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Abstract. The Chaplygin sleigh is a mechanical system subject to one
linear nonholonomic constraint enforcing the plane motion. We solve equa-
tions of motion and study symmetries and conservation laws for this sys-
tem after deriving general equations of nonholonomic symmetries of the
constraint Lagrangian. Our considerations are based on an efficient geo-
metrical theory on fibred manifolds first presented and developed by Olga
Rossi (Krupkovd). The obtained results are thoroughly discussed from
the point of view of physics.
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1. Introduction

The motion of nonholonomic systems is studied by various authors using various
methods. Bibliography concerning nonholonomic systems is very rich, besides famous
monographs e.g. by Bloch, Bullo, Cortés Monforte, Neimark and Fufaev [1] and
others, many papers as e.g. [2]-[8], or recently e.g. [9] (for nonlinear constraints) to
mention just a few. A geometrical theory of nonholonomic systems was proposed by
Olga Rossi (Krupkovd) in [10] and elaborated in her later works among which we can
emphasize e.g. [11] and [12]. This theory is developed on fibred manifolds and their
jet prolongations. It differs from other approaches by the idea that the nonholonomic
mechanical system is considered as a dynamical system on a constraint submanifold
which is its true phase space. The equations of motion called the reduced equations
are equivalent with the well known Chetaev equations [14] based on the standardly
used d’Alembert’s principle. In this sense the geometrical model is a generalization
of the d’Alembert’s principle to nonlinear as well as higher order constraints.

The geometrical theory is efficient for solving general and practical problems con-
nected with nonholonomic systems with linear as well as nonlinear constraints (see
e.g. [15]-[18]). Nevertheless, some questions are still not satisfactorily answered. One
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of them is the problem of nonholonomic symmetries and conservation laws. A new
concept of a nonholonomic symmetry of Lagrangian and the corresponding constraint
Noether theorem was formulated by Olga Rossi [19] within the framework of her
geometrical theory. An interesting example was discussed and completely solved in
[20].

In this paper we derive general equations of nonholonomic Noether symmetries for
a first order mechanical system subjected to a general nonholonomic constraint, and
corresponding conservation laws. We illustrate the results on an example interesting
from the physical point of view: the Chaplygin sleigh. We present solutions of its
reduced equations, and constraint conservation laws and symmetries related with its
Lagrangian. We find the Chetaev constraint forces. The physical interpretation of
results is emphasized.

We note that, in general, the constraint Noether symmetries need not be symme-
tries of the corresponding constraint semispray. Symmetries of the constraint semis-
pray for the case of the Chaplygin sleigh are discussed in [8].

The paper is a short report of results based on a talk given at VIII-th Interna-
tional Conference Differential Geometry and Dynamical Systems (DGDS) 2014. The
complete version is published in Communications in Mathematics, [22].

2. A brief review on the geometry of nonholonomic mechanics

We summarize basic concepts of the geometrical theory of first order nonholonomic
mechanical systems arising from initially Lagrangian unconstrained ones.

2.1 Structures and notations.

The underlying geometrical structure is a (m+1)-dimensional fibred manifold (Y, 7, X)
with the total space Y, the one-dimensional base X and the projection w. We use the
standard notation for jet prolongations of this manifold, (J'Y, 7., X), r = 0, 1, 2,
Y = J, 7 = m and for fibred manifolds (J"Y, m, s, J°Y), s = 0, 1. We denote
(V, ¢) a fibred chart on Y, V C Y being an open set, ¥ = (¢, ¢%), 1 < o < m,
(U, ¢), U=n(V), ¢ = (t), is the associated chart on X, and (V, ¢,), V. = w;é(V),
P = (t, q%, %), o = (t, ¢°, ¢°, {°), are the associated fibred charts on J'Y and
J2Y, respectively. Let U C X be an open set. A section § : U >t — §(t) € J"Y,
r =1, 2, is called holonomic if there exists a section y: U 3t — ~(t) € Y such that
0=J".

