Efficiency for multitime variational problems with
geodesic quasiinvex functionals
on Riemannian manifolds
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Abstract. We study the connection between a multitime scalar vari-
ational problem (SVP), a multitime vector variational problem (VVP)
and a multitime vector fractional variational problem (VFP). For (SVP),
we establish necessary optimality conditions. For both vector variational
problems, we define the notions of Pareto efficient solution and of nor-
mal efficient solution and we establish necessary efficiency conditions for
(VVP) and (VFP) using both notions. The main purpose of the pa-
per is to establish sufficient efficiency conditions for the vector problems
(VVP) and (VFP). Moreover, we obtain sufficient optimality conditions
for (SVP). The sufficient conditions are based on our original notion of
(p, b)-geodesic quasiinvexity.

M.S.C. 2010: 65K10, 90C29, 26B25.
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1 Introduction and preliminaries

Beginning with Valentine [16] in 1937, during the years, the variational problem with
constraints experienced different stages of development. In 2008, Mititelu [6] studied
a single-time vector (or multiobjective) fractional variational problem. Mititelu [6]
and Mititelu & Stancu-Minasian [9] established for this problem necessary efficiency
(Pareto minimum) conditions. Using generalized quasiinvex functions, they developed
a duality theory including weak, direct and converse duality theorems.

In 2007 Udrigte and Tevy [15] gave new results for a multitime variational problem
of vector variable. In 2009 Pitea, Udrigte and Mititelu [11], [12] considered the multi-
time vector variant of the problem (MSP) into geometrical language, using curvilinear
integrals, and establishing necessary efficiency conditions and developed a duality the-
ory for this problem. Recently Mititelu and Postolache [8] studied the same subject
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for multitime vector fractional and nonfractional variational problems on Riemannian
manifolds, but using multiple integrals.

The purpose of this work is to deduce necessary and sufficient optimality conditions
for the multitime scalar problem (SVP) (sections 2, 4) and of Pareto efficiency for
the multitime vector variational problems (VVP) and (VFP) (section 3, 4), in a
geometrical framework [11], [12].

Let (T,h)and (M,g) be two Riemannian manifolds of dimensions m and n. In
addition, M is a complete manifold. Denote t = (t!,...,t™) = (t¥) the points of a
measurable set Q in T and x = (z?,...,2™) = (2°) the points of M. Consider the first
order jet bundle J' (T, M) = Q x R® x R™ and the functions

r:QCcT—M, X:JYT,M)— R,
f=f):JNT,M) = RP, k= (k,): JN(T,M) — RP,
9=1(9a) : J'(T,M) = R™, h=(hy): J"(T,M) = RY,

where m,p,q € N*, r =1,p, a = 1,m and s = 1, ¢, all of C%-class.

The argument of each function X, f, k, g, h is j'z = (¢, z, x,), the first prolongation
jet of z. For functionals, based on Lagrangians X, f,k, g, h, we use the pullback
jtx = (jla)(t)), where t € Q and z(t) = (2%(t)), and (9z/0t"(t)) = (2, (t)) = (z(¢)).

The Euler-Ostrogradsky PDEs produced by the Lagrangian X are

0X 0 (90X
( ) axk atv (81‘,’;) 07 ?77’7 v 7m
We shall use a normed vector space of functions (F(Q, M), || - ||), where

FQ,M)={z:Q— M |z is piecewice C'},

and
m n

Jall = llzlo + 32 3 ek e
y=1k=1
The induced distance is d(z°(-), z(-)) = ||=(-) — 2°()||, 2°(-), 2(-) € F(Q, M). In this
sense, (F(€Q, M),d) is a metric space.
The following partial ordering is used for two n-tuples v = (vy,...,v,) and w =
(w1, ..., wy):

v=w & vyu=w, t=1nv<w & vy <w;, t=1,n

vwev <w,i=1n v<wevwand v # w.

Similar partial relations are used also for m-tuples.
Let dv = v/deth dt* A dt?... A dt™ be the volume element on . We use the
functionals

b b
Fe() = [ ftode, Kia() = [ kGlod,r =T

and a vector fractional functional

I = (o) @) )
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The general problem of study is the multitime vector fractional problem

Maximize Pareto J(x(-))
(VFP) subject to  g(jiz) = 0, h(jjx) = 0,
z(t) |oq = u(t) (given).

