Topology of Lagrange multipliers
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Abstract. We re-discuss the well-known programs with holonomic con-
straints insisting on the following issues: (i) the Lagrange-dual problem
with weak respectively strong duality; (ii) the Wolfe-dual problem; (iii)
the topology of Lagrange multipliers; (iv) the interpretation of Lagrange
multipliers; (v) pertinent examples.
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1 Classical Lagrange and Wolfe
dual programs

In this Section, we re-discuss the well-known programs with holonomic constraints
insisting on the following issues [1], [3], [4]: (i) the Lagrange-dual problem with weak
respectively strong duality; (ii) the Wolfe-dual problem.

1.1 The Lagrange dual problem

Let D be a domain in R", let z = (z',...,2") be a point in D and f : D — R and
Jo : D — R be convex functions. Denote g = (g,) and we introduce the set

Q={xeDl|gy(x)<0,a=1,..m}={x € D|g(x) <0}

A complete notation for this set is (£2, g, <), but for short the sign < or the pair (g, <)

are suppressed in the notation. Let us consider the convex program
(P) min{ f(z) |z € Q}.
x

The Lagrange function (or Lagrangian) of (P)

L(Z'v)‘) :f(‘r)+z/\aga(x) :f($)+< Aag >7IED3)\EO
a=1
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is convex in x and linear in A.

Remark We can create an original Riemannian geometry on the set of critical
points, using similar ideas we shall develop in a further 3.2.1.

For all A > 0, the inequality

> Xagalx) <0, Vo € Q
a=1

holds. Consequently

(1) L(z,\) < f(z), Ve € Q, VA= 0.

The equality holds iff (complementarity conditions)
Aago(z) = 0 (for each a =1,...,m).

Let us introduce the Lagrange dual function
m
= 1 >_ .
v(\) = inf {f(z) + az_:l Xaga(®), ¥ € D, A= 0}

This function () is concave, because it is a point-wise infimum of affine functions.
Indeed, using the linearity of L(x,\) with respect to A, and introducing A' = 0,
A2 >0,and 0 <t <1, we have

PN + (1 —1)A\%) = inf Lz, A"+ (1 —1)A\?)

= zing(tL(a:,/\l) + (1 —t)L(x, \?)) > migf)(tL(x,)\l)) +mig£((1 —t)L(x,\?))

=t inf Lz, AN + (1 —t) inf L(z,A?) = tp(A\1) + (1 — t)p(A\?).

Definition 1.1. The problem

sup {¥(\) A= 0}

is the so-called Lagrange dual problem of (P).

The Lagrange dual problem can be called convex because it is equivalent to the
convex problem

inf {~$(A) | A = 0}.

The Lagrange-dual problem is also defined in this way if (P) is not convex. The
following theorem holds also in that case.

Theorem 1.1. (weak duality) The dual function yields lower bounds of the initial
optimal value fy, i.e., for any A, we have (X)) < f.. In other words,

sup {$(0) | A = 0} < inf {F(2)},
A e
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Proof In the foregoing statements, we have the relation (1). Since Q@ C D, for
each A = 0, we find
_ < < .
$(A) = inf L(z,A) < inf L(z,A) < inf f(z)
Thus the statement in the theorem is true.
The problem of finding the best lower bound on f, obtained from the Lagrange
dual function is called the Lagrange dual problem for the original or primal problem.

The optimal values may be different. However, they are equal if (P) satisfies the
Slater condition and has finite optimal value. This is the next result.

Theorem 1.2. (strong duality) If the program (P) satisfies the Slater condition
and has finite optimal value, then

sup (V)| A = 0} = inf {£(a) | 9(x) <0},

Moreover, then the dual optimal value is attained.

Proof Denote by f. the optimal value of (P). Taking a = f, in the Convex Farkas
Lemma, it follows that there exists a vector Ay, = (A1, ..., Ams) > 0 such that

L(z, M) = fx) + i Aax §a () > fi, Yz € D.
a=1

Using the definition of 1 (\,) this implies ¥(A«) > fi. By the weak duality theorem,
it follows that ©¥(As) = f.. This not only proves that the optimal values are equal,
but also that A, is an optimal solution of the dual problem.

Remark Unlike in Linear Programming theory, the strong duality theorem cannot
always be established for general optimization problems.

2 Topology of Lagrange multipliers

The aim of this Section is to give some original results regarding the topology of
Lagrange multipliers set.

