On the inverse problem of Lagrangian dynamics on
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Abstract. In the present paper we start the study of the inverse problem
of Lagrangian dynamics on Lie algebroids. Using the notion of J-regular
section we prove the equivalence between the Helmholtz conditions and a
Hamiltonian section on the prolongations of a Lie algebroid.

M.S.C. 2010: 17B66, 45Q05.
Key words: inverse problem; Lie algebroids.

1 Introduction

The inverse problem of Lagrangian mechanics is a subject which has been studied
intensively in the several decades and can be formulated as follows. Under what
conditions a system of second order differential equations on a n-dimensional manifold
M can be derived from a variational principle? One solution of this problem is known
as the Helmholtz conditions. There are various approaches to derive the Helmholtz
conditions and we refer to the survey [6] and the monographs [1], [5] for comments on
the history of the problem. Generally, the framework of these studies is the tangent
bundle TM of the manifold M. A generalization of the Helmholtz conditions can
be found in [7] and the case when M is a Lie group is given in [2]. A Lie algebroid
is a generalization of the tangent bundle. Using the geometry of Lie algebroids,
Weinstain [14] developed a generalized theory of Lagrangian mechanics and obtained
the equations of motions, using the Poisson structure on the dual of a Lie algebroid
and Legendre transformation associated with a regular Lagrangian. Thus it is natural
to extend the study of the inverse problem to the more general framework of Lie
algebroids. In [12] the expressions of the Helmholtz conditions on Lie algebroids are
given. In this paper we prove the equivalence between the Helmholtz conditions and
a Hamiltonian section on the prolongations of a Lie algebroids over the vector bundle
projections.
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2 Preliminaries on Lie algebroids

Let M be a differentiable, n-dimensional manifold and (TM,my, M) its tangent
bundle. A Lie algebroid [9] over the manifold M is the triple (E,[,,]g,0) where
7w : E — M is a vector bundle of rank m over M, whose C'*°(M)-module of sections
I'(E) is equipped with a Lie algebra structure [-,-|g and o : E — TM is a vector bun-
dle homomorphism (called the anchor) which induces a Lie algebra homomorphism
(also denoted o) from T'(E) to x (M), satisfying the Leibniz rule

[s1, fs2]p = fls1,82]E + (0(51)f)s2,
for every f € C°°(M) and s1, s2 € I'(E). Therefore, we get
ols1,s2]lp = [0(s1),0(s2)], [s1,[s2,83]E]E + [S2, [83, s1]E]E + [3, [s1, 2] B]E = 0.

If w € A\"(E*) then the exterior derivative dfw € \*"'(E*) is given by the formula

k+1

dEw(Sl,...,Sk;Jrl) = Z(_l)i-‘rla(si)w(sl,..-,Si7...7Sk+1)+
i=1

+ Z (=1)Tw([81.8] 85 815 wey Siy weey S5y -Skt1),
1<i<j<k+1

where s; € I'(E), i = 1,k + 1, and it follows that (d¥)? = 0. Also, for £ € I'(E) on
can define the Lie derivative with respect to § by L¢ = i¢ od? +dF oi¢, where i¢ is the
contraction with . If we take the local coordinates (z%) on an open subset U C M,
a local basis {s,} of sections of the bundle 7=1(U) — U generates local coordinates
(z',y*) on E. The local functions o7, (x), L] 3(x) on M given by

U(Sa) 203@7 [SQ,SQ]E:L’;QSV, Z: 17n7 047577: 17m7

are called the structure functions of Lie algebroids.

2.1 The prolongation of a Lie algebroid over the vector bundle
projection

Let (E,m, M) be a vector bundle. For the projection 7 : E — M we can construct
the prolongation of E (see [3], [10], [8]). The associated vector bundle is (7 E, w3, E)
where 7FE = Uyec g7y F with

TwE = {(ug,vy) € Ex X Ty E | 0(uy) = Tym(vy), 7w(w)=1x¢€ M},

and the projection ma(uy,vy) = TE(vy) = w, where 7 : TE — E is the tangent
projection. We have also the canonical projection my : 7E — E given by 71 (u,v) = u.
The projection onto the second factor o' : TE — TE, o' (u,v) = v will be the anchor
of a new Lie algebroid over manifold E. An element of 7 F is said to be vertical if
it is in the kernel of the projection 7. We will denote (V7T E, my),,, ., E) the vertical
bundle of (7 E,ms, E). The local basis of T'(T E) is given by {X4, V4 }, where [10]

2])- oo

Xal) = (sa(nt0). ol
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and (9/0x%,0/0y®) is the local basis on TE. The structure functions of 7 E are given
by the following formulas

0
o'’
[(Xo, XplTE = L) g Xy,  [Xa,VelrE =0, [Va,VslrE =0.
The differential of sections of (7 E)* is determined by

Ul(Xa) = o—;il Ul(va) = Ao

1
dEX = =L X0 NXT, dEV =0,

Other canonical geometric objects (see [8]) are Euler section C = y*V, and the
vertical endomorphism or tangent structure J = X ® V,. A section § of TFE is
called semispray (or second order differential equation -SODE) if J(S) = C. In local
coordinates a semispray has the expression

