Optimal control problems on
higher order jet bundles

Savin Treanta

Abstract. The main purpose of this paper is to formulate and prove
necessary optimality conditions for a class of optimal control problems
subject to distribution-type constraints on the higher order jet bundles,
using a geometrical language and Variational Calculus techniques under
simplified hypothesis. Also, the main original results relate to the form of
variational and adjoint equations.
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1 Curvilinear integral cost functional with
distribution-type constraints

In the last few years, the multi-time optimization and optimal control problems have
been intensively studied because of the infinite dimensional nature (see [7], [9], [12]-
[14]), and both from theoretical and applied reasonings. Most of the times, the
PDEs constraints (even of first order) represent significant challenges in optimization
problems and principles (see [4], [5]). The present work can be seen as a natural
continuation and extension of some recent works (see [3], [8]), where just unitemporal
ingredients have been considered. The main results of this work are new and they
complement the previously known results (see [1]-[3], [11]). For other different but
connected viewpoints to this subject, the reader is addressed to [10] and [15]. Very
interesting ideas, related to this subject, were given to me by Professor C. Udrigte
(see [12]-[14]).

Let start with two Riemannian manifolds, (T, k) and (M, g), of dimensions m,
respectively n, denoting by ¢t = (t%), a = I,m, and z = (z'), i = 1,n, the lo-
cal coordinates on (T, h) and (M, g), respectively. These two Riemannian manifolds
determine the (s — 1)-th order jet bundle J*~*(T, M), where s > 2 is a fixed natu-
ral number. Also, consider the hyperparallelepiped Qy, ¢, C R, with the diagonal
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opposite points tg = (té, ey tg‘) and t; = (t%, .. ) The C'-class functions

Xpg=(Xp): (T, M) xU —R", B= =1,n

determine the following distribution-type equations

ATl g (1) = X5 (8, 2(8), 20, (1), -, Tarageau_, (B), u(t)) dt’, i=Tn

with the solution x(t).

Thanks to their physical meaning, the cost functionals of mechanical work type
become very important in applications. Here we initiate an optimization theory on the
higher order jet bundles considering as objective function a curvilinear integral cost
functional involving higher order partial derivatives. Our study is strongly motivated
by its applications, especially in Mechanical Engineering and Analytical Mechanics
(see [1]), where partial derivatives of order higher than one are often involved. In this
direction, let analyze the following multi-time optimal control problem, formulated
using as cost functional a curvilinear integral with distribution-type constraints:

(L.1) rgg;c{J(uc)) -/

subject to

(1.2)  dehyay. ., (1) = Xj (£2(1), 20, (1), -, Tarazans (1), ult)) dt’

to,t1

Xﬂ (t,l‘(t), Loy (t)a cee 71'041042---065—1(t)a u(t)) dtﬁ}

(13) u(t) S Z/[, Vvt € Qt07t1; :E(tg) =T¢, Tay..q; (tg) = jal...ajg

i=1n, ace{l,....m}, (j=1s—-1 £=0,1

The ingredients used are: t = (t%) € Qy, 4, is a multi-parameter of evolution or a
multi-time; T, 4, is a C'-class curve joining the points to and t1; z(t) = (z(t)), i =
1,n, is a C*T-class function, called state vector; u(t) = (u®(t)), a = 1,k, is a contin-
uous control vector; the running cost Xg (t,x(t),za, (), Tayas..aus (1), u(t)) dt?
is a mon-autonomous Lagrangian 1-form; the equations in (1 2) are distribution-type
equations; the functions Xé (t,2(t),Za,(t), -+, Taras..as_y (£), u(t)) are of C'-class;

b s—lg
8(2()‘1 (t)’ oy Tagas (t) = W(t)v

a; €{1,2,...,m}, j =1,s — 1. We assume summation over the repeated indices.

we accept the notations z, (t) :=

Remark 1.1. (i) Like any functions, the previous running cost and the vector
fields (Xé), 0 = 1,m, depend on independent variables. For instance, the partial
derivative x103(t) is the same with the partial derivatives wa31(t), 312(t), 321(t),
2213(t), 2132(t) and, consequently, only one of these partial derivatives will appear as
variable for Xz (for more details, see [6], [10]).