Let f: DCR"— Rand g: D C R® — RP, p < n, of class C? with rank J, = p
in D. Let L (z,\) = f(x)+A-g(x), with A € RP. We recall that

H(x,\)=Vf(x)+\X-Vg(z)=0

is the equation of critical points with respect to x of the Lagrange function.

Let A= {z|3\cu H (z,\) =0} and B = {\ | 3z cu H (x,\) = 0} . Introduce
h : A — B such that H (x,h(z)) = 0. The function h is well defined since the
equation H (z,A) = 0 is linear in A\ (system with unique solution). Hence, for any
A € B, the set h=1 (\) is non-void, and it consists of all critical points corresponding
to A (set in which the nondegenerate critical points are isolated).

Proposition 2.1. Let \g € B such that there exists xo € h=' (\g) with the property
that xq is nondegenerate, i.e., the Hessian d?f (xo) + \o - d?g (zo) is nondegenerate.
Then h admits a differentiable section sy, : I, — A.
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Proof. Since %—I; (10, Ao) = df (20) + Ao - d*g (x0) is non-degenerate, by hypothesis,
there exists a neighborhood I, of Ay and a differentiable function sy, : Iy, = A such
that H (sx, (A\),A) = 0, VA € I, and sy, (A\g) = Ag. Moreover, the function sy, is

unique, with these properties. O

For any A € B, let Sy be the set of all sections of h defined in a neighborhood of
A, set which is eventually void.

Remark 2.1. (i) If h=!()\) contains at least one nondgenerate critical point, then
S, is non-void. If A= ()\) does not contain degenerate critical points, then the sets
h=1(\) and Sy have the same cardinal and are discrete sets.

(ii) The set C = {)\GB | SA#@/} is open.

In the following, we suppose that the set .Sy is finite, for any A € B. We can define
f*:B— Rby f*(\) = maxses, f(s(\),if Sy # & and f*(\) = —o0, if S\ = .

Proposition 2.2. (i) For any A\ € B, we have
T < SUDPzen-1()) f(z).
(ii) If h=1 (X) does not contain degenerate critical points, then

F) = SUDgep—1()) f(x)= max,ep-1(3) f (x).

Proof. (i) Let sg € Sy cu f(so(N\)) = maxses, f(s(N) = f*(N\). Since so(\) €
h=t(X), it follows that f* (X) < sup,ep-1y) f (%)

(2) By hypothesis, the sets Sy si h~! ()\) have the same cardinal, hence h=! ())
is finite. Let yo € h=1 (\) with f (yo) = max,ecp-1(x) f (7). Since (yo,A) is a non-
degenerate critical point, there exists s; € Sy with s; (A\) = yo. Then, it follows
that

max f (s (X)) = f (yo) = max (A) f ().

SESA xeh—1
O

Proposition 2.3. Let \g € B such that h=! (\g) does not contain degenerate critical
points. Suppose, also, that f|n-1(x,) is injective. Then there exists sy € S, So :
Iy — A such that f*(X) = f (so (N)), for any A € Iy.

Proof. Let sg € Sy,, S0 : Ip = A such that f*(X\g) = f(so(Xo)). Then f*(Ng) =
f(so(Xo)) > f(s(No)), Vs € Sy, s:Is — A. Since f is continuous and the set S,
is finite, it follows that we can restrict the neighborhood Iy such that f (so(\)) >
f(S ()‘)) ) VA€ I(),VS € S)\ov i~e'7 f* ()‘) = f (80 ()‘)) 7V)‘ € S/\O' U

3 The meaning of Lagrange multiplier

In our mostly geometrical discussion, A is just an artificial variable that lets us com-
pare the directions of the gradients without worrying about their magnitudes. To
express mathematically the meaning of the multiplier, we write the constraint in the
form g(x) = ¢ for some constant ¢. This is mathematically equivalent to our usual
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g(x) = 0, but allows us to easily describe a whole family of constraints. For any given
value of ¢, we can use Lagrange multipliers to find the optimal value of f(z) and the
point where it occurs. Call that optimal value f,, occurring at coordinates xy and with
Lagrange multiplier A\g. The answers we get will all depend on what value we used
for ¢ in the constraint, so we can think of these as functions of ¢ : fi(c),zo(c), Mo(c) .
Of course, f(x) only depends on ¢ because the optimal coordinates zy depend on c:
we could write it as f.(c).
To find how the optimal value changes when we change the constraint, just take
the derivative _
de Oz} de
Use the equation of critical points to substitute V f, = —Ag Vgo and obtain

dzo
de’

=V/, -

df . dzo dgo
-~ =) e -
dc 0 V90 dc dc

But the constraint function go = g(zo(c)) is always equal to ¢, so dgg/dec = 1. Thus,

df./dc = —Xg. That is, the Lagrange multiplier is the rate of change of the optimal
value with respect to changes in the constraint.

df.  dfs d\
Of course, f,. depends on c through of A, and then % = df)\ I We can define

¢(A\) by Cauchy problem

1 df.
de —7ﬁ C()\O):O.