This problem include the multitime vector variational problem

Minimize Pareto (Fi(-),...,Fp(z())
(VVP) subject to g¢(jiz) < 0, h(jiz) =0,
z(t) loa = u(t).

and the following multitime scalar variational problem

Minimize E(z(-)) = [, X
(SVP) subject to g(]t x) =0 h(jtl') =0
z(t) |aa = u(t).

The three variational problems have the same domain

D = {z € F(Q,M) |g(jiz) < 0, h(jiz) =0, 2(t) |oa = u(t)}.

Definition 1.1. [1] Let (M, g) be a complete Riemannian manifold. Let n : M x M —
TM, n(u,z) € T,M, u,x € M be a vector function and S C M a nonempty set.

(ii) The set S is called n-geodesic invex if, for every u,z € S, there exists exactly
one geodesic v, 5 : [0,1] — M such that

Yu,(0) = U, Yu.2(0) = n(u, x), Yu(T) €S, Vr €[0,1].

(ii) Let S C M be an open 7n-geodesic invex set and f : S — R be a C* function.
The function f is called n-geodesic invex on S if

f(@) = f(u) = dfu(n(u, x)), Vu,z € S.

Definition 1.2. [16] Let 2°(-),z(-) € F(Q, M). A function ¢(¢,7), t € Q, 7 € [0,1]
is called geodesic deformation of the pair of functions (2°(-),x(-)), if it satisfies the
properties: (1) the function 7 — (¢, 7) is a geodesic; (2) (t,0) = 2°(t), p(t,1) =

x(t).

Definition 1.3. The set S = F(Q,5) C F(Q, M) is called n-geodesic invex if, for
every 2°(-),z(-) € S, there exists exactly one geodesic deformation ¢(t,7), t € €,
7 € [0,1] such that the vector function

n(2°(t),x(t)) = %f(t»ﬂlr:o € TooyM =n(t) = (' (t),..., 0" (1)

is of class C! and satisfies 7(t) | = 0.
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For our sufficient conditions of efficiency and optimality, we shall introduce the
notion of (p, b)-geodesic quasiinvex functionals. We fix a number p € R, a functional
b: F(Q,M)xF(Q,M)— [0, oo) and the distance function d(z(-),y(-)) on F(Q, M).
We consider the functional

E:F(Q,M)— R, E(z(-)= QX(jtlx) dv.

Definition 1.4. Let (M, g) be a complete Riemannian manifold. Let S be an open
n-geodesic invex subset of F(§, M).

(i) The functional E is called (strictly) (p,b)-geodesic quasiinvex at z°(:) € S,
with respect to n(t), if E(z(+)) < E(z%(:)) implies

0X on' 0X .
o) [ (1 Gotita?) + SEEE D)) o () = —pbla a0 ),

for any z(-) € S.
(ii) The functional E is called monotonic (p, b)-geodesic quasiinvex at z°(t) € 9,
with respect to n(t), if E(z(+)) < E(z%(:)) implies

; 0X ont 0X .
b(a:,xo)/Q <7) p% (]tloso)+ @ax% (]tlxo)> dv = —pb(z,2°)d*(z,2°),

for any z(-) € S.

Example 1.5. Let us fix the domain
E={z:Q=[0,1"CR™ — R, ‘ z(+) continuous}
and the "negative” Boltzmann-Shannon functional

J:E—=R, Jx()) = /Qa:(t) In z(t)dv.

This functional is geodesic quasiinvex with respect to

[ —(Inz(t) +1)d*(x,2%) if te€intQ
"(t)_{ 0 it teon.

2 Necessary optimality conditions for
scalar problem (SVP)

In all the paper, we simplify supposing T'= R™ and hence det h = 1.
We start with variational problem (SVP), recalling a well-known result.

