On holomorphic jets bundle %M with
Randers metric

Violeta Zalutchi

Abstract. The geometry of Randers spaces has been investigated by G.
Randers using Riemannian techniques in [12], by R. Ingarden in [7], by R.
Miron in [9, 10], etc. A higher order approach of the geometry of Randers
spaces was made by M. Roman in [13]. The complex version of Randers
metrics was studied by N. Aldea and G. Munteanu in [3]. In this paper,
using the theory of the holomorphic jet bundle JZ® M, we define and
study the geometrical theory of a Randers space of order two. We define
a complex Randers metric and we determine circumstances in which this
metric is a Finsler one.
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1 Introduction

Let M be a complex manifold, dimcM = n. We briefly revise the decomposition of
the complexified tangent bundle TcM = T'M @ T" M, where T’ M is an holomorphic
vector bundle over M and T M is a vector bundle over M, but not an holomorphic
one.

If M is considered as a real manifold, its second order jet manifold J2(M) is a
fiber bundle over M, [14]. We have the decomposition of the complexified space of
JA(M): JEM = JEO(M) @ JEYV (M) @ JO2 (M), [8], where the terms are fiber
bundles over the complex manifold M, the first one being an holomorphic bundle
which contains the holomorphic second order jets on M in sense of [15].

In a previous paper, [16], the structure of the holomorphic bundle J (2.0 M for the
2-jets on the complex manifold M was studied. Let us remember that on the complex
manifold JZ9 M, on a local chart, the coordinates are denoted by Z = (2*,n*, ¢k,
k = 1,n, and the changes in the local basis on M will transform according to the

BSG Proceedings 23. The International Conference ” Differential Geometry - Dynamical Systems”
DGDS-2015, October 8-11, 2015, Bucharest-Romania, pp. 90-98.
© Balkan Society of Geometers, Geometry Balkan Press 2016.



On holomorphic jets bundle 7% M with Randers metric
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The local basis in the holomorphic bundle

} and in T"(J*9 M) is its conjugates. The changes of
the local basis are made according to the following rules:
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and similar for the conjugate basis that coresponds in T}, (JZ9M).

The two structures, that play a special role in defining the linear and nonlinear
connection on JZ9 M are: the natural complex structure J and the almost second
order tangent structure F'.

A complex nonlinear connection, (c.n.c.), is given by H(.J>% M) which is supple-

mentary to W (JZO M) in T'(JZ9 M), where W, (J 29 M) is spanned by {dnﬂ , 0‘2] }

in a local chart. With V(J2% M) we denote the vertical bundle spanned by {80

By conjugation, we obtain the decomposition for Te(J 2.0 pr ). A characterization for

the nonlinear connection using the k-tangent structure on the k-osculating bundle is in
1 2

[
J

the paper [5]. A local basis in H,(J(*? M) is denoted by 5 =

dzJ j d(l

(1)
and it is called adapted basis of the (c.n.c.). With F(§Z7) =: 557_7 = 8177 — N; cr Is
obtained a local adapted basis in W, (J*>%M). The transformations of coordinates

) (2)
(1.1) on JZ9 M produces the transformations of the coefficients N;f and N;f of the
(c.n.c.) in the form:
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The adapted basis will change as follow: % = %ZZ; 53, - and 6?7] = %ZZ ji 53’i' Obvi-
ously % = 8822 J %, so these fields are changing as those on the base manifold M.

j' or by their conjugates

Generally, the geometrical objects which are changed by 2 57
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%l;, are called d- tensor fields. The adapted basis on T”(J(ZO)M) is obtained by
(1)
conjugation. The joint between the dual co-basis {dz%,dn' = dn’+ M]z dz7,6¢" =
(1) (2)
d¢*+ M di’ + Nj d2’} and the adapted basis is given by the rules:

m o @ @ 0o
M{=N} ; Mj=N; + NiNF,

) (2)
where M and M; are changing by the following rules (see [16]):
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The formulas which make the joint between Nj, N} and M;, M; are: M;=N; and

2 @ (1) @)
M;=N; + N,QNJ’-“. The notion of complex nonlinear connection is connected with

the complex spray notion, which is defined as a field S € T"(J% M) with property
) 2 . ,
FoS =L, where £= 7' 8?71' + 2¢" 8% is a Liouville field. The spray S has the

coefficients G*, thus S = n' a(zi + 2¢ 5?7
by the rule:
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Therefore a normal complex nonlinear connection, N-(c.l.c.), is a derivative law on
Te(J> 0 01 ) and dependlng on the adapted frame, is defined by the following coeffi-

cients DI"' = (L;k,U F! C!

jR ]k, T C’Z ) which are changing as follow:
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and the others are d-tensors.

