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Abstract. An optimal control problem on SO(4) is discussed and some
of its dynamical and geometrical properties are pointed out.

M.S.C. 2010: 53D17, 37J25.
Key words: optimal control problem; nonlinear stability; numerical integration; Ka-
han integrator; Lie-Trotter integrator.

1 Introduction

In the last time there was a great deal of interest in the study of control problems on
matrix Lie group due to their applications in spacecraft dynamics [17] and subacvatic
dynamics [3]. The goal of our paper is to study an optimal control problem on the
Lie group SO(4) and to point out some of its dynamical and geometrical properties.
Similar problems have been studied in [4], [5], [15] and [16].

2 The geometrical picture of the problem

Let SO(4) be the set of all matrices A € Myxs(R) such that A* - A = I, and
det(A) = 1.
It is a 6-dimensional Lie group and a basis of its Lie algebra so(4) :

0 a1 ag as
—aq 0 [¢7} as
so(4) = ai,as,as, a4, as, a6 € R
() —as —ay 0 ag 1, d2, 03, d, d5, 46

—ag —as —ag O

is given by:
0 1 0 0 0 01 0 0 0 0 1
-1 0 0 0 0 0 0 0 0 0 0 0
A=l 000 2T 1 000" 0 00 0
0 0 0 0 0 0 0 0 -10 0 0
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0 0 00 0 0 00 00 0 0
0 0 1 0 0 0 0 1 00 0 0
A= 0 -1 0 0 » As = 0 0 0 0 » Ag = 00 0 1
0 0 00 0 -1 0 0 00 —1 0

Proposition 2.1. The Lie algebra structure of so(4) is given by the following table:

LIT A | A Ay | Ay | A | Ag
A, 0 —A, | —A4; A, | A, 0
A, A, | 0| —4s | -4, 0 A
A, A5 | Ag 0 0 -4, | —As
A, | —Ay | A, 0 0 —4s | 4
Ay | — A, 0 A | A 0] —A,
Ag 0 -4z | Ay | —4s | A 0

Now, a general left-invariant, drift free, control system on SO(4) with fewer con-
trols than state variables can be written in the following form:

i=1

where X € SO(4), u;,i =1,2,...,m are the controls and m < 6.
In all that follows we shall concentrate to the following left-invariant, drift-free
control system on SO(4) with 3 controls:

(2.1) X = X (Ajug + Asus + Aquy) |
Then, we have:

Proposition 2.2. The system (2.1) is controllable.

Proof. Since the span of the set of Lie brackets generated by Aj, Az, A4 coincides
with so(4) the Proposition is a consequence of a result due to Jurdjevic and Sussman
([10]). O

Let J be the cost function given by:

1

ty
J(u1,u3,us) = 3 / [cru? (t) + czui(t) + cqud (t)]dt,
0

c1>0,¢c3>0,¢cq4 >0.
Then we have:

Proposition 2.3. The controls that minimize J and steer the system (2.1) from
X=Xpatt=01t0 X =X; att=t; are given by:

1 1 1
Uy = —T1, U3 = — T3, Ug = —— T4,
C1 C3 C4
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where s are solutions of:

. 1
T1 = —T3x5 — — X224
C3 Cq
. 1 1 1
To = (— — *).13131‘4 + —2x3%6
C4 C1 C3
. 1
€r3 = _;xle)
1
(2.2)
. 1
Ty = —I1X2
C1
. 1 1 1
Ty = — — — | X1X3 — —T4Tg
1 C3 Cq
. 1
T = ——ToX3 + —TyTs.
C3 C4

Proof. Let us apply Krishnaprasad’s theorem (see [12]). It follows that the optimal
Hamiltonian is given by:

1 /2?2 2% a2
H(x1,x3,24) = 3 (cllJrchrcj) .

It is in fact the controlled Hamiltonian H given by:

H(z1,23,24) = T1U1 + T3us + Taly

1
— i(clu% + 03u§ + C4UZ),

which is reduced to so(4)* via Poisson reduction. Here so(4)* is so(4)* ~ R® together
with the minus Lie-Poisson structure generated by the matrix:

0 Ty Trs —To —I3 0
—T4 0 Te X1 0 —XI3
oI = —I5 —Tg 0 0 T To
N To —T 0 0 Te —I5
T3 0 —x1 —Tg 0 Ty
0 T3 —Ty Xy —X4 0

Then the optimal controls are given by:
1 1 1
Uy = —T1,U3 = —T3,Uq4 = — T4,
C1 C3 Cq

where s are solutions of the reduced Hamilton’s equations given by:
[i1, &2, &3, 44, &5, 46 =1 - VH

which are nothing else then the required equations (2.2). O
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Proposition 2.4. The functions C1 and Cs given by:

Cy = 1176 — T2T5 + T34,
are Casimirs of our Poisson configuration (RS, T1_).

