Foliations compatible with Hamiltonians

P. Popescu and C. Ida

Abstract. The aim of the paper is to construct projectable Bott linear
connections in the lifted foliation on the transverse bundle of a foliation,
using linear and nonlinear transverse connections. Considering a connec-
tion adapted to a hamiltonian foliation, one lift it on the transverse bundle
and one prove that the lifted foliation is a Riemannian one (as proved by
one of authors, the last property is fulfilled automatically if the hamilto-
nian is 2-homogeneous). The results extend similar ones of Miernowski
and Mozgawa.
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1 Preliminaries

Let us consider M an (n + m)-dimensional manifold which will be assumed to be
connected and orientable.

A codimension n foliation F on M is defined by a foliated cocycle {U;, ¢i, fi i}
such that:

(i) {U;}, i € I is an open covering of M;

(ii) For every i € I, ¢; : U; — T are submersions, where T is an m-dimensional
manifold, called transversal manifold;

(iii) The maps f; ; : @i(U; NU;) — ¢;(U; N U;) satisfy
(1.1) @j = fijopi
for every (i,5) € I x I such that U; NU; # & .

Every fiber of ¢; is called a plaque of the foliation. Condition (1.1) says that, on
the intersection U; N U; the plaques defined respectively by ¢; and ¢; coincides. The
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manifold M is decomposed into a family of disjoint immersed connected submanifolds
of dimension m; each of these submanifolds is called a leaf of F.

We say that F is transversely orientable if on T' can be given an orientation which
is preserved by all f; ;. By TF we denote the tangent bundle to F and I'(F) is the
space of its global sections i.e. vector fields tangent to F.

In this paper a system of local coordinates adapted to the foliation F means
coordinates (z*,z%) u=1,...,m,u=1,...,n on an open subset U on which the
foliation is trivial and defined by the equations dz® =0, u =1,...,n.

We notice that the total spaces of the conormal bundle Q*F of F carries a natural
foliation F of codimension 2n such that the leaves of F are covering spaces of the
leaves of F, and it is called the natural lift of F to its conormal bundle Q*F.

If we denote by {dz"}, w=1,...,n the corresponding local coframe on Q*F then
we can induce a chart (z%, pg,z%) on Q*F where p = pydz® € T'(Q*F), and the
system of equations x% = const., py = const. defines the foliation F.

Let QF = T(Q*F)/TF be the normal bundle of the foliated manifold (Q*F, F).

%’a% , u = 1,...,n form a natural frame of Q.7-" at the point

(%, pg,z*) € Q*F. The canonical projection 7 : Q*F — M given by 7(z%, pg, %) =
(z% z*) induces an another projection 7, : T(Q*F) — T'M which maps the tangent

The vectors

vectors to F in the vectors tangent to F. Thus 7, induces a mapping 7, : Q]? — QF
and denote by V(Q*F) = ker 7, which is a vertical bundle spanned by the vectors

5] —
{ﬂ},uzl,...,n.

Lemma 1.1. Let o : M — Q*F be the zero section of the conormal bundle Q*F.
Then the set o(M) is saturated on Q*F with leaves of the foliation F.

2 Foliated vector bundles

Given a foliated manifold (M,F), we say that a vector bundle p : E — M of
rank E = k is a foliated vector bundle if there is a foliated vector bundle atlas on E
(i.e. the transition matrices are basic functions as components). There is a foliation
Fg on E such that the canonical projection 7 is a foliated map that induces a local
diffeomorphism on leaves. For example, the transverse bundles, as well as the vertical
transverse bundles are foliated vector bundles. The projection p of the slashed bundle
p: E — M is a foliated map.

A foliated vector bundle map F : B/ — E over the foliated map f : M’ — M is
defined in a similar way, asking that F' be covered by foliated vector bundle maps in
a foliated vector bundle atlas on E, M, E' and M’ (i.e. the local matrices are basic
functions as components). Analogous one can consider the definition of a foliated
vector subbundle etc.

For a foliated vector bundle p : E — M, considering the slashed bundle p :E — M,
where E = E — {zero section}, the differential map p. : TE — TM induces a foliated
vector bundle map p. : QFz; — @QF that is surjection on fibers. We denote by
V(QFf) = kerp,; it is a foliated vector subbundle of QFj (over the base E), we call
it as the foliated vertical bundle of E, and we denote by I : V(QFz) — QF the
foliated inclusion. A transverse mon-linear connection on E is a foliated subbundle
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H(QFz) C QFj such that
(2.1) QFp =V(QFg) ® H(QFp).