Theorem 2.1. (Necessary optimality to (SVP) (Mititelu, Postolache [8, Theorem
2.1]). If 2°(-) € D is an optimal solution to problem (SVP), then there exist a scalar
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T € R and the piecewise smooth multipliers A(t) = (A*(¢)) € R™ and u(t) = (u°(t)) €
RY that satisfy the following conditions:

0X . 0ga ... Oh,
o [ 0X . 09a . .. 0hs\
(SFJ) “ow (ax AW g0 T axg) =0

A () ga(jtz?) = 0, for each o = 1,m (no summation)

T >0, (A*()) = 0,teQ,

where

0X 0X 0X 0X
0o Y il 1,0y Y+ — -1,..0
) 81)0 . 8.7; (]t € )7 axg . 81}1} (]t x )

2V = (2)
etc.

Definition 2.1. A point 2°(-) € D is called normal optimal solution to (SVP) if
7> 0.

3 Necessary efficiency conditions for

multitime vector variational problems
(VVP) and (VFP)

3.1 Efficiency for multitime vector variational
problems (VVP)

We consider the vector functional

() = (Fi(z(), -, Fp(a())
and the multitime vector variational problem

Minimize Pareto F(xz(-))

h(jix) =0,
), Vte Q.

(VVP) subject to  g(jiz) < 0
=u

z(t) o Et

The domain of (VVP) is just D.

In this section we establish necessary Pareto efficiency conditions for the program
(VVP).

Definition 3.1. A function 2°(-) € D is called an efficiency solution (Pareto mini-
mum) to (VVP) if there exists no z(-) € D such that F(z(-)) < F(z°(:)).

Theorem 3.1. (Necessary efficiency to (VVP) (Mititelu, Postolache [8, Theorem
3.1]). Consider the vector multitime variational problem (VVP) in the framework
presented in Section 1.1 and let z°(-) € D be an efficiency solution to (VVP). Then
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there are the vector Lagrange multipliers T = (") € RP and A\(t) = (A\*(t)) € R™ and
w(t) = (u*(t)) € R4, all functions being piecewise smooth, which satisfy the conditions

rafT 8hs_
0z 90

0 - Ofr o 00 s Ohs\
(VFJ) ~ 5 (7‘ G TN (g0 1 <t)8xg) ~0
A (1) ga(ji2®) =0, for each o =T1,m
(") = 0, (A\¥(t)) = 0, t €,

« ag@ s
+A (t)@ + p(t)

T

where of af of of,
9 0 0 LA " ;1,0
axo . 5'£E (t7 x (t)’ xv (t))’ 81}?] : axv (jt r )

etc.

Definition 3.2. The function 2°(-) € D is called a normal efficient solution to (VVP)
if, in the conditions (VFJ), there exists 7 with 7 > 0, < e,7 >= 1, where e =
(1,...1) € RP.

3.2 Necessary efficiency for multitime vector
fractional variational problems (VFP)

In this section we recall some definitions and results that will be needed later in
our discussion about Pareto efficiency conditions for the multitime vector fractional
variational problem

Maximize J(z(-)) = (;% o f%) (z(-))
(VEP) subject to  g(jiz) < 0, h(jiz) = 0,
x(t) loo = u(t) (given), Vt € Q.

The domain of (VFP) is the same set D.

Definition 3.3. A feasible solution z°(-) € D is called efficient solution of (VFP) if
there is no z(+) € D, z(-) # 2°(+) such that J(z(-)) < J(z°(")).

To present efficiency necessary conditions for (VFP), we need the followings state-
ments. Let z°(-) be an efficient solution to (FVP). Consider the problem

Mlnlwmlze K. (2())
subject to  z(t) |aq = u(t), YVt € Q
9(jiz) 20, h(jiz) =0

F(=°() . _
J@0) S K@) T
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Denoting .
o _ Fr(@°()) — min Fo(z()) R
K@) RO
the problem (FP),(2°) can be written as
min Fr(x())
= Kp(x(-))
(FPR)T subject to  z(t) |aq = u(t), Vi € Q,

g(jiz) <0, h(jtz)=0
Fj(x(-)) — RIK;(x(-) <0, j=Tp, j#.

We add now the problem

min(F(x(-)) = RYK(2(-))

subject to  (t) [aq = u(t), Vt €

9(jiz) =0, h(jiz) =0

Fj(2(-) = B3 (2()) < 0, j=T.p, j # 7.