The standard concept of a vector field £ on J"Y is used, as well as of the jet
prolongations J"¢ of a vector field £ on Y. Projectable and vertical vector fields are
introduced in a usual way. A differential g-form n on J"Y is called 7,.-horizontal if
ien = 0 for every 7, vertical vector field £ on J"Y. A g-form n on J"Y is called
mr,s-horizontal if i¢n = 0 for every m,  vertical vector field £ on J"Y. 7,-horizontal
1-forms have a chart expression n = 1o (¢, ¢°, ..., ¢7) dt. A g-form n on J"Y is called
contact if J"vy*n = 0 for every section y of w. Contact forms on J"Y form an ideal Z¢x
called the contact ideal. For expressing differential forms in coordinates we use the
basis of 1-forms adapted to the contact structure, (¢, w?, d¢%) and (¢, w?, w?, d§?)
on J'Y and J?Y, respectively, where w? = dq° —¢° dt, w° = d¢° —° dt. There exists
a unique decomposition of a g-form 7 on J"Y into its (¢ — 1)-contact and g-contact
component my 4 .1 = pg—171+pgn. The jet prolongations of w-projectable vector fields
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are closely related to the contact ideal being its symmetries: 0jr¢w € Z¢ for every
w € Zc. Here 0jr¢ denotes the Lie derivative along a vector field J"¢.

A distribution on J"Y is a mapping D: J'Y 3¢ — D(x) C T, J"Y, where D(x)
is a vector subspace of 1,,J"Y. A distribution D is annihilated by 1-forms n on J"Y
such that i¢n = 0 for every vector field £ belonging to D.

2.2 Unconstrained Lagrangian systems

Let A\ be a first order Lagrangian, i.e a horizontal form on J'Y, A = L(t, ¢°, ¢°) dt.
The pair (m, \) is called a Lagrange structure. In mechanics the extremals of the
Lagrange structure are zero points of the variational derivative integral [ .J Ly* O n A

Q
where Q) C dom 1y is compact, and £ is a m-projectable vector field called the variation.
This yields the first variation formula

(2].) /Jl’}/*aJlf)\:/Jl’}/*ijlgda)\+/J1’Y*iJ1§9)\.
Q Q o0
Here 6 7 is the the Poincaré-Cartan form of A\. The condition for

extremals leads to Fuler-Lagrange equations — equations of motion of the system. The

coordinate free expression of these equations reads J'v* iy1edfy =0 or J?y*Ey =0,

or in coordinates E, o J?vy = 0, where E, = A, + B,,{", where E\ = E, w® A dt and
0L d' 0L 0*L d’ d ., 0 o .0

(2'2) Aazi_*fa Boy = ——F—, f=f—q"—,=—+q—.
0q° dt 9q 0¢°0q¢v’ dt  dt d¢° Ot dq°

A m-projectable vector field £ on Y is called a symmetry of the Lagrange structure

(m, A) if it holds 9j1cA = 0. This condition is the Noether equation. The Noether

equation in coordinates reads

8L oL [dg&° deo dev

0
(23) 5 + 0G° dt dt

=0.

Taking into account the first variation formula we can see that if £ is a symmetry of
the Lagrange structure then the quantity

(’9L
(2.4) ipely = <L —q° 5 ) €0+
(called the current) is constant along extremals. This result represents conservation
laws and is well known as the Emmy Noether theorem.
2.3 Nonholonomic dynamics

Suppose that an unconstrained (first order) Lagrangian mechanical system is sub-
jected to a nonholonomic constraint given by k equations, 1 < k <m — 1,

fit, q°,¢°) =0, 1<a<k, where rank (85 ) k,

or in a normal form ¢™~k+® = ¢2(¢, ¢°, ¢'), 1 <1 < m — k. These equations define a

constraint submanifold Q C J'Y of codimension k fibred over Y. Denote

L Q > (ta qo-a ql) — (ta q0'7 qla ga(tv ql/’ qs)) c JlY



10 Michal Cech and Jana Musilovd

the canonical embedding of @) into J'Y. On Q there arise the induced contact ideal
Zc generated by forms w? = t*w? and the canonical distribution

aga*l
L W

(25) C= {Span (,Oa | 1<a< k‘}, (pa — L*wmkara _ a.l )
q

The vector fields belonging to C are called Chetaev vector fields. They represent
admissible variations in the nonholonomic variational principle (first introduced in
[12]). Let us briefly recall this principle and its consequences. Let (m, A\) be an
unconstrained Lagrangian structure and 0, the corresponding Poincaré-Cartan form.
By the constraint system on @Q defined by A we mean the differential form +*6,. Denote
A= 1*A= (Loi)dt and 5 = ,-». Calculating *0) we obtain

oL

6q'm,—k+a L.

