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Abstract. The geometry of Randers spaces has been investigated by G.
Randers using Riemannian techniques in [12], by R. Ingarden in [7], by R.
Miron in [9, 10], etc. A higher order approach of the geometry of Randers
spaces was made by M. Roman in [13]. The complex version of Randers
metrics was studied by N. Aldea and G. Munteanu in [3]. In this paper,
using the theory of the holomorphic jet bundle J (2,0)M , we define and
study the geometrical theory of a Randers space of order two. We define
a complex Randers metric and we determine circumstances in which this
metric is a Finsler one.
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1 Introduction

Let M be a complex manifold, dimCM = n. We briefly revise the decomposition of
the complexified tangent bundle TCM = T ′M ⊕T ′′M , where T ′M is an holomorphic
vector bundle over M and T ′′M is a vector bundle over M , but not an holomorphic
one.

If M is considered as a real manifold, its second order jet manifold J2(M) is a
fiber bundle over M , [14]. We have the decomposition of the complexified space of
J2(M): J2

CM = J (2,0)(M) ⊕ J (1,1)(M) ⊕ J (0,2)(M), [8], where the terms are fiber
bundles over the complex manifold M , the first one being an holomorphic bundle
which contains the holomorphic second order jets on M in sense of [15].

In a previous paper, [16], the structure of the holomorphic bundle J (2,0)M for the
2-jets on the complex manifold M was studied. Let us remember that on the complex
manifold J (2,0)M , on a local chart, the coordinates are denoted by Z = (zk, ηk, ζk),
k = 1, n, and the changes in the local basis on M will transform according to the
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following rules:

(1.1)

z′i = z′i(z);

η′i = ∂z′i

∂zj η
j ;

2ζ ′i = ∂η′i

∂zj η
j + 2∂η′i

∂ηj ζ
j

and that ∂z′i

∂zj = ∂η′i

∂ηj = ∂ζ′i

∂ζj ;
∂η′i

∂zj = ∂ζ′i

∂ηj . The local basis in the holomorphic bundle

T ′(J (2,0)M) is
{

∂
∂zi ,

∂
∂ηi ,

∂
∂ζi

}
and in T ′′(J (2,0)M) is its conjugates. The changes of

the local basis are made according to the following rules:

∂

∂zj
=

∂z′i

∂zj
∂

∂z′i
+

∂η′i

∂zj
∂

∂η′i
+

∂ζ ′i

∂zj
∂

∂ζ ′i
;(1.2)

∂

∂ηj
=

∂η′i

∂ηj
∂

∂η′i
+

∂ζ ′i

∂ηj
∂

∂ζ ′i
;

∂

∂ζj
=

∂ζ ′i

∂ζj
∂

∂ζ ′i
,

and similar for the conjugate basis that coresponds in T
′′

z (J
(2,0)M).

The two structures, that play a special role in defining the linear and nonlinear
connection on J (2,0)M are: the natural complex structure J and the almost second
order tangent structure F .

A complex nonlinear connection, (c.n.c.), is given by H(J (2,0)M) which is supple-

mentary to W (J (2,0)M) in T ′(J (2,0)M), where Wz(J
(2,0)M) is spanned by

{
∂

∂ηj ,
∂

∂ζj

}
in a local chart. With V (J (2,0)M) we denote the vertical bundle spanned by

{
∂

∂ζj

}
.

By conjugation, we obtain the decomposition for TC(J
(2,0)M). A characterization for

the nonlinear connection using the k-tangent structure on the k-osculating bundle is in

the paper [5]. A local basis in Hz(J
(2,0)M) is denoted by δ

δzj = ∂
∂zj −

(1)

N i
j

∂
∂ηi−

(2)

N i
j

∂
∂ζi

and it is called adapted basis of the (c.n.c.). With F ( δ
δzj ) =: δ

δηj = ∂
∂ηj −

(1)

N i
j

∂
∂ζi is

obtained a local adapted basis in Wz(J
(2,0)M). The transformations of coordinates

(1.1) on J (2,0)M produces the transformations of the coefficients
(1)

N i
j and

(2)

N i
j of the

(c.n.c.) in the form:

(1)

N ′ i
k

∂z
′k

∂zj = ∂z
′i

∂zk

(1)

Nk
j −∂η

′i

∂zj ;

(2)

N ′ i
k

∂z
′k

∂zj = ∂z
′i

∂zk

(2)

Nk
j +∂η

′i

∂zk

(1)

Nk
j −∂ζ

′i

∂zj .