Lemma 3.2. (Jaganathan [2]). The function x°(-) € D is optimal to (FRP), if and
only if it is optimal to (SPR),.

(SPR),

Definition 3.4. The efficient solution 2°(-) € D is called normal efficient solution to
(VFP) if 2°() is normal optimal to a least one of scalar problems (SPR), , 7 =1, p.

Theorem 3.3. (Necessary efficiency in (VFP) (Mititelu, Postolache [8, Theorem
3.2])). Let 2°(-) € D be a normal efficient solution to problem (FVP). Then there
exist a vector T = (77) € RP and piecewise smooth functions A = (A*(t)) € R™ and
w=(u(t)) € RY (Lagrange multipliers) that satisfy the conditions

r afr oakr aga s 8hs
g {8%0 By 0x0 0x0 i )8300

o [ [0f o0k . g Ohs
(MF.J) _6t“<T [axg R’“axg]“(t)azg”ﬂ(t)axg =0

A (t)ga(jta®) =0, for each o =T1,m
T72>0, <er>=1, (A*(t)) = 0, teQ,

} +A%(t)

where

afr o afr 1.0 afr o afr 1,.0
2% Oz (e 27), 020 8$U(th )
etc.

Obviously, we have R? = F,.(2°("))/K,(z°(")), » = 1,p. Taking into account
these relations and denoting A(t) := K, (2°(-))A(t), u(t) :== K,.(2°(-))u(t), Theorem 3
becomes
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Theorem 3.4. (Necessary efficiency in (VFP) (Mititelu, Postolache [8, Theorem
3.8])). Let 2°(:) € D be a normal efficient solution to problem (VFP). Then there
exist a vector T = (1) € RP and piecewise smooth functions A = (A*(t)) € R™ and
w= (pP(t)) € R (Lagrange multipliers) that satisfy the conditions

ofr Ok, 09a Oh
T {Kr(xo)aio — F.(x )a 0] + A ()agoJru()axO—

0 . ofr Ok, 0 oh
(MF.J), o <7’7 [Kr($o)a£0 —F.(z )(3' 0:| +)\(t)axgo +M(t)ax0> -

v

A (1) ga(t,z0(t),20(t)) =0, for each a=T1,m
T >0, <eT>=1, (A\*()) = 0, te.

Definition 3.5. (Equivalent to Definition 8). The efficient solution z°(-) € D is
called normal efficient solution to (VFP) if the conditions (MFJ) or (MFJ), exist
with 7 = 0, (e, 7) = 1.

4 Sufficient efficiency conditions for
problems (VVP) and (VFP)

In this section we shall establish sufficient efficiency conditions for (VVP) and (VEP).
In all our theory it is used the essential

Main Condition: Suppose that the subset S C F(£2, M) is n-geodesic invex set,
where the C! vector function 7(t) is as in Definition 2, and instead of F (2, M) we
use S.

Theorem 4.1. (Sufficient efficiency for (VVP)). Let 2°(:) € S, 7 = (77), A = (\?)
and = (p®) be multipliers satisfying the relations (MFJ) from Theorem 3. For
each 2°(+) € S, let x(-) € S be an arbitrary geodesic perturbation. If the following
conditions are fulfilled:

a) Each functional F,(z(-)) is (pL,b)-geodesic quasiinvex at z°(-), with respect to
n and d.

b) The functional / X (t)ga (i) dv is (p2,b)-geodesic quasiinvex at x°(-), with
Q
respect to n and d.
¢) The functional / pf (t)hs(jia) dv is monotonic (ps,b)-geodesic quasiinver at
Q

20(-), with respect to n and d.
d) One of the functional of a)-b) is strictly (p,b)-geodesic quasiinvez at z°(-).
e) T py+p2+p3 >0 (p}, p2, p3s € R),
then 2°(+) is an efficient solution to(VVP).