(EC) ax N dx’

Then another Lagrange dual function may be
(LDF) P(A) = faulzo(A) + Ac(N).

Proposition If optimum points are critical points, both Lagrange dual functions
give the same solution. Hence strong duality holds.
Proof Indeed, using (EC) we have

df d
o\ = de e + Ad—i = ¢(\)

and ¢’'(A) = 0 implies ¢(A) = 0, that is for Ag.

Often the Lagrange multiplier have an interpretation as some quantity of interest:

(i) A is the rate of change of the quantity being optimized as a function of the
constraint variable since % =\

(ii) by the envelope theorem the optimal value of a Lagrange multiplier has an
interpretation as the marginal effect of the corresponding constraint constant upon
the optimal attainable value of the original objective function: if we denote values at

the optimum with an asterisk, then it can be shown that

For details regarding classical theory of programs see [1], [3], [4].
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If we have more constraints g,(x) = ¢o , @ = 1,...,m, then the Lagrange function
is L(z, ) = f(z) + Y01 Aa(ga(x) — co) and the system of critical points is

Of  ~=, 09a
y A — =0.
ox* + 0;1 ox* 0

Because the optimal coordinates xg and the optimal value f, depend on vector c,
taking the derivatives we have

Ofe _ 0fs 0z _ N~10098 08 _ N~10095 _ _N~yos o
Oco  Oxh Oco ;Af’axgaca_ ZA N Z)\ﬁéaﬁ_ A

Then we can define ¢(\) by the partial differential system, with initial condition,
written in matrix language as

861 801

O OMNm 8f* af* _
(EC) M dn] | __L% aAm}’ (o) =
oA OAm,

Then another Lagrange dual function may be
m
(LDF) P(\) = Fulwo(N) + D Aaca(N).
a=1

Deriving the [-th equation with respect to A\, and the a-th equation with re-
spect to Ag , in the previous system, we obtain the complete integrability conditions

8Ca - C{)Cﬁ
O O,
scalar function, namely the Lagrange dual function p(\).

Moreover, the previous square matrix being a symmetrical one, we can write the

equation (EC) as

(symmetric Jacobian matrix); consequently c¢(\) is the gradient of a

Jer 9em

AL A a%.l 851 =— {af* 8f*} .
dey 9com o\ o™
oxm T 9aAm

Consequently, in a regular case, we have the following situation: Solving a con-
strained optimum problem we obtain the optimal value as f. = f(c1,...,¢m). For the
dual problem we use a f, = f(Al,...,A™). If the correspondence between (cy, ..., ¢ )
and (A1, ..., \™) is like a change of variables there hold the relations:

grade fo = =X; (AN A= —grady f., d(\) € L(R™, R™).

4 Examples and counter-examples

We solve pertinent examples of constrained optimization problems.
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f=(2+0)ald +3+2v2

{(@.h /gx.y), fx.y)}
f(x,y) = x*2 + yr2
g(x,y) = x"2 + y"2 - 2x -1

L3+ 2V2)

Figure 1: Geometry of Lagrange duality

(1) Let us consider the functions f(z,y) = 2% +4? and g(x,y) = 2? +y* — 2z and
the problem
min f(z,y) constrained by g(z,y) = ¢, ¢ > —1.

The Lagrange function of this problem is
L(z,y,\) = 2° + y* + M2® + 9° — 22 — ¢).

The critical points of the partial function (z,y) — L(x,y,\) are the solutions of the

system

10L 10L
,87:354_)@_)\:0 0

S =0
2 Ox 120y y+Ay

It follows x =

2
y = 0 and hence f, = (ﬁ) . On the other hand, by restriction,

A
10
in critical points, we have the relation

A )2 A
Z) ot o
A+ 1 A+ 1

It follows
dfe  dfs 1
de — dA j—f\
and finally, we obtain the geometrical interpretation ‘g—c* = -\