As in the non-foliated case, a transverse non-linear connection is equivalently defined
by H(QFj) = ker C, where C is a left splitting of the inclusion I : V(QFz) — QF s,
i.e. a foliated epimorphism C': QF; — V(QFj) such that C ol = Ly (QFy)-

Using local coordinates

—(z%z%),u=1,....,myu=1,...,non M,

—(z* 2%y, u=1,....mu=1,...,n,a=1,..., k on E,

—(z% 2"y, X" YY), u=1,....ma=1,...,n,a=1,...,k on QFp,

then some coordinates (z%, z%,y*, Y%, u=1,...,mu=1,...,n,a=1,..., k fol-

low on V(QF3) and the foliated epimorphism C' has the local form

(2.2) (2™ y*, X", YY) < (2™ y* N2 (x™, y") X" + V7).
Notice that the local correspondences
(2,3, X7, Y9 < (2%, 4%, N3 (2%, 4%) X + Y

are non-linear connections on the transverse model; we call them as the local projected
(non-linear) connections.

We say that a transverse non-linear connection is

— 1-homaogeneous, if the local functions ((z%,y?%) — NZ(z%, y®) are 1-homogeneous
in the second group of variables, i.e.

NE(z™, Ay®) = ANZ (2", %), (V) A > 0;

— linear, if the local functions (z%,y%) — NZ(x%, y?) are linear in the second group
of variables, i.e.

Considering a transverse non-linear connection, the local Berwald connections
associated with the local projected non-linear connections glue together to a transverse
linear connection on the foliated vector bundle V/(QF %), that we call as the transverse
Berwald connection associated with the given transverse non-linear connection.

Using local coordinates as above, if a transverse non-linear connection that the
left splitting C' has the local form (2.2), has its transverse Berwald linear connection
V given by

ONZ
Ay

(2%, 2%y, Y9, X0, 20, W) 5 (av,27, 5%, Y7, 27, S0 (a7, y) XY P 4+ W),

Let us denote by I : TE — QF & the canonical projection on the normal bundle
of Fg; it induces also a vector bundle isomorphism II : V(TE) — V(QF}), that
corresponds canonically to the identity map of p*EE . A non-linear connection C :
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TE — V(TE) is projectable if there is a foliated map C : QF iz — V(QF) such that
the following diagram is commutative.
. c .
TE — VTE
(2.3) I 11T

QFs - V(QFp)

It is easy to see that C' is unique and it is a left splitting of the inclusion I : V(QFz) —
TE, thus a transverse non-linear connection on E.

We say that a non-linear connection C' : TE — V(TE) is of Bott type if X" €
D(TFg), (V)X € I(TF), where X" is the horizontal lift and T'F is the tangent bundle
to the leaves of F.

Proposition 2.1. If C is a transverse non-linear connection, then there is a unique
Bott type nonlinear connection that is projectable on C.

We say that a Bott type nonlinear connection on QF or on Q*F is a projectable
Bott nonlinear connection if it obtained as in the above Proposition 2.1.

Let us use some local coordinates (z“,z% y%) on a foliated vector bundle E.
If the transverse non-linear connection C' : QF 5 — V(QFg) has the local form

(z%, 2% Y% X%, V) < (z*, 2™, y®, X“NE(x?, y?) + Y@), then its Bott connection has
the local form

(2.4) (2", 2" y* X" X", YY) A=A (m“,mﬂ,ya,Xa]\Nfg(x@,yb) +Y%.

This is also the general form of a Bott non-linear connection. A simple characteriza-
tion of a Bott connection is as follows.

Proposition 2.2. A projectable non-linear connection is a Bott connection iff T'Fg C
H(TE).

In the case when C' comes from a transverse linear connection on E, denoted by
V, then the Bott type (non-linear) connection C' comes from a linear connection V
on E and conditions on V reads:

—if s(Y”) is a locally transverse vector field to Fz and A is a local foliated section
in T'(E), then VA is a local foliated section in T'(E) (projectability condition)
and

—if X is tangent to F and A € I'(E) is foliated, then Vx A = 0 (Bott condition).

If £ = QF and Ily : TM — QF is the canonical projection, then the Bott
condition becomes the classical one:

—if X is tangent to F and A =II(Y) € I'(Q(F)), then VxIIg(Y) =11 [X,Y].

Using formula (2.4) in the case of a linear connection, we obtain that the following
statement is true.

Proposition 2.3. If V: T (QFz) — I (Q*F; ® QF ) is a transverse linear connec-
tion on a foliated bundle E, then there is a unique Bott connection V : I'(QFz) —

r (T*E ® QFE) that locally projects on V.
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In particular if £ = Q*F, we say that a Bott connection on Q]? is a projectable
Bott connection if it obtained as in Proposition 2.3.

The link between the Bott condition for a non-linear connection and a linear
connection is given by the Berwald linear connection.

Proposition 2.4. If C is a Bott non-linear connection on a foliated vector bundle,
then its Berwald linear connection is a Bott linear connection.

We can use in the proof that the Berwald linear connection V of C has the property
that Vxn A =v [X" A], for any X € X(M) and A € [(V(TE)), where the projector
v and the lift h are according to C.

