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Abstract. In the present paper we start the study of the inverse problem
of Lagrangian dynamics on Lie algebroids. Using the notion of J -regular
section we prove the equivalence between the Helmholtz conditions and a
Hamiltonian section on the prolongations of a Lie algebroid.
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1 Introduction

The inverse problem of Lagrangian mechanics is a subject which has been studied
intensively in the several decades and can be formulated as follows. Under what
conditions a system of second order differential equations on a n-dimensional manifold
M can be derived from a variational principle? One solution of this problem is known
as the Helmholtz conditions. There are various approaches to derive the Helmholtz
conditions and we refer to the survey [6] and the monographs [1], [5] for comments on
the history of the problem. Generally, the framework of these studies is the tangent
bundle TM of the manifold M . A generalization of the Helmholtz conditions can
be found in [7] and the case when M is a Lie group is given in [2]. A Lie algebroid
is a generalization of the tangent bundle. Using the geometry of Lie algebroids,
Weinstain [14] developed a generalized theory of Lagrangian mechanics and obtained
the equations of motions, using the Poisson structure on the dual of a Lie algebroid
and Legendre transformation associated with a regular Lagrangian. Thus it is natural
to extend the study of the inverse problem to the more general framework of Lie
algebroids. In [12] the expressions of the Helmholtz conditions on Lie algebroids are
given. In this paper we prove the equivalence between the Helmholtz conditions and
a Hamiltonian section on the prolongations of a Lie algebroids over the vector bundle
projections.
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2 Preliminaries on Lie algebroids

Let M be a differentiable, n-dimensional manifold and (TM, πM ,M) its tangent
bundle. A Lie algebroid [9] over the manifold M is the triple (E, [·, ·]E , σ) where
π : E → M is a vector bundle of rank m over M, whose C∞(M)-module of sections
Γ(E) is equipped with a Lie algebra structure [·, ·]E and σ : E → TM is a vector bun-
dle homomorphism (called the anchor) which induces a Lie algebra homomorphism
(also denoted σ) from Γ(E) to χ(M), satisfying the Leibniz rule

[s1, fs2]E = f [s1, s2]E + (σ(s1)f)s2,

for every f ∈ C∞(M) and s1, s2 ∈ Γ(E). Therefore, we get

σ[s1, s2]E = [σ(s1), σ(s2)], [s1, [s2, s3]E ]E + [s2, [s3, s1]E ]E + [s3, [s1, s2]E ]E = 0.

If ω ∈ ∧k(E∗) then the exterior derivative dEω ∈ ∧k+1(E∗) is given by the formula

dEω(s1, ..., sk+1) =
k+1∑

i=1

(−1)i+1σ(si)ω(s1, ...,
ˆ
si, ..., sk+1) +

+
∑

1≤i<j≤k+1

(−1)i+jω([si,sj ]E , s1, ...,
ˆ
si, ...,

ˆ
sj , ...sk+1),

where si ∈ Γ(E), i = 1, k + 1, and it follows that (dE)2 = 0. Also, for ξ ∈ Γ(E) on
can define the Lie derivative with respect to ξ by Lξ = iξ ◦dE +dE ◦ iξ, where iξ is the
contraction with ξ. If we take the local coordinates (xi) on an open subset U ⊂ M ,
a local basis {sα} of sections of the bundle π−1(U) → U generates local coordinates
(xi, yα) on E. The local functions σi

α(x), Lγ
αβ(x) on M given by

σ(sα) = σi
α

∂

∂xi
, [sα, sβ ]E = Lγ

αβsγ , i = 1, n, α, β, γ = 1,m,

are called the structure functions of Lie algebroids.

2.1 The prolongation of a Lie algebroid over the vector bundle
projection

Let (E, π, M) be a vector bundle. For the projection π : E → M we can construct
the prolongation of E (see [3], [10], [8]). The associated vector bundle is (T E, π2, E)
where T E = ∪w∈ETwE with

TwE = {(ux, vw) ∈ Ex × TwE | σ(ux) = Twπ(vw), π(w) = x ∈ M},
and the projection π2(ux, vw) = πE(vw) = w, where πE : TE → E is the tangent
projection. We have also the canonical projection π1 : T E → E given by π1(u, v) = u.
The projection onto the second factor σ1 : T E → TE, σ1(u, v) = v will be the anchor
of a new Lie algebroid over manifold E. An element of T E is said to be vertical if
it is in the kernel of the projection π1. We will denote (V T E, π2|V TE

, E) the vertical
bundle of (T E, π2, E). The local basis of Γ(T E) is given by {Xα,Vα}, where [10]

Xα(u) =
(

sα(π(u)), σi
α

∂

∂xi

∣∣∣∣
u

)
, Vα(u) =

(
0,

∂

∂yα

∣∣∣∣
u

)
,
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and (∂/∂xi, ∂/∂yα) is the local basis on TE. The structure functions of T E are given
by the following formulas

σ1(Xα) = σi
α

∂

∂xi
, σ1(Vα) =

∂

∂yα
,

[Xα,Xβ ]T E = Lγ
αβXγ , [Xα,Vβ ]T E = 0, [Vα,Vβ ]T E = 0.