Proof. . Let us suppose toward a contradiction, that 2°(-) is not an efficient solution
for (VVP). Then, for each 7 = T, p, there exists z(-) # 2°(-), a feasible solution to
(VVP), such that

fT(jt ) dv < /ﬂ jra®)
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According to hypothesis a), it follows that

8 T, a 7 a T
baa®) [ [OF Gl") + G S Gla)] dv < —plbla ), a°)

(see Definition 2).
Transvecting this inequality by 7" > 0, we obtain

ofr . oni . Ofr .
0 . r 1,0 T 1,0
bw.a®) | fle) 7 G Gla) + Gk St o

< —(r"phb(x, 2°)d?(x, 2°).

(4.1)

From the continuity of the functions, we choose z(¢) € S such that

//\O‘ )ga(t, @, x4) dv</)\°‘ )ga(t, 2%, 20) dv.

Then, taking into account the condition b) and Definition 2, it follows

b .
b %) [ (0N (0 222 (a) + A0 T2 (1) do

< _pr(xv € )dQ(xv $0).

(4.2)

Taking into account the condition ¢) and Definition 2, the equality

|l do = [ won i) do
Q Q
implies

Ohs
ozt

-1,..0
atv (jtx )] d'U

< _pBb(l'v mo)dz(xv xO).

. s ahé -1330 anl s
ay e [mOROFEGE + S

We sum side by side the relations (4.1), (4.2) and (4.3) and take into account d).
Then we obtain

Ofr 0Ga .\ Ohg .

0 X T «@ s 1.0
) [ ) 75+ 200 4ot 8] (5o +
(44) 0 / 8771' rafr a aga s ahs

< —(7"pL + p2 + p3)b(x, 2°)d? (z, 2V).

From (4.4) it follows b(z,2") > 0 and then

/Qm(t) [ nOfr + (¢ )890,‘ +us(t)ah5f} (jla®)dv +

Oz’ ort oxt

(45) /8771 Tafr 8904 Ohs 1,0
+Qat'u T@x;+>\()81+“()8% (]tx)dv

< —(1"py + p2 + p3)d*(z, 2°).
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We denote V' = [77 f+A%(t)ga+p° (t)hs](j2°) and then the relation (4.5) becomes

ov o, OV )
(46) /Q?’]Z(t)%d’l/ +A2 8;]1} GI% dv < —(T p71¢ + P2 + pg)dQ(x,;pO)’

ovV. _ 9V (:1,..0 ov. _ 9V (-1,..0
where we denoted §% = F~(j;27), 52T = Bar (Ga).

For an integration by parts in the second integral of (4.5), we have

O (VYm0 (VY
ot \"oxi ) T atvari T o \aa )0V T
and

oV [ D oV 9 (v
4.7 /Q ot o ™ = /Q ot (”’(t) a:a) @ /Qm(t) ot (ax;‘J) av.

Using the flow-divergence formula, we find

(4.8) /Q 830 (m(t) SZW) dv = /m <m(t)§;;) nydo = 0,

where i = (n,) is the normal unit vector of the hypersurface 992 and 7(t) |aq = 0.
Then, relation (4.7) becomes

on; OV o [ov
4. —dv = — (t)=— .
(4.9) o ot o /Qm(t) ot <8x§,> dv

and according to (4.9), the relation (4.6) can be written

ov g (oV

Taking into account the first relation of (VVP), the relation (4.10) becomes 0 <
—(7"pL + p2 + p3)d?(z, x°). Having d(x,2°) > 0 and the hypothesis e), we obtain the
inequality 0 < 0 that is a false. Therefore 2° is an efficient solution to (VVP), because
M is a complete Riemannian manifold. O

In what follows we establish efficiency sufficient conditions for the problem (VFP).

Theorem 4.2. (Sufficient efficiency for (VFP)). Let 2°(-) € S and 7 = (77), A =
(A, p = (u®) be multipliers satisfying the relations(MFJ) from Theorem 3. Suppose
fulfilled the following conditions:

d' ) Each functional F.(x(-)) — ROK,(z(-)) is (p},b)-geodesic quasiinvez at z°(-),
with respect to n and d.

V') The functional [o, X*(t)ga(ji ) dv is (p2,b)-geodesic quasiinvex at x°(-), with
respect to 1 and d.

