ~Blgrd — Nogul, MM, =~ Byl
' 3basd) c g ab ()
Mz, = =Byt My, =0,

represents a temporal nonlinear connection on J!(T'M, N), which may be called the
Berwald temporal nonlinear connection on J*(TM, N).

Secondly, let us consider that ¢ : (M,F) — (N, F) is an affine map between
the Finsler manifolds (M, F) and (N, F). Then, it is important to note that, under
a change of coordinates on M and N, the behaviour on J'(T M, N) of the coordi-
nates (y.) (see the relations (5.2)) is the same with that of the components (¢%,).

Consequently, by a convenient jet extension, the Berwald adapted components
B;'k = B;k(sal, Splssg)a
which appear in the equations of the affine maps (3.1), can be well represented on the

1-jet space JY(T'M, N) by the geometrical objects

Bji = Bji(a',ys),
whose transformation rules on J*(TM, N) are (for more details, please consult [6,
p. 122] or [3, p. 43])
=¢  ~. Oxd 9zF ozt %2t Oxt

5.7 B..=B)————+————.
5-1) v ko 07 0a' | 0" 0T O

Following the jet geometrical ideas from [9] or [10], it immediately follows that the
components [9, p. 25]

bar() _ B oyk
(5.8) N(B)Z. = B}, X,
where X]kg’ = (xg,y{f), represent a spatial nonlinear connection on the 1-jet space

JYTM,N). In conclusion, putting B = 8 and B = b, respectively, into the formula
(5.8), we can enunciate the following geometrical result and concept:
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Definition 5.4. The set of local functions
bar(d) \ _ [ 1bar(d)  2bar(d)
(N<B>i)—( Ny N(b)i)?
where

(5.9) NG = Bl NG, = Bl

represents a spatial nonlinear connection on J!(TM, N), which may be called the
Berwald spatial nonlinear connection on J'(TM,N).

Remark 5.5. The set of local functions

b _ (b0 b Ar(d)
Fjet_( M) as N(B)i)

is a nonlinear connection on J!(T'M, N), which may be called the jet Berwald non-
linear connection on J*(TM,N).

The Berwald nonlinear connection P?et’ whose local components are given by (5.6)
and (5.9), produces the jet adapted basis [9, p. 24]

R C A, 1
{(STA’(W’()X};‘} C X(J(TM,N)),

where

) B R SR T S

STA — oTA (B)A oxi’ o = or (B)iaX%'

Taking into account that A = («, a) and using the formulas (5.6) and (5.9), it is
easy to deduce

Proposition 5.1. The elements of the jet adapted basis are

(R A S NG
— Ty X(JYTM,N
{5 o i s o | € XTHTML ),

a

where

i—l = ,5% + (Blﬁwi + Ni;@yi) E)ig + Bibyiaiyg,
(5.10) ;:a = aza - B‘iﬁygaig’

2= = Pl = Bk

Following again the jet geometrical ideas exposed in [9] and [10], the Berwald
linear d-connection PV from TM\{0}, together with the Berwald linear d-connection
Py from TN\{0}, produce a jet Berwald linear d-connection BF;"et on JY(TM,N),

taking as its jet adapted components the following coefficients [9, p. 30]:
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_ (A=A _ A _ @ (B) _ o
BF}?Et = ( Gpc = "Tjes Gl =0, Giayhe = —9; PTE4,
FA _ k _ pk 7B _ sBpi
Lp; =0, Lij = Bjj, Ly =04 Bje:
=AC) J(C) _ (H(B)(C) _
Cry =0, Ci(k) =0, O(A)(j)(k) =0 ) ’
where
8, itA—a, B=§
68 =436 ifA=a, B=b

0, otherwise.

Remark 5.6. The jet Berwald linear d-connection BF}?et isa F?et—linear connection
on JY(TM, N). For more details, please consult [9, p. 28] or [10].