Proof. Indeed, we have successively: (VC;)!II_ =0, i = 1,2, as required. |

The goal of our paper is to study some dynamical properties for the system (2.2).

3 Stability

Let us suppose that:
cir=C=cz3=c=c5=cg=c>0.

Then our dynamics (2.2) takes the following form:

T = E(ZE3I5 - 9323?4)

. 1

To = —T3T¢
C

. 1

Tr3 = —E$1$5

(3.1)

. 1

Ty = —T1T2
C

. 1

Ts = _E$4$6

. 1

T = —E(.%'Ql'g — T45).

Using MATHEMATICA 7 we are leading to:
Proposition 3.1. The dynamics (3.1) has the following equilibrium states:

eyt = (M,0,N, P,0,0), M,N,P € R;
e NP — (0, M,0,0,N,P), M,N,P € R;
es™N = (M,0,0,0,0,N), M,N €R;
eMN = (0,M,N,—N,—M,0), M,N €R;
es"N = (0,M,N,N,M,0), M,N €R.
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First consider the system linearized about e;. Its eigenvalues are given by:

VN? + P2

A=A =g = Ay =0, Agg = +iY
c

So we can conclude:

Proposition 3.2. The equilibrium states e{V[’N’P, M, N, P € R, are spectrally stable
for any M, N, P € R.

Let us consider now the system linearized about es. Its eigenvalues are given by:

N2 — M2
/\1 = )\2 = )\3 = )\4 =0, )\576 =t+—.
c
Hence we infer the following;:
Proposition 3.3. The equilibrium states eé\/[’N’P, M,N,P € R, have the following

behavior:
o [f N < M they are spectrally stable;
o If N > M they are unstable.

Let us consider now the system linearized about e; """ Its eigenvalues are given

by:
vVMN vVMN
AM=X=0 3=\ == pa

, A6 = ti

Because the characteristic polynomial has a root with positive real part, we can
conclude that:

,N

Proposition 3.4. The equilibrium states e5", M,N € R, are unstable for any

M,N €R.

. . . M
Let us consider now the system linearized about e,

by:
N2
)\1:>\2:)\3:)\4:0,)\576:ﬂ:i \[
c

N . .
Its eigenvalues are given

About their spectral stability, we have the next result:

Proposition 3.5. The equilibrium states eiu"N, M,N € R, are spectrally stable for

any M, N € R.

The same eigenvalues are obtained for the equilibrium states eé\/[’N, M,N €R, so
we can conclude:

Proposition 3.6. The equilibrium states eé\/l’N, M, N € R, are spectrally stable for
any M,N € R.

We can now pass to discuss the nonlinear stability of the equilibrium states eé”’N’P,

eiw’N and eéw’N, M,N,P eR.
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Proposition 3.7. The equilibrium states eéw’N’P, M, N, P € R are nonlinearly stable

if P=0,M,N#0 or M =N,P 0.

Proposition 3.8. The equilibrium states eiw’N, M, N € R, are nonlinearly stable if
N=0,M+#0o0orM=0,N#0.

Proof. Let us consider first the case N = 0. We shall make the proof using Arnold’s
technique, see [2] and [6]. Let F) , € C*°(R® R) be the smooth function given by:

def 1
Fy (@1, 22, 23,24, 25, 26) = %(l‘% + a3 + 23)+

A
+§(x% + o+ 22+ 2t 42+ ad) 4 p(rae — Tows + x324) .