) . . .
(2.6) "0\ = Ldt+ @wl + Lop® =00+ Lop®, L=Lo., L,=
Let § be a section of the projection 71 : @ — X defined on an open subset U C X
containing a compact set ) C X. Let Z € C be a @j-projectable vector field and
let (¢u, dou) be its one-parameter group. The constraint variational integral and its
variational derivative are

Sa 0] = / 5*1%0,, di[

Q

1)

u] luzo = /(5*6ZL*9,\, or /Jl'y*azL*H,\

U
Q Q

in the case of restriction to holonomic sections. Nonholonomic first variation formula

then reads

(2.7) /le* 0710y = /le* iz di 0y +/JW*¢Z@L*A
Q Q o0

The integrand in the first integral on the right-hand side depends only on components
of Z on Y. The requirement of its vanishing for arbitrary 2 gives the equations of
motion

(2.8) J'yriz dii0y =0 = (e5(L) — Lags(9%)) 0 J*y =0, 1< s <m—k,
where for a function f = f(t, ¢°, ¢!) we use the constraint derivative operators:

_Of  de Of d. 0 % 0

C0qs  dtO¢s’ Oq¢5  0q5  0gs Ogm—k+i’
ﬁ_g_kli_’_l 6 _|_"li_dilc+“l£
at ot Toag T ggmrri Tlag T ar T g

The equations (2.8) can be written as A, + By.§" =0, 1 <1 <m —k,

Es(f)

9¢s dt 0¢°

T / T a ! a 27 2 a
(2.9) A4, = o.L d. oL I, 0cg B i(‘)g B = 8 L. VL 8 g. .
dq®  dt 0¢° ¢ 04" 0G°0q™

We obtained the reduced equations, which together with equations of the constraint
form a complete set of equations of motion of the nonholonomic system.
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2.4 Chetaev equations

The geometrical theory of nonholonomic systems leads also to the well known Chetaev
equations of motion. They are obtained by introducing the Chetaev constraint force
into equations of motion. Suppose that A, + B,,¢” =0, 1 < 0, v < m, are equations
of motion of an unconstrained system. The Chetaev force is defined as the form
o= ,u“g-q—f: w? A dt. The coefficients u%, 1 < a < k on J'Y are Lagrange multipliers.
The Chetaev equations read

(2.10) <AU + By, G” — pu® gf;) o J?y =0.

Together with the equations of the constraint f¢ =0, 1 < a < k, we obtain (m + k)
equations for trajectories and Lagrange multipliers.

3. Nonholonomic symmetries and conservation laws

We present a definition of a nonholonomic symmetry and derive general equations for
symmetries of a constrained mechanical system arising from a first order Lagrangian
structure.

3.1 Nonholonomic Noether symmetries

The concept of a nonholonomic Noether symmetry arises form the nonholonomic first
variation formula (2.7) (see [19]). Let Z be a Chetaev vector field, i.e. Z € C. The
chart expression of Z is

0 0
Z2=2"5+ Zla—ql + 2%+ (2° - ¢°2°)

ag®l  d 0

— + 7' —.
645 aqm—k—i-a + aql

Z is called a symmetry of the nonholonomic mechanical system arising from a pri-
marily unconstrained Lagrangian structure (A, 7) subjected to constraints ™%+ =
g(t, ¢°, ¢') if the constrained system :*f) on @ defined by A remains invariant un-
der transformations given by the one-parameter group of the vector field Z up to a

constraint form. This means that
(1.11) 0710 =iz di*0\ + dizi* 0y = F, 0%,

where F, are some functions on (). The relation (1.11) is the constraint Noether
equation. From the nonholonomic variation formula (2.7) we can see that if Z is
a symmetry of a nonholonomic mechanical system and v is a solution of the cor-
responding reduced equations together with constraints, then dJ'v*izi*0) = 0, i.e.
(izt*0y)0 J1~v = const. This means that the quantities ® = i;¢*0, are constant along
solutions. We obtain

- oL oL
1.12 b= (L-¢—— |2+ 2"
(112) ( ! aq'l) o
The quantities ¢ are called currents and the conditions ® = const. are the corre-

sponding conservation laws.