Consequently, using the relations (5.5) and taking into account that the indices
A, B, C, ... have the form («,a), (8,b), (7, ¢), ..., we obtain

Proposition 5.2. The essential adapted components of the jet Berwald linear d-
connection Brjbet are only the following eleven components:

b _ —~% _ pa ~* a ~Y _ pa A% _ pa
Bl = (Gﬁ’Y_Bﬁ’Y’ Gﬁ’Y_Nﬁi’Y’ Gb“/ _Bb'y’ GBC_BBC’

jet
@B _  cinpp @) _  cinth
(511) Gy = 7038y Glayiyy = ~03 N30
' aW®)  _ _sigb WO _ _sipb [k _ Bk
() (d)e J e M(a)(j)vy JTyar g ij?

i =i i) (b i
LG = 02Bjns L0 = 4By )

Because the Riemann-Lagrange geometry of the general I'-linear connections on
1-jet spaces, in the sense of their d-torsions and d-curvatures, is now completely done
in [9] and [10], it follows that we can compute on J*(T'M, N) the adapted components
of the torsion and curvature d-tensors produced by the Berwald linear d-connection
BF;-’et. In a such jet Riemann-Lagrange geometrical context, using the formulas (2.10)

and (2.11), we can give the following geometrical results:

Theorem 5.3. The jet Berwald linear d-connection BF}’et on JY(TM, N) is charac-

terized by fifteen essential local adapted d-torsions:

T1) T¢ = N Ne —b
(T1) g’v gr’y o ﬁrﬁ Rg'w
T P(m) ®) _ bpm kb

(T2) (Wi(i) — ikljxﬂs ’

(m) () _ bpm , kb
(T3) P(c)i(_j) = FikjYc S

(T4) R0y = = [PRE s + PPiacNg = PPia. NG| am+

+A aNEZH +Nd Bc _NC B’y m
{a,8} ota B:pPda By Pau| Ye >
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0B; ONE.

(m) _ b b i d c c m

(T5) R(u)ab Ps abte T+ { 315: T Hsh +Bbqua Bcw ’Yb:| Ye '
0B¢ 8]\7

(m) ap B:p d n
(T6) R leﬁl' |: 8tﬁ 85‘1 + B Bdﬁ BguB$G:| ycn,
(T7) R(Z)Liéﬁ = [bRcaﬁ + bpcafo bpcdﬁfN({} yZln7
(TS) R(Z)Lt)xb = Pcabyd ’

(T9) R(%) 5 = PPL sy,

(T10) R(m) .= — P]leabs x“yc,
(T11) R(Z?a] = — PP akyl,
(T12) REZ)ILJ' = gmszdbS YEyy,
(T13) R(C)aj = bpﬁclyfytlu

(T14) R, = | PRy, + PPRNL - PPN«
— [ bﬁ%ﬁé,p — b’ﬁ;’}lgfp} xﬁygs“
(T15) R}, = | PRy, + PPpN! - PPNy
— [ bﬁﬂlgép — bﬁ}g}lgfp} yfygs“
where A, gy means an alternate sum;

Proof. The essential local adapted d-torsions of the Berwald linear distinguished con-
nection Bl"}?et on JY(TM, N) are given by the general formulas [9, p. 34]:

M =M
(t1) Th; = Gap — Gpa,

g ey
(t2) P(m) (B) _ [ (M)A} _ (m)(B)
(M)A(3) 9X7 (M)(5)A°
B

B) _ g [ bN((J\nBi} (m)(B)

(t3) P47 g
) ox7 (M)(5)
b s(m) b as(m)
(64) R [ PMERA 8 MG
(M)AB — 5TB OTA ’
b s(m) b pr(m)
(t5) R, [ M(M)A} v [ N(M)J
oxJ 8TA ’

(m) (m)
(t6) R(Mm - {ZZ_(M)J _ o {ZZ(M)J},
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where (T#) = (t*,s*) and (X’) = (%,y%). Taking into account that the indices A4,
B, ... are indices of kind («, a), (8,b), ... and using the fomulas (5.11), (5.6), (5.9) and
(5.10), by laborious local computations, we find the required result. a
Theorem 5.4. The jet Berwald linear d-connection BF}’et on JY(TM, N) is charac-
terized by thirty essential local adapted d-curvatures:

(Cl) Riﬁﬂ Raﬁ-y blpgzﬁchf bpg'ycNE;
ON d

c d
=2 S 4 N&sBY — NLsBY |,

—d
(C2) Ragy = A{B,’Y}

(03) Ei,ﬁc = bpg,ﬁca

ONG.s OB,
s ath

(05) Eibw = bpab'w

(C4) Rep. = + BBl — Bl B},

0B,  ONg,
ot dsb

Hd NE— c
(C7) Raﬁﬁ’ bRuﬁ'y Pu,@c bpg’ycNﬁ’