The dual function is

B = L), p N N) = 3 — A

The value t(\) is a minimum for A > —1 and a maximum for A < —1, in the initial
problem. The condition of extremum (critical point), ¥’(\) = 0, is equivalent to
(¢c+1)(A+1)2 =1 and the dual problem has the same solution as the primal one.
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On the other hand the equation (EC) for this problem is

de  1d [ A\ 1
B (A Xo) = 0, where A\ 1==+ .
dh A dx <A+1> » ¢(h) =0, where o + N
1
We find ¢(\) = e — 1 — ¢ and the dual Lagrange function

as the above one.
The Geometry of Lagrange duality is suggested in Fig. 1.
(2) A problem with two constraints Solve the following constrained optimum
problem:
f(z,y,2) = zyz = extremum

constrained by
a(z,y,2)=z+y—a=0, g2(x,y,2) =xzz+yz—>b=0.
The Lagrange function is
L(z,y,z,\, u) =zyz+ Max+y—a) + p(zz +yz —b)

and the feasible solution of the problem is, only,

a b A b a
x:y:52—2/11’2:5:;7)\:—1’/11:—1,
ab

The Lagrange dual function is ¥(A, ) = —4Au — aX — by
The partial differential system which defines ¢; (A, p) and ¢ (A, 1) becomes, in this
case,

(961 861
N o | _ b a\ b a\
<EC) [)\ M] % Ocy __[4N 4)\]7 €1 <_4a_4> =C2 (_4,—4 =0.
oN  ou
601 682
Taking into account that — au =\ we obtain two quasilinear PDEs
dcy Jcy dca dcy
Aoy = —4p, A = —4\
ox THon T T AN T :

with solutions, respectively

a\p) =—-4u+a (A> , o\ p) = —4X+ 5 (/\> )
I I
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oc Jc
a, B arbitrary functions. The condition a—l = 87/\2 is verified, for instance, if o and
I

[ are constant functions. Using the initial conditions, we find finally
(A p)=—4dp—a, ca(Ap) = —4r b,
PN ) = A+ A(—4p — a) + p(—4A = b) = (A, p) -
(3) A strange problem Solve the following constrained optimum problem:
f(z,y,2) = zyz = extremum

constrained by
gi(z,y,2) =r+y+z-a=0,
92(z,y,2) =2y + a2 +yz —b=0.

So the Lagrange function is
L(z,y,z,\ p) =zyz + Mz +y+2—a) + plzy + xz +yz — b)
and one from the solutions of the problem is, for instance,

—a—+Va®—3b \ 2a% — 3b+ 2ava2 — 3b 2
o= 5 = =0,
3 9

a++vVa?—3b a—2va? —3b
3 T z:f:a—&-Zu,

Tr = y =
with the extremum value

_ 1 s o2 _ apy3/2) _
f*727( 2a° + 9ab — 2(a” — 3b) )7)\(a+2p),

only if a? — 3b > 0.
Remark Another solution of the problem is

—a+Va?—3b

= ,...and so on
K 3

with the extremum value
1
= 77 <—2a3 + 9ab + 2(a* — 3b)3/2) = Aa+2u).

The interval [f. , f*] solves the following algebraic problem: Find the real numbers
m such that the equation t3 —at®> +bt —m =0, a,b € R, has tree real roots.
It is easily to verify that

0 0
%f*(a,b) = —\ and %f*(a,b) =—u.

I\, )
0(a,b)
and p only. Then we have to consider f. = f.(a,b, A(a,b), u(a,b)) and the following
relations

On the other hand, = 0 and f, cannot be expressed as function of A

da  OA Ja  Oup Oa

dfe  Of. O\  O0f. 0
A Dyf _ OF 01O\ OF. O
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Of.  0f.ON _ 0f. 0

ab O\ b~ Ou 0b
which is easily to verify also (here D is an operator of total derivative.)

Question Which is the dual Lagrange function ¢ (A, i) in this case?

Solving the system of the critical points with respect to x,y and z we find, for
instance, x = y = —y, z undeterminate and A = p2. With these, one obtains the dual
Lagrange function

- = Dbf* =

P\ ) = x(p) = —p® — ap® = bu..
Remark Although z is undeterminate, the dual Lagrange function does not de-

pend upon z, because with the above solutions the derivative — vanishes identically.

The critical points condition for the dual Lagrange function

dx 2
o (3p” + 2ap +b)
gives us the same solutions as in primal problem.
Open problem How it means and how we find the functions ¢; and ¢ in the
0N _
d(a,b)
(4) Let us consider the functions f(z,y) = 2% + y? and g(x,y) = = + y, with
(z,y) € R%, and the problem

situation, like this, when

min f(x,y) constrained by g(z,y) > 1.
The Lagrange function is
Lz,y,\) = 2> + 34> + X1 —z —y), (z,y) € R>, A >0.
The function (z,y) — L(x,y, \) is convex. Consequently, it is minimal iff

oL 0L
5 =gy, =0

This holds if x = %, y = % Substitution gives

)\2
P =A= T A2 0.