(ii) The constraints in (1.2), using some notations, can be rewritten under the
next equivalent form: x(t) = v1(t), (zay(t)) = v2(t), -+, (Taras.ae_s (b)) = vs(t),
dvi(t) = Xj (t,v1(t),v2(t), ..., vs(t), u(t)) dt?, i =T,n, =1,m, or, equivalently,

(

(1.2') (V10, (1)) = v2(t),  (V20, (1)) = vs(t), *++, (Vemiaus () = vs(t)
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véﬁ(t) = Xf; (t,v1(t),va(t),...,vs(t),u(t)), i=1,n,

15} —
where we have denoted v, (t) := aTUZ(t), vy=1,8, ne{l,...,m}.

Introduce the co-state 1-forms or Lagrange multiplier 1-forms p~(t) = piy (t)dvi =
pi,y(t)vaCH (t)dt*, v =1,s, as := 3, and build a new Lagrangian 1-form

L (t, Ul(t)a 'UQ(t)’ R Us(t)v dvl(t)v dv2(t)a ) dvs(t)v ’U,(t),pl(t), s ,ps(t))
= X5 (t,v1(1),v2(t), . .., vs(t), u(t)) dt?
i1 (1) [0, (0% = A0} (O)] + -+ pia 1 (1) [0i 1o, (O — doi_, ()]

+pis(t) [ X5 (t01(t), v2(t), . .., vs(t), ult)) dt? — dvi(t)] .
The solutions of the foregoing multi-time control problem are between the solutions
of the following free maximization problem

[ L (VT 0.4V (0,0(0. 0 . (0)

u(-)
with
u(t) € Z/{, {pl(t)a s 7ps(t)} g P7 vt € Qto,tl
(*) f = (Fto,tlﬂm(rto,t1)7 cee 7xa1.‘.as,1(1—‘to,t1))

x<t£) = ZC€7 xal,,,aj (tf) == i‘alu'an’ 5 = O7 1
ace{l..m}, Cj=Ts—1

(see V(1) := (v1(t),v2(t), ..., vs(t)T, dV(t) := (dvy(t),dva(t), ..., dvs(t))") and the
set P of co-state 1-forms will be defined later.

Remark 1.2. The above curve I satisfies

' CRT xR x -+ x RImm1) - (mts=2)]/ (=1},

The control Hamiltonian 1-form,
H (£, v1(8),v2(t), .., vs(t), u(t), pr(t), - -, ps(t))
= Xp (t,01(t),v2(t), - .., vs(t), u(t)) dt? + pir ()0l (t)dt™
o Disc1 (Vi g, (A + P ()XY (£, 01(2), v2(t), . .. vs(t), u(t)) dtP,
or, equivalently,

H = L+padv} +...+pisdvl = L+ pavl, dt* + ... —|—pisviﬁdt’6

(modified Legendrian duality) permits us rewriting the previous optimization problem
as

ril(aj)X{AH(t7x(t)7xozl(t)v"‘7xa1-»~as—1(t)’u(t)7p1(t)’"'7p5(t))

= [ [patsh, e+ pte)al, o] )
r
such that the conditions (x) are fulfilled.
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1.1 Adjointness on higher order jet bundles

Consider the differential relations in (1.2"). Let fix the control vector u(t) and a
corresponding solution (v1(t),...,vs(¢)) in (1.2'). Using the differentiable variations
(v1(t,€),...,vs(t, €)), satisfying