Then we have successively:
)V F(el) = 0/iff X = —p;
(i)W = {(a,b,c,d,b,e), a,b,c,d,e € R.};
(iii) (V)v € W, i.e, v = [a,b,¢,d, b, e]t, a,b,c,d,e € R, we have:

M 1—-2Xc 1-A

1-X
V'V2Fy _a(ef v = da? — dx3 + Cdmg +
c ¢

c
2
dzy—

—/\dmg — /\dxg + 2Xdxs3dxry — 2D dxodxs + 2Mdx 1 dxg

and hence

V2E ~a(ed!) |wa

is positive definite for any M < 0. Therefore, via Arnold’s technique, the equilibrium
states e}! = (0, M,0,0,—M,0), M € R*, are nonlinearly stable as required. Using
similar arguments, we can conclude that the equilibrium states el¥ = (0,0, N, —N,0,0),
N € R*, are nonlinearly stable. ([

Proposition 3.9. The equilibrium states eEJ)V[’N, M, N € R, are nonlinearly stable if
N=0,M+#0o0orM=0,N#0.

Proof. Let us consider first the case N = 0. We shall make the proof using Arnold’s
technique (see [2] and [6]). Let F) , € C°°(R5 R) be the smooth function given by:

def A
By (w1, 02,73, 74,75, 76) = (0176 — T205 + T374) + %(ﬁ + 30:2), + 30:21)+
+g( T+a3+a3+a]+ad+a3).

Then we have successively:

OVEA(eX)=0iff A= 1;

(i)W = {(a,b,c,d,—b,e), a,b,c,d,e € R.};

(iii) (V)v € W, i.e, v = [a, b, ¢,d, —b,e]’, a,b,c,d, e € R, we have:

CH+ b

V'V, (e = . da? + di + C_FT'udx% + & e

c

dxi+
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+da? + da? + 2dwsdy — 2deydes + 2dzy drg

and hence

Ve FLN 65 ’WXW

is positive definite for any M > 0. Therefore, via Arnold’s technique, the equilibrium
states eX! = (0, M, 0,

0,M,0), M € R*, are nonlinear stable as required. Using similar arguments, we can
conclude that the equilibrium states el = (0,0, N, N,0,0), N € R*, are nonlinear
stable. ]

Remark 3.1. The nonlinear stability of the equilibrium states eiw N.p , M, N,
P € R, is an open problem. In this case, the energy methods are 1nconclusive.
4 Numerical integration of the dynamics (2.2)

It is easy to see that for the equations (2.2), Kahan’s integrator (see [11]) can be
written in the following form:

n+1 n h ( n+1 n+mn+1 n)_ h ( n+1 7L+xn+1 n)

X — 7 = — (X x
1 1 263 3 2c4 2
h 1 1 h
n+1 _ n+1l,n n+1 n n+1 n n+1l_n
zy " —ay = (= =)@y Al ay) + (g g +ag wy)
2 Cq C1 203
n+1 n h n+1 n n+l,.n
T3 T3 = o0 (=] +ap at)
1
(41) n+1 n h n+1l,n n+1l,_n
Ty *x4:2761($1 xy +xy " ay)
h (/1 1 h
n+1 _ n+1l,_.n n+1l_n n+1l_n n+l_n
g —ap = | —— — ) (@77 ey ey ay) - (zy " xg +ag " x)
2 C1 C3 264
n+1 n __ h n+1 n n+1 n h n+1,_n n+1l,n
Tg 5'36—_7263(173 + T3 )+2C4(x5 zy + oy an)

Using MATHEMATICA 7 we obtain the following result:
Proposition 4.1. Kahan’s integrator (4.1) has the following properties:
(i) It is not Poisson preserving.

(i) It does not preserve the Casimirs C1 and Cs of our Poisson configuration
(RS, 11).

(i1i) It does not preserve the Hamiltonian H of our system (2.2).

We shall discuss now the numerical integration of the dynamics (2.2) via the Lie-
Trotter integrator [18]. For the beginning, let us observe that the Hamiltonian vector
field Xy splits as follows:

Xy =Xu, + Xu, + Xu,,
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where
1 5 1 1 5

2
H1 = 7.131, H2 = 7.]33, H3 = 7.734.
c1 c3 2¢cy

Their corresponding integral curves are respectively given by:

1 (1) x1(0)
w2(t) z2(0)
z3(t) | _ z3(0) L
1’4(t) - Al x4(0) b Z - 17 27 37
z5(1) z5(0)
w6 (t) 26(0)
where
1 0 0 0 0 0
0 cosat 0 —sinat 0 0
A, — 0 0 cosat 0 —sinat 0
=1 0 sinat 0 cos at 0 (I
0 0 sin at 0 cosat 0
0 0 0 0 0 1
1
= —x1(0
a - 21(0)
cos bt 0 0 O sinbt 0
0 cosbt 0 O 0 sin bt
A — 0 0 1 0 0 0
2 0 0 01 0 0 ’
—sinbt 0 0 0 cosbt 0
0 —sinbt 0 0 0 cos bt
1
b= —x3(0
o z3(0)
and
cosct —sinct 0 0 0 0
sinct cosct 0 O 0 0
A — 0 0 1 0 0 0
57 0 0 01 o0 0
0 0 0 O cosct —sinct
0 0 0 O sinct cosct
1
c = —ux4(0)

Cq



136 Camelia Pop, Camelia Petrigor

Then the Lie-Trotter integrator is given by:

n+1 n

x| ]
5" 4
n+1 n
x x
3 — 3
(4.2) nr1 | =AtAsAs | 0|
Tyq Ty
zptt xy
zptt g
ie.
2t = cosbt cosct £ — cosbt sinct x} + sinbt cosct xf
—sinbt sinct zg
:1:3”'1 = cosat cosbtcosct z} + cosat cosbtcosct x5 —sinat zj+
cosat sinbt sinct x¥ + cosat sinbt cosct xg
z3T! =sinat sinbt cosct 2 + sinat sinbt sin ct 3
+cosat x§ —sinat cosbt cosct 2% + sinat cosbt sinct xg
4.3 . . .
(4.3) a3t = sinat cosbt sinct 2 +sinat cosbt cosct x4

+cosat x} +sinat sinbt sinct xf + sinat sinbt cos ct xg

z2T = —cosat sinbt cosct x + cosat sinbt sinct 28

+sinat % + cosat cosbt cosct x¥ — cosat cosbt sinct zF
3 5 6

xg " = —sin bt sin ct 7 — sin bt cos ct x5 + cos bt sin ct rP+
+cosbt cosct xg

Now, using MATHEMATICA 7 we obtain the following results:
Proposition 4.2. The Lie-Trotter integrator (4.3) has the following properties:

(i) It preserves the Poisson structure II.

(ii) It preserves the Casimirs C1 and Cy of our Poisson configuration (RS, II).
(iti) It does not preserve the Hamiltonian H of our system (2.2).

(iv) Its restriction to the coadjoint orbit (O, wy), where

Oy = {(z1, 72, 73,74, T5,76) € R®| 27 + 23 + 23 + 23 + 22+
+m§ = const, T1Tg — Toxs + T3Ty = const.}

and wy, is the Kirilov-Kostant-Souriau symplectic structure on Oy, gives rise to
a symplectic integrator.

Remark 4.1. If we make a comparison with the 4th-step Runge-Kutta method we
can see that Lie-Trotter integrator gives us quite different results. But, in this case,
Kahan’s integrator has failed, see Figures 4.1-4.2. However, Lie-Trotter and Kahan
integrators have the advantage to be easier implemented.
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Figure 4.1. The 4th-step Runge-Kutta, projection on Ozizsx3

Figure 4.2. a) Lie-Trotter integrator; b) Kahan integrator (projections on Oxixox3)

5 Conclusions

The purpose of our paper is to study a class of left-invariant, drift-free optimal control
problem on the special orthogonal group SO(4). The class of all control-affine left-
invariant, drift-free optimal control problems on SO(4) can be reduced to a class of 37
typical controllable left-invariant control systems on SO(4). The left-invariant, drift-
free optimal control problems involves finding a trajectory-control pair on SO(4),
which minimize a cost function and satisfies the given dynamical constrains and
boundary conditions in a fixed time. The problem is lifted to the cotangent bun-
dle T*SO(4) using the optimal Hamiltonian on so(4)*, where the maximum principle
yields the optimal control. The Arnold’s method is used to give sufficient conditions
for nonlinear stability of the equilibrium states. Unfortunately, for this time, we were
not able to give this conditions for the general case (like in [15]), but for some specific
values of the real parameters. In the last paragraph we have study the numerical
integration via three methods: Lie-Trotter algorithm, Kahan’s algorithm and Runge-
Kutta 4th steps method. Unlike other studied systems (see [14], [15]) the three results
are quite different. This is happened because our system is 6-dimensional, unlike the
two mentioned which are 3-dimensional.
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