The dual problem max(A) has the optimal point A = 1. Consequently, x = y = %
is the optimal solution of the original (primal) problem. In both cases the optimal
value equals %, i.e., at optimality the duality gap is zero!

(5) Let us solve the program

min z subject to 2 < 0, x € R.
This program is not Slater regular. On the other hand, we have

—i for A>0

VY = (w4 2a) = { —oo  for A=0.

inf
TER
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Obviously, ¥(A\) < 0 for all A > 0. Consequently, sup{)(A\)|X > 0} = 0. So the
Lagrange-dual has the same optimal value as the primal problem. In spite of the lack
of Slater regularity there is no duality gap.

(6) (Example with positive duality gap) We consider the program

mine™? subject to /22 4+ 42 — 2 <0, (z,y) € R%

Here the feasible region is Q = {(z,y) € R*|z > 0,y = 0}. Consequently this
program is not Slater regular. The optimal value of the objective function is 1. The
Lagrange function is

L($7y7)‘)_6_y+)‘(\/ y —.1')
The Lagrange dual program can be written in the form
sup¥(A) subject to A > 0.

Note that L(z,y,A) > 0 implies ¥)(\) > 0. Now let ¢ > 0. Fixing y = —Ine and
724+ 192 —x =€ and

L(z,y,\) = (14 Ne.

z=1Y

In this way,
A)= inf L A) <inf(1+ Ne=
4% (m,zl/?eRZ’ (2,9,4) < go( +A)e
On the other hand, we also have ¢ (\) > 0, and consequently the optimal value of the
Lagrange dual program is 0, and hence the minimal duality gap equals 1. Of course,
here we have no strong duality here.

5 The Wolfe-dual problem

The Lagrange dual program can be written in the form

sup {xlnf {f(z) + Z Aaga(T)}}

A>0

Assume that D = R™ and the functions f, g1, ..., g, are continuously differentiable
and convex. For a given A > 0 the inner minimization problem is convex, and we can
use the fact that the infimum is attained if and only if the gradient with respect to z
is zero.

Definition 5.1. The problem

(WP) sup {f(z)+ E AaYa (T
subject to
% 3ga
Ao = A >
8351 )+ Z =0, 0

is called the Wolfe dual of the program (P).
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Obviously, the constraints in Wolfe dual are usually nonlinear. In such cases the
Wolfe-dual is not a convex program.
The Wolfe dual has the weak duality property.

Theorem 5.1. (weak duality property) Suppose that D = R™ and the functions
[, 915, gm are continuously differentiable and convex. If & is a feasible solution of
(P) and (Z,\) is a feasible solution for (WP), then

L(z, ) < f(2).
In other words, weak duality holds for (P) and (WP).

5.1 Example

(1) Let us consider the convex program

min x + e¥ subject to 3z — 2¢¥ > 10, y > 0, (z,y) € R
@,y

Then the optimal value is 5 with z = 4,y = 0. The Wolfe dual of this program is

sup{z +e¥ + A (10 — 3z + 2¢¥) — Aoy}
T,y,A
subject to
1 -3\ =0,eY+2e%\; — Ao =0, (z,y) € R*, A >0.

Obviously, the Wolfe dual program is not convex. It follows \; = % and the second
constraint becomes gey — A2 = 0. Eliminating A1, A2 from the objective function, we

find 5. 5 10
= - y —_— y T .
9(y) =g’ —gye’ + 5
This function has a maximum when ¢'(y) = 0, i.e., y = 0 and f(0) = 5. Hence the
optimal value of (WP) is 5 and then (z,y, A1, A2) = (4,0, %, %)
Remark The substitution z = e¥ > 1 makes the problem linear.

6 Minimax inequality

For any function ¢ of two vector variables x € X, y € Y, the minimax inequality

: .
max min ¢(z,y) < min max ¢(z,y)

Y . < X
I,y z 3 (ZS(:E 7y) — aj ¢(I7y)

and take the minimum over x € X on the right-hand side, then the maximum over
y € Y on the left-hand side.

Weak duality is a direct consequence of the minimax inequality. To see this, start
from the unconstrained formulation of Lagrange, and apply the above inequality,
with ¢ = L the Lagrangian of the original problem, and y = A the Lagrange vector
multiplier.
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