(Ulal (t,é‘)) = 1)2(t,€), (UQO(Z (t,é‘)) = U3(t7€)7 B (Us_las—l(t7€)) = Us(t,f)

viﬁ(t,s) = Xé (t,v1(t,€),va(t,€), ..., vs(t,€),ult)), vy(t,0) =vy(t), i=1,n, y=1,s

and considering the derivative with respect to €, at ¢ = 0, we find the following
variational equations

(Wiay (1) = w2(t), (Waa, (1) = ws(t), =+, (Ws—1a,_, () = ws(t)

; X} X}
weg(t) = Dor (t,v1(t), ..., vs(t), u(t)) wi(t)+...+ B0, (t,v1(t), ..., vs(t), u(t)) ws(t),

for ¢ = 1, n, where we used the notations: v,(t,0) := wy(t), v = 1,s, with v,.(¢,0)
as the derivative of v, (¢, e) with respect to ¢, evaluated at ¢ = 0. Taking into account
the co-state variables {p;1(t),...,ps(t)}, we find the following equations

axg 8
dpi1(t) = —pls(t)ﬁ (t,v1(t), va(t), ..., vs(t), u(t))dt
3Xlﬁ
dpjo(t) = —pjl(t)égl - pls(t)w (t, 01 (1), v2(), ..., vs(t),u(t))| dt?
. 8Xlﬁ
dpjs(t) = | —pjs—1(t)05" " —pls(t)w (t,v1(t), va(t), ..., vs(t),u(t)) | dt?,

called the adjoint equations associated to the previous variational equations, that is
S

the following differential condition is fulfilled: Z d [pjw(t)w%(t)] =0,t€ s,
y=1

1.2 Necessary optimality conditions for a feasible solution

Let assume there exists a continuous control @(t) defined on €, ¢, , with 4(t) € Intl,
which is an optimum point in the previous optimization problem. Consider a varia-
tion, u(t,e) = 4(t) + eh(t), with h an arbitrary continuous vector function. Since
u(t) € IntU, there exists a number g, > 0 such that u(t,e) = a(t) + eh(t) €
IntU, V|e| < ep. This € will be used in our variational arguments.

The variation of the control vector u = 4 + ch determines the variation of the
state variable x = x(t,¢), i.e., for i = I,n and Vt € Q4 +,, we have

da’ (t,e) = Xb (t,a(t,€), 2o, (1,€), - .. Tayag..au_y (t,€), ult, €)) dt?

araz...as—1

and x(to, ) = 0, Ta,...a,(t0,€) = Tay...a;0, § = 1,8 — 1.
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For |e| < ey, let consider the function
J(e) == / X (t,2(t,€),Tay (4,€), -+, Taras...as_s (£,€) ult,€)) dt.
T'(e)

On the other hand, the control vector @(t) is an optimal control vector. Consequently,
we must have J(0) > J(e), V|e| < €. We have

/ pir(t) [V (t,)dt™ — dui(t,e)] = 0
I'(e)

[ pena® [ohsa (e — o e9)] =0
I'(e)

/f( )pis(t) [XE} (t,v1(t,€),v2(t,€), ... vt ), u(t,e)) dt’ — dvi(t,s)} =0,

for any continuous co-state 1-forms p, = (piy): Qu,e, — R”, v =1,5.
Necessarily, the variations involve the Lagrangian 1-form

L(t,VT(te),dVT(te),ut,e),pi(t),...,ps(t))
= X5 (t, VT (t,e),u(t,e)) dt’ + pi(t) [via, (t,€)dt™ — dvi(t,e)]
Fo o pisi(t) [U;_MH (t,€)dt 1 — dv’_, (4, a)}
+pis(t) [Xé (t, VT(t, e), u(t, 5)) di? — dvi(t, 5)]
and the associated function

J(e) = /f( g (6 VT (1, ), dVT (1, ), ult, £),pr (1), ., ps(0))

Further, we assume that the co-state 1-forms p.(t) = (piy(t)), v = 1,5, are C*-
class functions. The corresponding control Hamiltonian 1-form with variations is