(C6) Ray, = + BS,BY, — B B3,

(08) Rjﬁc = bpgﬂc:

(09) Eib’y = - bpleb'w

(C10) Ré,ﬁk = - bﬁfijfaaSaygy

(C11) szk bﬁfkjyi,

(C12) Ry, = Ryt P, Ny— Pl N + [ PP, — PP, By, | s,

L () _ bpl
(013) P”(k) = Pz]ks 5

O () l b b _ sl po
(C14) R ()5, = =6i - [ PR, + PPNy — PP N§| = —6i - Res,,s
C O () l. b _ _ sl po
(C15) Ry ijp. = —0i" "Plse = —0; - Repe,

D(a S
(C]‘G) REE))((l))by 5l > Eb'y - _55 : Rab-w

ONg..
) (a a
(C17) RO\, = =0+ Ats.) { g NP = NG “Bg”]’
ONg. O0B*
(1) (a) 1 B:e ce n pa d pa
(C].S) R(E)(l)ﬁc = _(51 . |: 88C - 6t6 + BﬁaBuc - BCEBdB:| s
0By ONZ.
l be Vi€ c a a
(C19) R@(W —5; - { 50~ pgb T DeBey — nyLaBub:|;
(C20) Ry, = =0 - [ PRy + PPiacNy — “P&N5| = —3t - Rig,,
(021) R(d)( i)Bc — 767{ bp;ﬁc = 757{ 'Egﬁc’

(C22) RY"),, =61 PP, = —0! - Ray,,
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(C23) REZE))(((;))M = —dc- bﬁfijEbsbyZ =62 Réﬁka
(C24) R, = 02 PPlyl = 62 - Rly,
(C25) R\ 5 = =05 PPl Bhys"yl = 65 - Ry,
(C26) REQ)((Z;;);C = —0g- bﬁfkjyi =84 - Ripk,
(C27) R0 = 08 - Rigi,
(C28) REQ)&Z%% =0q- Réjkz
(C29) P = 08 "Phus® = 02 - Py,
(©30) P = 5Pl =P

Proof. The essential local adapted d-curvatures of the Berwald linear distinguished

connection BF?et on JY(TM, N) are giv

en by the general formulas [9, p. 36]:

—D —D
—D 7 Gag °Gac =M =D —M —D
(c1) Rape = S7¢ 578 T GaGue — GacGua,
§TL:
(c2) RﬁBk = - 6T;k’
sTrt, sL
] i ik ! !
(3) Ry = 5mkj ~ 54 + L Ly — Lig Ly,
oL,
1 (G) _ ij
(c4) Py = axk’
J ~(D)(A) J ~()(A)
(c5) ROW "G TCmiwe
(D)()BC = T gTC 5TB
(m)(A) (1) (M) (m)(A) (1) (M)
TGunme  Goyme ~ Canwme  Goyms
J ~(1)(A) J 7 ()(A)
(c6) ROW _ T Cwws T Lo
(D)YD)Bk = gk ST
(m)(A) (1) (M) (m)(A) (D(M)
TG L)k — Lk Coym)s>
J 7 (1)(A) 5']L(l>(A>
(ery RO T twws oo
(D)()jk Sxk Sxd
(m)(A) M) g (m)(A) | (O)M)
FLn @y LDy — Lanar Loy
(H(4)
(C8) P(l)(A) (G) _ aL(D)(i)j
DIk = T oxk
where (TB) = (tﬁ,sb) and (Xé) = (:rij,yf)
Taking into account that the indices A, B, C, ... are indices of kind (o, a), (8,0),

(7, ¢)... and using the fomulas (5.11) and (5.10), by laborious local computations, we

find what we were looking for.

O
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Remark 5.7. In order to obtain geometrical informations on J(T'M, N) about our
starting affine map ¢ : (M, F) — (N, F), we can replace again ¢’ with ¢’ . In this
jet geometrical context, the nondegenerate affine map ¢ is effectively ”characterized”
by eight jet d-torsions (we refer to (T2), (T3), (T10)—(T15)) and twelve jet d-
curvatures (we refer to (C10)—(C13), (C23)—(C30)). It is an open problem what
is the real geometrical meaning of this intimate connection between the affine maps
between two Finsler manifolds and their attached d-torsions and d-curvatures on the
1-jet space JY(T'M, N).
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