2 Complex Randers spaces

Let us consider a metric Hermitian structure g(z) with respect to Jys on the base

manifold M, that mince that g is bilinear on the sections of ToM and g(X,Y) =
g(Y, X). Locally, if we consider the chart (U,z*), then g = g;5(z)dz’ ® dz’ is well

defined by g,;(z) := g(%, %) with g;; = 95 Because g defines a metric structure,

the Hermitian matrix (g;;) has det(g;;) # 0, with the inverse (¢7%) such that gijgjk =
5.

The Hermitian metric tensor g;; could be considered as a d—tensor on J 2007,
still denoted by g,;, such that (g;; o 7)(u) = g;5(2), where 7(u) = z.



On holomorphic jets bundle 7% M with Randers metric 93

One, like for real Osc?M, let us consider the first Cristoffel symbol of the metric
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We consider the Liouville fields:
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Taking into account (2.1), (1.1) and (1.2) it is a straightforward computation to prove
that these are d-vector fields.

Recall from [1, 2, 6, 11] that a complex Finsler structure is a pair (M, F'), where
F:T'M — RT is a smooth function except zero section satisfying the homogeneity
condition F'(z,An) = |A|F(z,7n) for VA € C and the metric tensor g,z := 8n926n’° with
L := F? defines a Hermitian bilinear form. The main example of a complex Finsler
structure with Randers metric tensor is F' = a + |B], where o = \/a,;;(2)n'n’ and
B =bi(z)n', [3].

If we consider the Hermitian matrix nondegenerated, i.e. det (gj,;(z, n)) # 0, then
a more general study is obtained, that of the complex Lagrange spaces, [11].

In [19] we extended the definition to J(*%) M.

A second order complex Finsler space is a pair (M, F'), where F : JEOM - Rt is
a (1, 1)-homogeneous smooth function different from the 0-section, i.e. F(z, An, A2¢) =

IA]> F(z,1,¢), VA € C* and the metric tensor 9i7(z,m,¢) = 8?;{ determine a Her-

mitian bilinear form.

Let us note that the complex Finsler (actually purely Hermitian) metric tensor
gi7(2) can define a Hermitian metric structure on J (2.0 M by means of the second
order complex Lagrangian £ = g;5(2)§'¢’ with the same metric tensor g;;(2), i.e.

8?7 8‘2] = g,;7(2). This process was studied by us in [18] and it is called the prolongation

of complex Finsler structure.

Let us consider now the prolongation functions on J(29 M, still denoted by a and £,

0‘(277770 = az}(z)gzgjv 5(277)’0 = bl(z)gl(’z)nvC)v

where a := a;;(2)dz'®dz is a purely Hermitian positive metric and b;(z) are potential
forms on the base manifold M, such that b;(z) = b;(m(u)).

Definition 2.1. The function F : JZ0 M — R given by F := o + |3], i.e.

(2.2) F(z,1,0) = \/ a;j ()67 + [bi(2)€]]
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is a complex Randers metric. The pair (M, « + |8|) is a complex Randers space.

Our goal in the sequel is to find the circumstances in which the function (2.2) is
a second order complex Finsler metric.

The complex Randers metric F' := a+|f] is positive and smooth on .J(2:9 M\ {0},
due to the presence of |3|. Moreover, a and 3 are homogeneous thus F(z, An, \2() =
[A2F(2,m,¢), YA € C and this property implies

da ;1. Bl

oeit ~3% gt |5\ = Lig = 2F; ale+|B|Ls = 2F %
aLoo +1BLajs) = Lai aLaip) +61L1518 = Li);
0*Loaa +2018|Lajg + \Bl%mnm =2L,
where Lo := 95, Lig) 1= £5, Laa = 35, Lajs) 1= 225, etc.

Theorem 2.1. a)The fundamental tensor field is given by

F 7,
(2.3) 95 = hij 2|,B| fzfj,

da _ 1 Bl _ B . -
8{02 — 2a l“ 85’ Wb and hzz = Q4
(a

b)The function L := F ? =

where — 2a2 l; l-

+ |ﬁ|) 15 a dzﬁerentmble Lagrangian of second order;

Proof. a) If we consider

bizaﬁb;,fi:@i,:c 0oy £y 22 fl+iﬁb and g;5 =

87%
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we obtain (2.3).

b) First, we must prove that F' is a second order complex Finsler metric. Let
€1, C2, ..., €y, be the complex numbers with ¢; = ¢;, Vi = 1,n and D,; a non-singular

n X n complex matrix with (D”) its inverse. We consider ¢’ = D?"c; and similar for

the conjugates; ¢? = c'c; = c'c;. Following the ideas from [4] and [3] for the matrix

H;; = D;;+c;cj, we obtain det(H )= (1£c? )det(D ) If 1+c? # 0 than the matrix

sz is invertible and its inverse is H/* = D7’ £ 5

metric F' we obtain

- E
g = Qi 1B1(a|[b]]” + I/D’I)g i _ bzbg
Ly Frvy

2c ¢?. For the complex Randers

- o (B + BVED)

and det(g;;) = (E)

«

det(a;;), where |[b||* := a/?b;b; and v := L + o2(|[b]|* - 1).