H (t,x(t,e),xal(t, 5)) e 7xa1az-~0¢s—1(tvs)’u(tvg)vpl(t)’ e 7p5(t))
=Lt VIt e),avT(t,e),ult,e),pi(t),... ,ps(t))

+pir(t)da'(t,e) + ... + pis(t)daly, ., (t€)

and the above curvilinear integral J(¢) can be rewritten as follows

ﬂ@=AUHawwawmw@ww%h%Awamwamwwumw»

- /1'“(5) [Pﬂ(t)dﬂ(t,s) +... —l—pis(t)dxgl”_as_l(t,g)] )
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Computing the derivative with respect to ¢, evaluated at € = 0, and using the
formula of integration by parts, with T'(0) := T", we get

PO = [ [ (4:0(0) - o, 2 (0:50).5(0) + dpya (8] 22(1.0)
b [ [Hag, (6000 (08000, 500)) + dpia(0)] 2 (10)
T
+...+f (o (620 By, (0,400, 0(0) + dpjs (1)) @, o (1,0)
T

+ [ Hue (t2(t), -, Taya, s (1), 6(t), p(8) R (1)

- {le(t)xi(t’ 0) + pja(t)al, o (£,0) + ...+ pjs()ad, o (t, 0)] e

where x(t) is the m-sheet of the state variable corresponding to the optimal control
a(t) (see p(t) := {p1(t),...,ps(t)}). Also, the following Cauchy problem is fulfilled

xizl...as_lﬂs(tv 0) = X%x (t7 x(t)’ Tay (t)v oo Lag.agy (t)7 u(t)) l’s(t, 0)
oot Koo o (B2(t), 20, (1), Tagan (8, u(D) Tay oo (2, 0)

+ X5, (tx(t), w0, (1), - -, Tay.au_, (1), u(t)) A(t)
Vt € Qto,hv xe(t070) = 0, xaln_ajg(to,()) = 0, j = 1,5 — 1.

We impose J'(0) = 0, for any continuous vector function h(t) = (h®(t)). Therefore,
using the adjoint equations, we define the set P of co-state 1-forms as the set of
solutions of the following problem

(14) dpj1<t) = _Hﬂcj (t7$(t), ce awayuasfl(t%a(t)>p(t)) ) pj1<t1> =0
dpjo(t) = —H,; (6, 2(t), .. Tay.aus (1), 4(t), p(t)) . pja(t1) =0

dpjs(t) =—-H, (t,l‘(t), s 7',1:&1--404571(t)’ﬂ'(t))p(t)) s pjs(tl) =0

LToq...og_q
YVt € Qto,tr
Also, we get
(15) Hu“ (t,l‘(t), s 7xa1---a571(t)aﬂ(t)7p(t)) = Oa vt € Qt07t1'
Moreover,
i OH i
(16) dxal...ar_l(t) = a (ta (ﬂ(t), cee ’xalmas—l(t)?u(t)vp(t)) ) vt € Qto,h

l'(to) = X, :Eocl...a]- (t0> = i'al.“ajOa j = 175 - 17 1= 17”7 r= 175

(see dz! (t) :=da'(t)).

«1...000

In summary, considering all the previous computations and reasonings, we can for-
mulate the main result of this section which provides necessary optimality conditions
for the feasible point & = (4®). The word "simplified” used below signifies that the
principle is obtained by variational calculus techniques, under simplified hypothesis.
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Theorem 1.1. (Simplified multi-time maximum principle; necessary con-
ditions) Consider 4(t) € IntUU an interior optimal solution which determines the
optimal evolution x(t) in (1.1), subject to (1.2) and (1.3). Then, there exist the C*-
class co-state 1-forms, p, = (pir), 7 =1, s, defined on Qu, +,, such that the relations
(1.4), (1.5), (1.6) are fulfilled.