(2.1) S(z,y) = y* X + S (z,y)Va

A nonlinear connection N on 7 F is an m—dimensional distribution (called horizontal
distribution) N : v € F — HT,E C TE that is supplementary to the vertical
distribution. This means that we have the following decomposition 7,F = HT, FE ®
VT.,E, for u € E. A connection N on 7 F induces two projectors h,v: 7TE — TFE
such that h(p) = p" and v(p) = p¥ for every p € I'(TE), where h = 1(id + N),
v = 3(id — N). Locally, a connection can be expressed as N(X,) = X, — 2NV,
N(Vg) = —Vg, where N? = N8 (z,y) are the local coefficients of N. The sections

o = (X))t = X, — NPV,

generate a basis of HT E. The frame {0, V, } is a local basis of 7 E called the Berwald
basis. The dual basis is {X*,0V*} where 0V =V — NgXﬁ.

A semispray S with local coefficients S* determines an associated nonlinear connec-
tion N = —LgJ with local coefficients

1/ 088
2.2 NP =2 (- + 5L§E>.
( ) 2 ( aya Yy

The inverse problem of Lagrangian dynamics on Lie algebroids is to give necessary
and sufficient conditions for a system of second order differential equation to be the
Euler-Lagrange equations of some regular Lagrangian function. One solution is known
as the Helmholtz conditions. If S is a semispray on 7 E given by (2.1) and N§ are the
coefficients of the associated nonlinear connection (2.2) then the Helmholtz conditions
are concerned with the local existence of the functions gog such that [12]

. 99ap _ 09ae
Z) detga,@’ # 0, Jap = 9Ba dy* = 8yﬁ ’

(2.3) i1) S(ga) = 9:0N3 = 93N} =7 (93912 + 9raL5)
i 087 v eENY _ ) ¥ Y ANV E ) —
7/“) ga’Y Uﬁ 6J;Z + SN[; + NﬁNE (LEﬁNé + LtgsNﬂ)y -

?

. 087
i (G + SN 4 NEN = (E2,057 + LN )
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2.2 The prolongation of a Lie algebroid to its dual bundle

Let 7 : E* — M be the dual bundle of 7 : E — M and (E, [, |g,0) a Lie algebroid
structure over M. One can construct a Lie algebroid structure over E*, by taking
the prolongation over 7 : E* — M (see [3], [8], [4]). The associated vector bundle is
(TE*, 71, E*) where TE* = u*LeJE*Z‘*E* and

T B = {(ug,vux) € By X Tyx E*|0(ug) = Ty (v ), 7 (u*) = 2 € M},

and the projection 7 : TE* — E*, 71 (ug,vy+) = u*. The anchor is the projection
ol : TE* — TE*, o'(u,v) = v. Notice that if 77 : TE* — E, T1(u,v) = u then
(VITE*, mvrE-, E*) with VTE* = KerTt is a subbundle of (T E*, 7, E*), called
the vertical subbundle. If (¢*, ju ) are local coordinates on E* at u* and {s, } is a local
basis of sections of 7 : E — M then a local basis of I'(7 E*) is {Qq, P*} where [8]

. oy i 0 o 0
0u(u) = (salr(w).ohpclur ) Pt = (0,50 ).
The structure functions on 7 E* are given by the following formulas

0 Limay O
Tqia U(P)iaua’

[Q(x; Qﬁ]TE* = LlﬂQ'y» [Qa;PQ]TE* = 07 [Pavpﬁ]TE* = 07

and therefore

Ul(Qa) = 0—24

1 ) )
A*Q =2 L1,0° N QP dFPu=0, d¥ =0,Q% dFua="Pa,

where {Q% P,} is the dual basis of {Q,,P*}. In local coordinates the Liouwille
section is given by 0p = 1o, Q%. The canonical symplectic structure wg is defined by
wr = —dP0g. Tt follows that wg is a non degenerate 2-section, dfwg = 0 and

1
(2.4) wp = Q" NP+ 5Hal§, Q" N Q7.

3 Regular sections and the inverse problem of La-
grangian dynamics on Lie algebroids

An almost tangent structure J on 7 E* is a bundle morphism J : 7E* — T E* of
11 : TE* — E* of rank m, such that J2 = 0. An almost tangent structure 7 on
TE* is called adapted if imJ = ker J = VT E*. Locally, an adapted almost tangent
structure is given by

T =ta3Q" ® P7,
where the matrix (t,g(x, 1)) is nondegenerate. It follows that J is an integrable
structure if and only if [4]

ot ot

3.1 = )
( ) a.uﬂ Ot

where t97t,3 = 53.
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Definition 3.1. An adapted almost tangent structure J on 7 E* is called symmetric
if

(3.2) we(Jp1,p2) = we(JTp2,p1), Yp1,p2 € T(TEY).
Considering p; = £8Q, + p15P? and py = £$Q,, + p2P? we obtain
wE (E0tagP? 65 Qa + pasP”) = wi (65tasP”, €3 Qu + p15P7)

which lead to the symmetry of ¢.g.