') The functional [, pu*(t)hs(jix) dv is (ps,b)-geodesic quasiinvezr at x°(-), with
respect to n and d.

d') One of the functionals from d ), b) and c) is strictly (p,b)-geodesic quasiinvex
at 2°(-), with respect ton and d (p = p}, pa or ps, respectively).

¢) 7T pr+p2+ps > 0.

Then x°(+) is an efficient solution to (VFP).



48 Stefan Mititelu, Madalina Constantinescu, Constantin Udrigte

Proof. Tt is similar to those of Theorem 5, where, for each r = 1, p, the Lagrangian
fr(jix) is replaced by f,(jiz) — RYk.(jix).

Theorem 4.3. (Sufficient efficiency for (VFP)). Let 2°(-) € S and 7 = (77),
A= (A%, u = (p*) be multipliers satisfying the relations (MFV)° from Theorem
4. Suppose

') Boch functional v = 15, [ [K,@")f,Glo) = Bk, Gloldo is (oh.1)

geodesic quasiinvez at 2°(-), with respect to n and d.

b), ¢) and e) of Theorem 5.

d") One of the functionals from d"), b) and c) is strictly (p,b)-geodesic quasiinvex
at 2°(+), with respect to n and d (p = pL, p2 or ps respectively).

Then 2°(+) is a geodesic efficient solution to (VFP).

Proof. 1t is similar to those of Theorem 5, where the hypothesis a) is replaced by
hypothesis a’’) of this theorem.
If, in Theorems 5-7, the functionals from the hypotheses b) and ¢) are replaced by

the functional / N (t)ga(jiz) + 1 (t)hs(jt 2)]dv, then we have the following results:
o

Corollary 4.4. (Sufficient efficiency conditions for (VVP)). Let 2°(-) € S and 1, ),
w be multipliers satisfying the relations (VEJ) from Theorem 3. Suppose

a) Each functional v = 1,p, F.(x(-)) is (pL,b)-geodesic quasiinvex at z°(-), with
respect ton and d.

b') The functional / N (1) ga (i) + s () hs (1 2)]dv is (p2, b)-geodesic quasiinvex
Q

at 2°(-), with respect to n and d.

d') The functionals from a) and V' )are strictly (p,b)-geodesic quasiinvex at 2°(-),
with respect to n and d (p = pL or pa, respectively).

e) T pr+p2 > 0.

Then z°(-) is an efficient solution to (VVP).

Corollary 4.5. (Sufficient efficiency conditions for (VFP) Let 2°(-) € S, and 1, ),
w be multipliers satisfying the relations (MFEJ) from Theorem 3. Suppose satisfied the
following conditions:

d') Each functional v = 1,p, F.(z(-)) — ROK,.(z(-)) is (p},b)-geodesic quasiinvex
at 2°(-), with respect to n and d;.

V) and €') from Corollary 1.

d’) One of the functionals from d') and V') is strictly (p,b)-geodesic quasiinvez at
20(-), with respect to n and d.

Then x°(+) is an efficient solution to (VFP).

Corollary 4.6. (Sufficient efficiency conditions for (VFP)). Let z°(:) € S, and T |\,
w be multipliers satisfying the relations (MFV)y from Theorem 4. Also, we consider
a vector function n as in Definitions 3. Suppose the following conditions are satisfied:

') Bach functional 1 = Tp. [ (K", (Gl) = Bk ()] do is (oh.0)-

geodesic quasiinvez at 2°(-), with respect to n and d.
b') and €') from Corollary 1.
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d") One of the functionals from o) and V') is strictly (p,b)-geodesic quasiinvex
at 2°(+), with respect to n and d, as in Corollary 1.
Then z°(+) is an efficient solution to (VFP).

Corollary 4.7. (Sufficient optimality conditions for (SVP)). Let 2°(-) € S, and T,
A, w be multipliers satisfying the relations (SEFJ) from Theorem 1. If the following
conditions

a) | X(jlx)dv is (p,b)-geodesic quasiinvex at 2°(-), with respect to n and d.

v) Z*%“om Corollary 1, ¢), we have Tp+ p2 > 0.

d) One of the functionals from @ and V') is strictly (p,b)-geodesic quasiinvez at
20(-), with respect to n and d,

are satisfied, then 29(-) is an efficient solution to (SVP).
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