2 Multiple integral cost functional with
distribution-type constraints

Next, we consider a multi-time optimal control problem that involves as basic tools a
multiple integral cost functional and constraints of distribution type:

(2.1) rgg;c{ﬂu(-)) -/

subject to

X (t7.’17(t), m‘al (t)7 e ;malag...a571<t)7 u(t)) w}

to,t1

(2.2) Azl e (1) = X5 (6, 2(1), 20, (1), ., Tayas...au_, (1), u(t)) dt’

(2.3) u(t) €U, Vt € Qg 115 x(te) = T, Tay.a,(te) = Tay..aze

it=1n, ace{l,....m}, (j=1s—-1 £=0,1
This kind of problems may appear when we want to describe the torsion of prismatic
bars in the elastic or elastic-plastic case. As method of investigation we shall use
some variational calculus techniques which are adequate in the study of multi-time
optimal control problems. Therefore, we change the optimal control problem into a
variational problem.

We generally used here the same mathematical data as in the previous section.
The running cost X (t,z(t), T, (t), ..., Tayas...au_, (t),u(t)) w is a non-autonomous
Lagrangian m-form; w = dt' A ... A dt™ is the volume form in R’"; the vector fields
Xp = (X}), B =1,m, are functions of C'-class which have independent variables
(see Remark 1.1, (i)). Also, we accept the notations introduced in Remark 1.1 (see
(ii)) and consider summation over the repeated indices.

Keeping in mind some ideas suggested by Professor C. Udriste, let consider the

Lagrange multiplier tensors or co-state tensors, p~(t) = pg, (t) 5= ®dzt, v =1, s, and

ot
0
the (m — 1)-forms wy = @Jw (see Y |w as the contraction between Y and w). Now,

we build a new Lagrangian m-form
L (t,v1(t),va(t),...,vs(t),dvi(t),dva(t), ..., dvs(t), u(t),pi(t),...,ps(t))
= X (t,01(t),v2(t), ..., vs(t), u(t)) w —|—pf‘1(t) [vial (t)dt*r — dvi (t)] A wy
o Pha(8) [0, (O = ol ()] A

o () [X (¢, v1(8),v2(8), . . 0s(t), ult)) dt” — dvl(t)] Awy.
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Also, introduce the control Hamiltonian m-form
H (t,01(t),v2(t), ..., vs(t), u(t),p1(t),...,ps(t))
=X (t,v1(8), v2(t), ..., vs(t), u(t)) w + P} ()viy, (A Awy
o (Vg (At A+ ()X (£ v1(8),v2(E), -, 0s (1), ult)) dt’ Awy
= [X () + 27 (vl () +. .+ PLOXE ()| @

= Hl (t,vl(t)aUQ(t)’ s avs(t)au(t),pl(t)a s 7ps(t))wa

or, equivalently, H = L+p), (t)dvt (t) Awx+. . .+ph (t)dvi(t) Awy, (modified Legendrian
duality) that permits us rewriting the foregoing multi-time optimal control problem
into the next equivalent form

rﬂﬁic{AH(t,x(t),xal(t),...,Ial___akl(t),u(t),pl(t),...,ps(t))

_ /Q [P (v} () Awx + ..+ pA D) Awr] }
with R
Q= (o1, 2(Qgrty)s - Tag ey (Lo tr))
ut) e, {pi(t),....,ps(®)} CP, ¥Vte .,
z(te) = ¢, Tay.a;(te) =Tay..ae, £=0,1
ace{l,....m}, (j=1s-1
and the set P of co-state tensors will be defined later.

Remark 2.1. The relation Q C R x R™ x --- x RIm(m+1)-(mts=2)]/(s—1)! jg
satisfied.