If g is a pseudo-Riemannian metric on the vertical subbundle V7 E* (i.e. a (0, 2)-type
symmetric E-tensor g = ¢“%(q, )P ® Pg of rank m on 7 E*) then there exists a
unique symmetric adapted almost tangent structure on 7 E* such that

(33) g(jp, jv) = _wE(jpv U)7 vpl;p? € F(TE*)a

and we say that J is induced by the metric g. Locally, the relation (3.3) implies
to8 = gob,

Definition 3.2. Let J be an adapted almost tangent structure on 7 E*. A section
p of TE* is called J— regular if
(3.4) JIlp, TV|rE = —Jv, Vv €T (TE*).
Locally, the section p = £Q, + pgP? is J—regular if and only if [4]
taﬁ — 65[3
Oue’

where t*7t,, = 02. We have to remark that if the equation (3.4) is satisfied for any
section v € T'(T E*) with rank[t®®] = m, then J is an integrable structure.

Definition 3.3. A section ¢ on 7 E* is called the Hamilton section if it is J —regular
and

,waE = 0,
where wg is the canonical symplectic section.

If p = £4Qn + paP then by direct computation we obtain

S0P Opg, 857)
15 TP evpp o, D) Qo APt
d¢t  Oug &Ly Hety 3 A

&)
Lywp = 2%7)& ANPg + (U

cOps 1 L OLS oo 1 )
(‘Ja aqf + 5o Lo+ plog aq”f + peLi 507, 3~ iusge 5.L15) QA Q7

and Lywg = 0 leads to the equations [13]

oeP o™

3.5 . S ,

(35) Brie ~ Opis
067 Opa o

3.6 R I /4 LE |
( ) Ua aql + 3#5 5 'ya+:u€ Yo ﬂﬁ
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i Opa ; Opp i aL’Eya i aL'Eyﬂ v
(3-7) Op aqz‘ —Oq aqi = ME{Y O3 aqi —Oa 3qi + LlE”Y af +
&Y

Gy (05150 = 0aLss) = prLag:
Next, we consider a local diffeomorphism ® to E* to E given locally by
(3.8) at =g,y =E%g ),
and its inverse ® ! has the following local coordinates expression
(3.9) ¢ =", pa = Calw,y),

There always exists a local diffeomorphism ® to E* to E given, for instance, by Legen-
dre transformation associated with a regular Hamiltonian on E* and the Lagrangian
is L(z,y) = (oy® — H(z, u) where the components (,(z,y) define a 1-section on E.
From the condition for ®~! to be the inverse of ® we get the following formulas:

(3'10) VB(CQ) 0= Jap; Xﬁ(Coc) od = _ga'yQﬁ(gv)v
(3.11) D, P = (¢*P 0 @ Y5, Bu(Qn) = Xo + (Qa(€%) 0 71V,
(3-12) (I):l(Va) = gaﬁpﬂv q):l(Xa) = Qn — nger(fE)va

where @, is the tangent map of ® and g*% = 9¢%/0pug, g“ﬁg,g7 = 05. We denote
JaB = gap © P71 by abuse.

Let us consider S = y*X,, + S*(z,y)Va a semispray on 7FE and ®~! : E — E* the
diffeomorphism given by (3.9). Then we set:

Theorem 3.1. The section p = ®7'S is a Hamiltonian section on T E* if and only if
S and the function gog = 0o /0y satisfy the Helmholtz conditions and the equation

Xa(CG) - XG(Ca) = Nasgaoc - nygee + CELZQ'

Proof. Since ® is a local diffeomorphism it results det(g.s) # 0. Using (3.12) we
obtain

OIS = O (Y XL) + 2. (S Va) = €7 (Qa — 9re QalEE)PT) + S%gusP”
§YQa + (_gwsfa Qa(&7) + Saga“/) P

From the condition (3.5) it results % = g%(; which leads to the first Helmholtz

condition. The condition (3.6) lead to

LoD _ . )
o o (—679,:Q5(¢°) + 8%93y) = €°LG, + pe L3,

S
Opta’
and using (3.10) it results

Q (€7) 497 X5(C) +E X3(92r) 9"+ P (S”) g3y +S P (g +€° LS gt p1- L3 59" = 0
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which is equivalent with

97 (Xp(Ca) = Xa(Go) + Vo (S )gea + £ Xe(ga0) + S7Ve(gas) + C-Lap) +y Lo = 0.
From (2.2) we obtain
(3.13)  Xa(Co) — Xo(Ca) = S(gan) — 2N5 gea + ¥’ Liggea + ¥ L ggeo + (- Loy
The antisymmetric part of (3.13) leads to the equation
S(gas) — Nigea — Nigeo + 47 (Lipgea + LEg-0) = 0

which is the second Helmholtz condition. The symmetric part of (3.13) leads also to
the equation

Xa(CG) - X@(Ca) = Nggea - N(igse + CELZH'

Finally, the section p = ®, 18 is a Hamilton section if the condition (3.7) is satisfied.
In the same way, by straightforward computation the third Helmholdz condition is
obtained, which ends the proof. O
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