3.2 Equations for nonholonomic symmetries
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Using the definition of nonholonomic symmetries and relations (2.9) we obtain after
some tedious calculations the following set of partial differential equations for 2(m —
k) + 1 components of the symmetries:

d’ o -
(1.13) (;t + Ay(Z' - ¢ 7% =0,
0.® - 0A oL _ .
c —AlZO+{ .s+ ,GE;(QG)} (ZS—QSZO)—BISZS:(L
8ql aql 8ql alt(l,s)
0P _ s
70 + Bi(Z2° - §°2°% =0,

where 1 < [, s < m — k. These equations enable us to express symmetries of the
mechanical system via currents: Denoting B = B~! we obtain

1 oL 0® 0P
—(® Blsi gl — 470 _ Blsi
( 5 5 aqs) ’ a g

(1.15) Z B's (80@ - AZ° + {aA’“ + 8L_“ a;.(g“)} (Zm - q’”ZO)> .
alt(l,s)

(1.14) Z°

dg° 0¢° " 94

The computations of symmetries simplify if we know the currents (constants of mo-
tion). This might arise during the process of solving the motion equations. We take
advantage of this simplification in what follows.

4. Example: Chaplygin sleigh

The setting of the problem can be found in [1]. Here we study the dynamics by
the geometric tools exposed above. The main results are an explicit description
of the constraint dynamics and analysis of the constraint Noether symmetries and
corresponding conservation laws for this classical constraint system.

4.1 Chaplygin sleigh and its motion

The Chaplygin sleigh is a rigid body of mass m sliding on the horizontal plane without
friction (figure 1), C' is the center of mass. The inertia of the sleigh with respect to
the axis going through C' perpendicularly to the plane zy is J. The constraint is
imposed by a sharp blade placed at a point A, AC = a. The blade prevents the sleigh
to move in the direction perpendicular to the straight line AC. The constraint in
fibred coordinates (¢, ¢, x, y, ¢, &, ¥) reads

(116) g=itge = t: Q3 (L, z,y, & 8) > (Lo, vy, ¢, @, itgp) € JY.
Unconstrained Lagrange function and constraint Lagrange functions (2.6) are

1 1
L= 3m [(& — apsin)? + (¥ + ag cos 30)2} + §J<,b2,

.2 B J
( - +a2/€2<,b2>, Ly =m(itgp +apcosyp), k2 =1+ ——

cos? p ma?’
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Figure 1: Chaplygin sleigh.

Putting this into (2.9) we obtain the matrices A, B and B = B~!, and the equations
of motion

ma . . mo.. ma .o mtgy
px,

(1.18) 0 = —ma®k?p — —— i+ 5
cos ¢ cos?¢p cosy cos? ¢

Their solutions take the form (with integration constants Cy, Cy, C3)

(1.19)  o(t) = karcsintgh (izl(t — Cg)) +Cs, p=ky+Cs,

z(t) = ak2/cos (kY + Cs)tg v dy, y(t) = ak? /sin (kv + C3)tg dv,

For initial conditions ¢(0) = 0, ¢(0) = we > 0, 2(0) = 0, #(0) = y(0) = 0 we obtain
Cy = kwy, Cy =0, C3 = 0. For illustration, figure 2. presents a graphical output (for
a=1,% =1, m=2and k =4). We note that in [1] equivalent equations of motion

68 P

/ @[rad] ¥
/  asymptote: g =27

Figure 2: An example of Chaplygin sleigh motion.

are obtained by formulating the second Newton’s law in the reference frame connected
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with the sleigh for components u and v of the sleigh velocity and the angular velocity
w = ¢. The solution is then transformed into the inertial reference frame. Our
solution is the same as the last cited one.

4.2 Symmetries and currents

Putting expressions (1.17) into equations (1.13) we obtain

d/(b .. .2 . .‘t
o T 70 —p20) 4 [ - PTEE) (7o _ 320 —,
dt cos ¢ cosp  cos?p
0.® 2t it ; ~ .

+ 2B gngo—m<x g;p_ v )Z"L—l—mangZ‘P:O,
Op cos? ¢ cos?¢  cosp

0.9 it ; -

(1.20) b (282 92 Y gy M Je
2 2
Ox cos2p  cosy cos? ¢
0P 0P m

— —ma*k*(2¥ — $Z°) =0,

7% — 3729 = 0.
R ( xZ°)=0

di cos?

Expressing the components (2% — ¢Z°) and (Z* — #Z°) from the last two of these

equations, putting them into the first equation and substituting v = CO’;(P we obtain
0 0 0 0 v 0 e

1.21 — +o— — inp— — —5— r— | d =0.

(121) <at+‘pa¢+”cos‘pax+”m‘pay aZap ¥ 8v>

So, we have the characteristics ODE’s

dt _dep _ de _dy _ jede v

1 $  wcosyp wvsing ov o ap?’
Integrating the last equation we obtain

1 1 1 a2 1
§v2 + §a2k2¢2 = const., i.e. 5(3027290 + §a2k:2gb2 = const.