2.1 Variational and adjoint equations

As in Section 1.1 of this paper, we consider the following equations
(Wiay (1)) = wa(t), (way(t)) == ws(t), -+, (Ws—1a,_,(t)) = ws(t)

Caxg oX}

wes(t) = Do (t,v1(t),...,vs(t), u(t)) wi(t)+. ..+ 5 (t,v1(t),...,vs(t), u(t)) ws(t),

1 Vs

for i = 1,n, called variational equations. We used the same style of notation as in

Section 1.1. Considering the co-state tensors {p1(t),...,ps(t)}, we find the following
equations

A A o OXb 8
dpj (t) ANwy = —pls(t)m (t,v1(t),...,vs(t), u(t)) dt” A wy
1
A A o A aXllf B
dpja(t) Nwy = | —pj()d5 7pls(t)m(tvvl(t)7"-vvs(t)vu(t)) dt” N wy
2
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oX!
A0 Aws = | =1 (035 = PO S (t0r(0), - on(8), u(t) | 1 A,
S
called the adjoint equations associated to the previous variational equations. Also, via
formula d (p;-\,wayw)\) = (w%dp}\,y + p;‘,ydwfy) A wy, the following differential condition
S

is satisfied: Z d [p?‘v(t)wf/(t)w,\] =0,t€ s,

7=1

2.2 Simplified multi-time maximum principle

Now, we have all the necessary mathematical tools to establish the main result of this
section.

Theorem 2.1. (Simplified multi-time maximum principle; necessary conditions)
Assume that the problem of mazimizing the functional (2.1), constrained by (2.2) and
(2.3), has an interior optimal solution G(t) € IntU, which determines the optimal
evolution x(t). Then, there exist the C*-class co-state tensors, p, = (p2), r = 1, s,
defined on Uy, +,, such that

i 0H
(2.4) dx (t) ANwy = o (t,...,

.. Qg1

xal...as,l(t)vﬁ(t)7p(t)) , Vte Qto,tm

the function p = (p.), r =1, s, is the unique solution for the following Pfaff system
dpji(t) Nwa = —H,s (,2(t), ..., Tay.oay_, (), 4(t), p(2))

dpg)\Q(t) ANwy = 7Hx£1 (tv :B(t), ooy Lagag g (t)7 ﬂ(t),p(t))

(2.5)

dpj\a (t) Nwx = _Hzél (ta m(t)v cooy Tag.ogg (t)v ’ll(t),p(t)) ) vt € Qtoatl

g

dapP}1 (t)n’g (t)=0,..., 5Wp§-ts (t)¢"(t) =0 (orthogonality / tangency)
and satisfies the critical point conditions
(2.6) Hye (t,2(t), ... Tay.au_, (1), 0(t),p(t)) =0, VYt € Qg 4,

Proof. For proving the previous result, we use the control Hamiltonian m-form H.
Suppose that there exists a continuous control 4(t) defined on €y, ;, , with @(t) € Intld,
which is an optimum point in our optimization problem. Now we consider a control
variation u(t,e) = 4(t) + eh(t), where h is an arbitrary continuous vector function,
and a state variation x(t,¢), t € Q4 +,, connected by
ATl oy o, (8:8) = X5 (t,2(t,€), Ty (1,€), -+, Tasan.ans (1, €), ult,€)) dt?,

fori=1,n, Vt € Qyy,, with z(to,€) = Zo, Ta,...a,(t0,€) = Tay..a,0, J = 1,5 — 1. We
have 4(t) € Intl and it is well-known that any continuous function over a compact set
Q4.+, is bounded. Thus, there exists a number ¢, > 0 such that u(t,e) = @(t)+eh(t) €
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IntU, V)e| < ep,. The previous € will be considered in our variational arguments. At
the same time, the following Cauchy problem is satisfied
xfxl...as_l,ﬁs(tv 0) = X/Zix (ta x(t)7 IL'al (t)v crey IO&L.»as—l (t)7 U(t)) l’s(t7 O)
toH X () may () Tag g (), ult) Taya,2(1,0)