The differential of sections of (T E)∗ is determined by

dEXα = −1
2
Lα

βγX β ∧ X γ , dEVα = 0.

Other canonical geometric objects (see [8]) are Euler section C = yαVα and the
vertical endomorphism or tangent structure J = Xα ⊗ Vα. A section S of T E is
called semispray (or second order differential equation -SODE) if J(S) = C. In local
coordinates a semispray has the expression

(2.1) S(x, y) = yαXα + Sα(x, y)Vα

A nonlinear connection N on T E is an m−dimensional distribution (called horizontal
distribution) N : u ∈ E → HTuE ⊂ T E that is supplementary to the vertical
distribution. This means that we have the following decomposition TuE = HTuE ⊕
V TuE, for u ∈ E. A connection N on T E induces two projectors h, v : T E → T E
such that h(ρ) = ρh and v(ρ) = ρv for every ρ ∈ Γ(T E), where h = 1

2 (id + N),
v = 1

2 (id − N). Locally, a connection can be expressed as N(Xα) = Xα − 2Nβ
αVβ ,

N(Vβ) = −Vβ , where Nβ
α = Nβ

α (x, y) are the local coefficients of N . The sections

δα = (Xα)h = Xα −Nβ
αVβ ,

generate a basis of HT E. The frame {δα,Vα} is a local basis of T E called the Berwald
basis. The dual basis is {Xα, δVα} where δVα = Vα −Nα

β X β .
A semispray S with local coefficients Sα determines an associated nonlinear connec-
tion N = −LSJ with local coefficients

(2.2) Nβ
α =

1
2

(
−∂Sβ

∂yα
+ yεLβ

αε

)
.

The inverse problem of Lagrangian dynamics on Lie algebroids is to give necessary
and sufficient conditions for a system of second order differential equation to be the
Euler-Lagrange equations of some regular Lagrangian function. One solution is known
as the Helmholtz conditions. If S is a semispray on T E given by (2.1) and Nα

β are the
coefficients of the associated nonlinear connection (2.2) then the Helmholtz conditions
are concerned with the local existence of the functions gαβ such that [12]

i) det gαβ 6= 0, gαβ = gβα,
∂gαβ

∂yε
=

∂gαε

∂yβ
,

(2.3) ii) S(gαβ)− gγβNγ
α − gγαNγ

β = yε
(
gγβLγ

εα + gγαLγ
εβ

)
,

iii) gαγ

(
σi

β

∂Sγ

∂xi
+ SNγ

β + Nε
βNγ

ε − (Lδ
εβNγ

δ + Lγ
δεN

δ
β)yε

)
=

gβγ

(
σi

α

∂Sγ

∂xi
+ SNγ

α + Nε
αNγ

ε − (Lδ
εαNγ

δ + Lγ
δεN

δ
α)yε

)
.
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2.2 The prolongation of a Lie algebroid to its dual bundle

Let τ : E∗ → M be the dual bundle of π : E → M and (E, [·, ·]E , σ) a Lie algebroid
structure over M. One can construct a Lie algebroid structure over E∗, by taking
the prolongation over τ : E∗ → M (see [3], [8], [4]). The associated vector bundle is
(T E∗, τ1, E

∗) where T E∗ = ∪
u∗∈E∗

Tu∗E
∗ and

Tu∗E
∗ = {(ux, vu∗) ∈ Ex × Tu∗E

∗|σ(ux) = Tu∗τ(vu∗), τ (u∗) = x ∈ M},
and the projection τ1 : T E∗ → E∗, τ1(ux, vu∗) = u∗. The anchor is the projection
σ1 : T E∗ → TE∗, σ1(u, v) = v. Notice that if T τ : T E∗ → E, T τ(u, v) = u then
(V T E∗, τ1|V T E∗ , E

∗) with V T E∗ = KerT τ is a subbundle of (T E∗, τ1, E
∗), called

the vertical subbundle. If (qi, µα) are local coordinates on E∗ at u∗ and {sα} is a local
basis of sections of π : E → M then a local basis of Γ(T E∗) is {Qα,Pα} where [8]

Qα(u∗) =
(

sα(τ(u∗)), σi
α

∂

∂qi
|u∗

)
, Pα(u∗) =

(
0,

∂

∂µα
|u∗

)
.