—_~—

2<X\5|

Because o and 3 are of C*°-class on J(2:0) M and continuous on the null section of
the projection 7 : JZOM — M we obtain that L has also these properties. We

know that ¢! is 2-homogeneous on the fibres of J(2:0) M. Taking into account all those
formulas we can see that F' is a second order complex Finsler metric if v > 0 (in this
case the fundamental metric tensor g;;(z, 7, () is positive definite). O
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For the differentiable Lagrangian L(z,7,¢) = F?(z,n, () we consider its Lie deriva-

—_~—

tive with respect to a vector field X on J(2:0 M, denoted by

1 2
Therefore, with respect to the Liouville vector fields " and T" we get the scalar fields
on J(20) M
1 2
which are called the main invariants of the Lagrangian L. The expanded expressions

of the main invariants are follows:

1 oL 2 oL

. , ;0L
1(L) :Uzafciv I(L) :7718772» +2¢"

act
Let us consider a smooth parametrized curve ¢ : [a,b] — JZ9M represented in

a domain U of a local chart by c(t) = (2*(t),n"(t),¢*(t)), where n¥(t) = % and

Ckt) = %%, Vt € [a,b]. The integral of action of the Lagrangian L along c is

defined by \ ,
dz 1d°z

We can prove the Zermelo conditions:

Theorem 2.2. The necessary conditions that the integral of action I(c) does not
depend on the parametrization of the curve c¢ are the following ones:

[(L)=0, (L) =L

Proof. The integral of action I(c) does not depend on the parametrization of the
curve c if we have:

= (_dz 1d%2\ dt dzdt 1d (dzdt
L Z,ﬁ,*ih, 7:L Z,ﬁf,*f —_—= B
dt’ 2 dt? ) dt dt dt’ 2dt \ dt dt
where t = £(t), t € [0,1] is a differentiable diffeomorphism. If we derive this equation

with respect to % and then, with respect to %, taking £ = ¢, we obtain (2.11). [

3 Connections in the complex Randers spaces

In this section, we examine what are the circumstances in which a (c.n.c.) exists.
Moreover, we want to see if we can obtain a canonical nonlinear connection from a
Chern-Lagrange connection.

The complex spray has the local expression

0
Ozt

o,
+2¢"

S = o

. 0
- 3GZ(Z77’7<)87C1 )

where G? are the coefficients of the spray and they follow the rule

o L02 ¢ 9¢"
=3 G — [ 200 |
3G 38z3G (n 927 +2¢ 8nﬂ>
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Proposition 3.1 ([19]). If S is a complex spray with coefficients G, then

) ) i
Mi= 8G_ , Mi= aG.
7o 7 oni

are the dual coefficients of a (c.n.c.), and then

m o @ @ 0o
N!=M}; Nj=M]— MM}

give the coefficients of a (c.n.c.).

Conversely, the following result holds:

(1), 2),

Proposition 3.2 ([19]). If M} and M; define a (c.n.c.), then a complex spray on
2 (1

JEONM s given by: 3G? =M ) +2 M (.

In a previous paper, [19], we concluded that:

wn @
Theorem 3.3 ([19]). The pair M, M; determines the dual coefficients of a (c.n.c.),
named the Chern-Lagrange (c.n.c.), where

mer 92, 2L 2L
(3.1) M; =g —— ; MJZ =" ——.
onio¢ 0230¢

Taking into account the complex Lagrange space (M, L), we obtain:

Theorem 3.4. The set of the dual coefficients are given by:

(1)CL

i aal’ l; aZalt ‘b c|B| ¢4 c|ﬁ|a1 F acﬁ bi ¢4 a3lib"’b3
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(2)CL o
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Proof. We compute these coeflicients, taking into account that L = (a + |5 \)2 and

the relations (3.1). O

n [17], we pointed out the connection between the canonical complex spray and

(1)cL (HcrL
. o M _ oM
the Chern-Lagrange (c.n.c). We showed that due to the relations o = ot =
(2)cL (2)CL

OV =9 M 4 ical is derived from the Chern-L
—gct— = ~5¢i— the canonical spray is derived from the Chern-Lagrange (c.n.c).
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