+ X5, (tx(t), oy (1), - -, Tay.a_, (1), u(t)) A(t)
Vt S Qto,t17 Is(to, 0) = O, Ial...aje(t()a 0) = O, ] = 1, S — 1

Consider the co-state tensors p,(t) = (p?,y(t)) , v =1, s, of C'-class and, for || < e,
define the function

J(e) = /ﬁ( ) H (t,x(t75),xa1(t,5), e Ty o (B ), u(t ), p1(E), . .. 7ps(t))

7/~ [p?l(t)dxi(t,é‘) A wy + .. +p;\s(t)dmial...as_1(t75) A WA] .
Q(e)

To evaluate the multiple integrals,
[ PAOdai (1) Ao, ..., / PAO, o (t,2) A,
Q(e) )
we shall use the following formula
d (pf‘a:iwA) = (pf‘da:i + xidpf‘) A wx

and the Stokes integral formula (see (”(t)) as the unit normal vector to the boundary
9Q(e)),

/~ d (p?;viw,\) = /~ 5a5p?$i77ﬁd0.
Q(e) o (e)

J(e) :[ H (t,2(t,€), Tay (t,€), ., Tay.au_, (£, €), ult, €), pr(t), ..., ps(t))

—i—/~ {dp;‘l(t)gcj (t,e) Nwr+ ...+ dp?s(t)acjolqmak1 (t,e) A wA}
Q(e)

—/~ <5045p?1(t)9vi(t75)775(t)ala—...—/~ 5Wpﬁq(t)xfxlma571(t,a){”(t)d@.
0Q(e) 0Q(e)

Differentiating with respect to ¢, evaluating at € = 0, with Q(O) = Q, we obtain

J'(0) =/Q[Hma‘ (t2(t), - Taran s (1), 4(t), p(1)) + dpjy () Awa] 2(2,0)

[ [Hg, (000 s (0,50,0(0) + d(t) An] (1.0
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Thy . og_y

. +/Q [, (¢, ...,xalmasfl(t),a(t),p(t))+dp?s(t)/\w,\} B o (t0)
/ Hoo (t,2(t o (£),0(8), p(2)) B2 (1)

- [ om0t om o — .~ [ up 00, (L0 00

a0

where z(t) is the state vector corresponding to the optimal control vector @(t) (see
p(t) := {p1(t),...,ps(t)}). We need J'(0) = 0, for any continuous vector function
h(t) = (h*(t)). Now, using the adjoint equations, we select the set P of co-state
tensors as the set of solutions for the next problem (see (2.5))

dp (t) Nwx = —Hys (6 a(t), ... Zay.au_, (1), G(E), p(1))
dp?2(t) ANwy = 7H$‘Z¥1 (t’ ‘T(t)v s Tagasog (t)7 ﬁ(t),p(t))

dp;-\s(t) Nwy = 7Hac{x

e (6, 2(t), .. Tay.ay_, (£),0(t),p(t), VEE oy,

SapP ()N (t) =0, ..., S Pljs(t)CY (t) = 0 (orthogonality | tangency).

Since the variation h is arbitrary, we get the critical point conditions (see (2.6))
Hyo (t,2(t), ... Tay.au_, (£),0(t),p(t)) =0, a=1,k, YVt € Q4.

Moreover, we have

_ OH
dwly, () Awy = py (t, Tay.an_, (), 0(t),p(t), V€ Q.

ir

{L'(t()) =205 Tai...a; (tO) = ‘%alu.a]-m ] = 178 - 17 1= 17”; r= 1a87

where (da?, . (t) := da'(t)), (see (2.4)), and the proof is complete. O

3 Conclusions

The present paper introduced a study of two multi-time optimal control problems
subject to distribution-type constraints. Using a geometrical language, the notion of
adjointness (see variational and adjoint equations) on the higher order jet bundles,
and variational calculus techniques (under simplified hypotheses), we formulated the
main results of this paper (see Theorems 1.1 and 2.1).
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