The structure functions on T E∗ are given by the following formulas

σ1(Qα) = σi
α

∂

∂qi
, σ1(Pα) =

∂

∂µα
,

[Qα,Qβ ]T E∗ = Lγ
αβQγ , [Qα,Pα]T E∗ = 0, [Pα,Pβ ]T E∗ = 0,

and therefore

dEQγ = −1
2
Lγ

αβQα ∧Qβ , dEPα = 0, dEqi = σi
αQα, dEµα = Pα,

where {Qα,Pα} is the dual basis of {Qα,Pα}. In local coordinates the Liouville
section is given by θE = µαQα. The canonical symplectic structure ωE is defined by
ωE = −dEθE . It follows that ωE is a non degenerate 2-section, dEωE = 0 and

(2.4) ωE = Qα ∧ Pα +
1
2
µαLα

βγQβ ∧Qγ .

3 Regular sections and the inverse problem of La-
grangian dynamics on Lie algebroids

An almost tangent structure J on T E∗ is a bundle morphism J : T E∗ → T E∗ of
τ1 : T E∗ → E∗ of rank m, such that J 2 = 0. An almost tangent structure J on
T E∗ is called adapted if imJ = kerJ = V T E∗. Locally, an adapted almost tangent
structure is given by

J = tαβQα ⊗Pβ ,

where the matrix (tαβ(x, µ)) is nondegenerate. It follows that J is an integrable
structure if and only if [4]

(3.1)
∂tαγ

∂µβ
=

∂tβγ

∂µα
,

where tαγtγβ = δα
β .
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Definition 3.1. An adapted almost tangent structure J on T E∗ is called symmetric
if

(3.2) ωE(J ρ1, ρ2) = ωE(J ρ2, ρ1), ∀ρ1, ρ2 ∈ Γ(T E∗).

Considering ρ1 = ξα
1Qα + ρ1βPβ and ρ2 = ξα

2Qα + ρ2βPβ we obtain

ωE

(
ξα
1 tαβPβ , ξα

2Qα + ρ2βPβ
)

= ωE

(
ξα
2 tαβPβ , ξα

1Qα + ρ1βPβ
)
,

which lead to the symmetry of tαβ .
If g is a pseudo-Riemannian metric on the vertical subbundle V T E∗ (i.e. a (0, 2)-type
symmetric E-tensor g = gαβ(q, µ)Pα ⊗ Pβ of rank m on T E∗) then there exists a
unique symmetric adapted almost tangent structure on T E∗ such that

(3.3) g(J ρ,J υ) = −ωE(J ρ, υ), ∀ρ1, ρ2 ∈ Γ(T E∗),

and we say that J is induced by the metric g. Locally, the relation (3.3) implies
tαβ = gαβ .

Definition 3.2. Let J be an adapted almost tangent structure on T E∗. A section
ρ of T E∗ is called J− regular if

(3.4) J [ρ,J ν]T E∗ = −J ν, ∀ν ∈ Γ(T E∗).

Locally, the section ρ = ξαQα + ρβPβ is J−regular if and only if [4]

tαβ =
∂ξβ

∂µα
,

where tαβtαγ = δβ
γ . We have to remark that if the equation (3.4) is satisfied for any

section ν ∈ Γ(T E∗) with rank[tαβ ] = m, then J is an integrable structure.

Definition 3.3. A section ψ on T E∗ is called the Hamilton section if it is J−regular
and

LψωE = 0,

where ωE is the canonical symplectic section.

If ψ = ξαQα + ραPα then by direct computation we obtain

LψωE =
∂ξβ

∂µα
Pα ∧ Pβ +

(
σi

α

∂ξβ

∂qi
+

∂ρα

∂µβ
− ξγLβ

γα − µεL
ε
γα

∂ξγ

µβ

)
Qα ∧ Pβ+

(
−σi

α

∂ρβ

∂qi
+

1
2
ργLγ

αβ + µεξ
γσi

α

∂Lε
γβ

∂qi
+ µεL

ε
γβσi

α

∂ξγ

∂qi
− 1

2
µεξ

θLε
θγLγ

αβ

)
Qα ∧Qβ ,

and LψωE = 0 leads to the equations [13]

(3.5)
∂ξβ

∂µα
=

∂ξα

∂µβ
,

(3.6) σi
α

∂ξβ

∂qi
+

∂ρα

∂µβ
= ξγLβ

γα + µεL
ε
γα

∂ξγ

µβ
,
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σi
β

∂ρα

∂qi
− σi

α

∂ρβ

∂qi
= µεξ

γ

(
σi

β

∂Lε
γα

∂qi
− σi

α

∂Lε
γβ

∂qi
+ Lε

νγLν
αβ

)
+(3.7)

+µε
∂ξγ

∂qi

(
σi

βLε
γα − σi

αLε
γβ

)− ργLγ
αβ .