Notice that, in general, the converse of Proposition 2.4 does not hold.

3 Foliations and connections

In this section we consider a connection adapted to a Hamilton foliation and we
show also that the lifted foliation of a Hamilton foliation in the conormal bundle is a
Riemannian foliation. Using [5], it follows that any Cartan foliation coming from a
transverse Finsler metric is a Riemannian foliation.

We say that a foliation F is a transverse Hamiltonian one if there is a basic function
H : Q*F — IR that has a non-degenerate vertical Hessian h, called a transverse

Hamiltonian. For every X € X (T(Q*F)) we have [I(X) = X € T (Q]?), where

II:TQ*F) — QF is the canonical projection.
The inverse h~! of Hessian h induces a vector bundle isomorphism Jy : W;* ]~__Q.7-' —

wg*ﬁQ*]—N‘ >~ V(Q*F)= \/'(Q.f’-:)7 called the musical isomorphism. We can consider

now the vector bundle map J : (QF) — D(V(Q*F)) C T(QF), J(X) = Jo (7. (X)),
where 7, : Q]? — @QJF is the canonical transverse projection. It is easy to see that
JoJ=0and ImJ =V (Q*F), thus J is a vector bundle epimorphism. A transverse
non-linear connection can be given by an almost product endomorphism P in the
fibers of QF (ie. P? = 1,7) such that the vectors in the fibers of V(Q*F) are
exactly the eigenvectors corresponding to the eigenvalue —1 of P. The link between

~ 1
P and the transverse map C : QF — V(Q*F) is C = 5 (1Q7-‘ — P). We denote by

L the transverse Lie derivation.

Proposition 3.1. Let H : Q*F — IR be a transverse Hamiltonian, X and Jy be a
transverse vector field for F and the musical isomorphism, respectively. Then P =
—LgJ : T(QF) — T(QF) is an almost product endomorphism giving a transverse
non-linear connection.

Let now V¥ : T'(V(Q*F)) — T (Q*ﬁ ® V(Q*]-")) be a transverse linear connec-

tion, that we call a transverse vertical connection.

o) 9
ox™ ) dpg

{dz"%,6py = dpy + Nazdz®}, accordingly to the decomposition (2.1). Using this
coframe we can define the local connection forms by
0 L 0
= W- >
Ips “ " Opa

In the sequel we will use the basis { }, called adapted, as well as its dual

(3.1) A
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where
(3.2) wh =T2,da” + T} dpy = (rgﬁ - r;ingﬁ) da? + T 6py = HYyda? + T3 0ps.

But V(Q*F) and H(Q*F) are dual vector bundles, thus the linear connection V¥ on
V(Q*F) give rise to a dual linear connection V" on H(Q*F). Thus we can construct

a linear connection V in QJE
(3.3) VxY = Vi (oY) + Vi (A(Y)),

where Y € D(QF), X € I(T(Q*F)) and v : QF — V(Q*F) and h : QF — H(Q*F)
are the vertical and horizontal projector respectively from decomposition (2.1). In
particular we have

(3.4) —wy ®

Szt oz’

where w? is given in (3.2).
Let us remark that we can consider a transverse linear connection V? : T' (H(Q*F))
r Q*f@ H(Q*F) ), that we call a transverse horizontal connection and then asso-

ciate a dual transverse linear connection V?, that is a vertical connection. The con-
structions of V" from V" and of V? from V" are mutually inverse, giving rise to a
same transverse linear connection V. _

Ifoel (Q*]—' ® Qf) is an 1-form with values in QF locally given by

0

@ §

oxt

then following [1], [2], we can define an exterior differential D¢ putting

- 5 . ) 5 0
3.6 Dy = (dp* CAWE) ® — + (dps — o5 Aws) @ —.
(3.6) v = (de" + 9" Awi) © == & (dpy — @ wy)(z@apW
A straightforward calculus show that the above formula is well-defined.
The bundle Q*F ® QF admits a natural section 7 given by

@ ) 0
=dz" ® — 4+ Ip; @ —.
Ipy

(3.7) n=dz" ® o, e

+dp1-, ®

ox®

It is clear that the form 7 is well-defined.
The form @ = Dn is called the torsion form of the connection V" or its dual V.
Locally the form 6 can be expressed as follows:

_ - k) 5 0 - 1 0
. D = w ’j - ) — ~ :Y - v -~ = ol )
(38) D= (da" A w) © 5+ (d(0pe) = 0ps Awd) @ - =07 5 +00® 5 -
where
_ 1 - - _ = ~F _
(3.9) 07 = - (H]. — H)5) da® A da® — T30 da™ A op,

2
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_ _ < 1 < <
(3.10) b = —dNys A da” — Hi,opa A da® — - (rg5 - rg“) Spa A Ops.