This quantity multiplied by mass m is the total mechanical energy E; of the sleigh
1 _mi?

which is the sum of the translational energy Ep = 2o and the rotational energy

FEr = %(J + ma?)p? with respect to the vertical axis going through the point A.
J + ma? is the inertia of the sleigh with respect to this axis. The total mechanical
energy of the sleigh expressed via the components of the velocity of the center od
mass (z¢, yo) is

1
E= % (8 + &) + 576"

Taking into account that o = x + acosy, yo = y + asiny and considering the
constraint we can see that £ = Fy. For the solution (1.19) we have

1 2F
Ey = fma,Qka(Q), Cy =kwy = 1/—0.
2 ma?
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We obtain the corresponding current taking into account that the constrained La-
grange function L does not depend on time explicitly,

m 42
1.22 P, = —— 21252 ).
( ) ! 2 (cos2g0+a ¥

Putting this expression into (1.14) we can verify that the corresponding symmetry is
1o}

Z = %;. Using the solution of equations of motion (1.19) we obtain the expressions
for the translational and rotational energy and the angle ¢ as functions of time:
© wot

t t
(1.23) Er :EotghQWTO7 E}?I:E()coshfw%7 sing :tghT.

It is more correct from the point of view of physics to decompose the total energy

Figure 3: Translational and rotational energy, %% = 1.

into the translational energy of the center of mass C, Er ¢ = %m(:r% + y2), and
the rotational energy of the sleigh with respect to the center of mass, Er ¢ = %ngQ.
Using the solution of equations of motion we obtain

wot 1 Ey 1
1.24 E =By |teh? 22 — — E =——(1-—=].
( ) e 0 ( & k * k2 cosh? “’lgt> P RC T osh? L,St ( kz)

Figures 2 and 3 show the asymptotic behaviour of the sleigh motion. Relations (1.23)
represent the limit case of (1.24) for J > ma?, i.e. k — 0o, as expected. Notice that
for k =1 (J < ma®) we have Ep.c = Ey and Eg ¢ = 0. This is not in contradiction
with the initial condition for ¢: Eg ¢ vanishes because of zero inertia, even though
wWo 7é 0.

Expressing constants Cy and C3 we obtain the following currents

i 1 E E
b= 20 i (£) 4 mabpeos (£), 0 = et YEVEL /o
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For the special case of zero inertia J, i.e. k = 1, the current ®- represents the y-
component of the impulse of the sleigh, pc, = myc = m(& tg ¢ +ag cos ). (We shall
see later that in such a case pc, must be conserved as well.) The rather complicated
formulas for the corresponding symmetries can be found in [22].

4.8 Chetaev equations and constraint forces

Finally, let us express Chetaev equations of motion and the constraint forces using
(2.10)). Rewriting the constraint as f = ¢ — #tg¢ = 0 we obtain

—mak2¢+ma’5sin<p—mjjcosg0:%g—£, g—i:o,
(1.25) mag sin ¢ — ma + map? cos p = ,u%, % = —tgop,
af d

—map cos ¢ — mij + map? sin g = pags 55 =1

i being a Lagrange multiplier. The constraint force ¢ = u(0, —tge, 1) has a clear
physical meaning in the reference frame connected with the point A and rotating with
the sleight: Denote 7/ = (0, acos ¢, asing), & = (¢, 0, 0), &= (3, 0, 0), A(0, &, §),
and ¢ = F* as usual in physics, we obtain

—

(1.26) F* = —m&x 7' —ma x (@ x 7') —mA.

This is the sum of Euler, centrifugal and translational force. The Coriolis force is
missing because the velocity of C' with respect to the reference system connected
with A is zero. Using the constraint to write § = Ztgy + Coﬁfw and putting into

(1.25) we obtain the Lagrange multiplier p and the constraint force ¢:

mdJ mdJ

1.27 = _—— " )i -7
( ) H J—|—ma2<'0x’ ¢ J + ma?

(07 (,0$ tg ¥, —(p‘f) :

This force is not variational in the sense of e.g. [21]. For k = 1 the constraint force
vanishes. This is consistent with the limit case J — 0 in relations (1.24): The motion
of the center of mass is uniform and straightforward (both components of the impulse
of the center of mass are conserved), while the sleigh rotates around it with the initial
angular velocity wg but with zero energy due to J = 0.
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