Next, we consider a local diffeomorphism Φ to E∗ to E given locally by

(3.8) xi = qi, yα = ξα(q, µ),

and its inverse Φ−1 has the following local coordinates expression

(3.9) qi = xi, µα = ζα(x, y),

There always exists a local diffeomorphism Φ to E∗ to E given, for instance, by Legen-
dre transformation associated with a regular Hamiltonian on E∗ and the Lagrangian
is L(x, y) = ζαyα −H(x, µ) where the components ζα(x, y) define a 1-section on E.
From the condition for Φ−1 to be the inverse of Φ we get the following formulas:

(3.10) Vβ(ζα) ◦ Φ = gαβ , Xβ(ζα) ◦ Φ = −gαγQβ(ξγ),

(3.11) Φ∗Pα = (gαβ ◦ Φ−1)Vβ , Φ∗(Qα) = Xα + (Qα(ξβ) ◦ Φ−1)Vβ ,

(3.12) Φ−1
∗ (Vα) = gαβPβ , Φ−1

∗ (Xα) = Qα − gγεQα(ξε)Pγ ,

where Φ∗ is the tangent map of Φ and gαβ = ∂ξα/∂µβ , gαβgβγ = δα
γ . We denote

gαβ = gαβ ◦ Φ−1 by abuse.
Let us consider S = yαXα + Sα(x, y)Vα a semispray on T E and Φ−1 : E → E∗ the
diffeomorphism given by (3.9). Then we set:

Theorem 3.1. The section ρ = Φ−1
∗ S is a Hamiltonian section on T E∗ if and only if

S and the function gαβ = ∂ζα/∂yβ satisfy the Helmholtz conditions and the equation

Xα(ζθ)−Xθ(ζα) = Nε
θ gεα −Nε

αgεθ + ζεL
ε
αθ.

Proof. Since Φ is a local diffeomorphism it results det(gαβ) 6= 0. Using (3.12) we
obtain

Φ−1
∗ S = Φ−1

∗ (yαXα) + Φ−1
∗ (SαVα) = ξα (Qα − gγεQα(ξε)Pγ) + SαgαβPβ

= ξαQα + (−gγεξ
αQα(ξε) + Sαgαγ)Pγ .

From the condition (3.5) it results ∂ξβ

∂µα
= ∂ξα

∂µβ
which leads to the first Helmholtz

condition. The condition (3.6) lead to

σi
γ

∂ξα

∂qi
+

∂

∂µα

(−ξβgγεQβ(ξε) + Sβgβγ

)
= ξβLα

βγ + µεL
ε
βγ

∂ξβ

∂µα
,

and using (3.10) it results

Qγ(ξα)+gβαXβ(ζγ)+ξβXβ(gεγ)gαε+Pα(Sβ)gβγ+SβPα(gβγ)+ξβLα
γβ+µεL

ε
γβgβα = 0
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which is equivalent with

gθβ (Xθ(ζα)−Xα(ζθ) + Vθ(Sε)gεα + ξεXε(gαθ) + SεVε(gαθ) + ζεL
ε
αθ) + yεLβ

αε = 0.

From (2.2) we obtain

(3.13) Xα(ζθ)−Xθ(ζα) = S(gαθ)− 2Nε
θ gεα + yβLε

θβgεα + yβLε
αβgεθ + ζεL

ε
αθ.

The antisymmetric part of (3.13) leads to the equation

S(gαθ)−Nε
θ gεα −Nε

αgεθ + yβ
(
Lε

θβgεα + Lε
αβgεθ

)
= 0

which is the second Helmholtz condition. The symmetric part of (3.13) leads also to
the equation

Xα(ζθ)−Xθ(ζα) = Nε
θ gεα −Nε

αgεθ + ζεL
ε
αθ.

Finally, the section ρ = Φ−1
∗ S is a Hamilton section if the condition (3.7) is satisfied.

In the same way, by straightforward computation the third Helmholdz condition is
obtained, which ends the proof. ¤
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