The first term and the last one in formulas (3.9) and (3.10) respectively give two
global transverse tensors that we call horizontal torsion and vertical torsion respec-
tively.

Using formulas (3.9) and (3.10), it is easy to check that

a) the horizontal torsion vanishes iff 8 (V,W)=0, (V)V,W e T' (H(Q*F)) and

b) the vertical torsion vanishes iff 8 (V,W) =0, (V)V,W € ' (V(Q*F)).

If V* and V¥ are dual and a horizontal and a vertical transverse connection
respectively, then, according to Proposition 2.3, they project to two projectable Bott
connections V" and V" respectively.

We say that the horizontal and vertical torsions of V* and V¥ are just the hori-
zontal and vertical torsions of V and V" respectively.

Proposition 3.2. If g is a non-degenerated and symmetric transverse bilinear form
in the fibers of H(Q*F) and N is a Bott type nonlinear connection of QF, then there
is a unique projectable Bott linear connection V", in the horizontal bundle H(Q*F),
such that

1) V" has null horizontal and vertical torsions and

2) g is parallel with respect to V", i.e. V%G =0, (V)X € X(QJ’?).

Proposition 3.3. If g is a non-degenerated and symmetric transverse bilinear form
in the fibers of V(Q*F) and N is a Bott type nonlinear connection of QF, then there
is a unique projectable Bott linear connection VY, in the vertical bundle V(Q*F),
such that

1) V¥ has null horizontal and vertical torsions and

2) g is parallel with respect to V¥, i.e. V%g =0, (V)X € X(Q]?)

Proof. It can be easily inferred that the hypothesis above imply that all the hypothesis
of Proposition 3.2 are in fact fulfilled for g; thus, using its conclusion by duality, the
final conclusions of our statement follow for g. O

The Propositions 3.2 and 3.3 have special forms in the case of a regular transverse
Hamiltonian H or a Cartan metric K?2.

Let us suppose that the foliation F has a regular transverse Hamiltonian H :
Q*F — IR; it reads that H is a basic function for F and its transverse Hessian h is a
transverse non-degenerated bilinear form in the fibers of V(Q*F). The Hessian of H
on H(Q*F) is, by its definition, the inverse h~! of the Hessian h on V(Q*F).

Then, according to Proposition 3.1, H gives rise to a transverse nonlinear connec-
tion N in Q*F.

The Propositions 3.2 and 3.3 become in this case as follows, improving [2, Theorem
3.1].

Theorem 3.4. If H is a regular transverse Hamiltonian, then there are unique pro-
jectable Bott linear connections V" and V?, in the horizontal bundle H(Q*F) and
the vertical bundle V(Q*F) respectively, such that

1) V¥ and V" have null horizontal and vertical torsions and
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2) the Hessians of H are parallel with respect to V* and V?, i.e. Vg’(h_l =0 and
Vih =0, (V)X € X(QF), in the fibers of H(Q*F) and V(Q*F), respectively.

If the vertical hessian h is positively defined on @Q*F, and H is differentiable on
Q*F or on the slashed Qi F = Q*F\o(M), we obtain a transverse Riemannian metric
for the foliation F on the manifold Q*F or for the foliation F. on the manifold QriF
respectively.

Proposition 3.5. If H is differentiable on Q*F or on the slashed Q% F and the verti-
cal hessian h is positively defined, then the foliated manifold (Q*f, j-:) or (QI]:, .7-'*)

respectively is Riemannian.

According to [8], we say that H is allowed if:

1) H is continuous on Q*F, differentiable on the slashed Q*F, positively defined
(i.e. its vertical hessian is positively defined) and H(z,p) > 0 = H(z,0), (V)x € M
and p € Qi F;

2) H is locally projectable on a transverse Hamiltonian;

3) there is a basic function ¢ : M — (0,00), such that for every x € M there is
p € QLF such that H(x,p) = ¢(x).

If a positively transverse Hamiltonian H is 2-homogeneous (i.e. H(z,Ap) =
N H(x,p), (V)X > 0), then H is called a transverse Cartan form; it is also a pos-
itively admissible Hamiltonian, taking ¢ = 1, or any positive constant.

Using the results in [8] we have that the following statement is true.

Proposition 3.6. If there is an allowed H : Q*F — IR (in particular a transverse
Cartan form), then the foliation F is Riemannian.

Notice that the lagrangian version of the above result was proved in [5], improving
[2, Theorem 3.2]. Proposition 3.6 follows by duality from the lagrangian form only in
the case when the dual lagrangian of H is also allowed; for example, in the case of a
transverse Cartan form, when its dual is a Finslerian. In the general case, the dual
Hamiltonian (lagrangian) of an allowed lagrangian (Hamiltonian) does not follows to
be allowed; we have not yet a example to prove this statement, so we leave it as an
open question.
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