The adapted basis will change as follow: δ
δzj = ∂z

′i

∂zj
δ

δz′i and δ
δηj = ∂z

′i

∂zj
δ

δη′i . Obvi-

ously δ
δζj = ∂z

′i

∂zj
δ

δζ′i , so these fields are changing as those on the base manifold M .

Generally, the geometrical objects which are changed by ∂z
′i

∂zj or by their conjugates
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∂z
′i

∂zj , are called d - tensor fields. The adapted basis on T
′′
(J (2,0)M) is obtained by

conjugation. The joint between the dual co-basis {dzi, δηi = dηi+
(1)

M i
j dzj , δζi =

dζi+
(1)

M i
j dηj+

(2)

N i
j dzj} and the adapted basis is given by the rules:

(1)

M i
j=

(1)

N i
j ;

(2)

M i
j=

(2)

N i
j +

(1)

N i
k

(1)

Nk
j ,

where
(1)

M i
j and

(2)

M i
j are changing by the following rules (see [16]):

∂z
′i

∂zk

(1)

Mk
j =

(1)

M ′ i
k

∂z
′k

∂zj + ∂η
′i

∂zj ;

∂z
′i

∂zk

(2)

M i
j=

(2)

M ′ i
k

∂z
′k

∂zj +
(1)

M ′ i
k

∂η
′k

∂zj + ∂ζ
′i

∂zj .

The formulas which make the joint between
(1)

N i
j ,

(2)

N i
j and

(1)

M i
j ,

(2)

M i
j are:

(1)

M i
j=

(1)

N i
j and

(2)

M i
j=

(2)

N i
j +

(1)

N i
k

(1)

Nk
j . The notion of complex nonlinear connection is connected with

the complex spray notion, which is defined as a field S ∈ T ′(J (2,0)M) with property

F ◦ S =
(2)

L , where
(2)

L= ηi ∂
∂ηi + 2ζi ∂

∂ζi is a Liouville field. The spray S has the

coefficients Gi, thus S = ηi ∂
∂zi + 2ζi ∂

∂ηi − 3Gi(z, η, ζ) ∂
∂ζi , and they are transformed

by the rule:

3G
′i = 3

∂z
′i

∂zj
Gj −

(
ηj

∂ζ
′i

∂zj
+ 2ζj

∂ζ
′i

∂ηj

)
.

Therefore, a normal complex nonlinear connection, N -(c.l.c.), is a derivative law on
TC(J

(2,0)M) and depending on the adapted frame, is defined by the following coeffi-

cients DΓ = (Li
jk, L

i
jk
, F i

jk, F
i
jk
, Ci

jk, C
i
jk
) which are changing as follow:

L
′i
jk =

∂z
′i

∂zr
∂zp

∂z′j

∂zq

∂z′k
Lr
pq +

∂z
′i

∂zp
∂2zp

∂z′j∂z′k

and the others are d-tensors.

2 Complex Randers spaces

Let us consider a metric Hermitian structure g(z) with respect to JM on the base

manifold M , that mince that g is bilinear on the sections of TCM and g(X,Y ) =
g(Y, X̄). Locally, if we consider the chart (U, zk) , then g = gij̄(z)dz

i ⊗ dz̄j is well

defined by gij̄(z) := g( ∂
∂zi ,

∂
∂z̄j ) with gij̄ = g

j
¯i. Because g defines a metric structure,

the Hermitian matrix (gij̄) has det(gij̄) ̸= 0, with the inverse (gj̄i) such that gij̄g
j̄k =

δki .
The Hermitian metric tensor gij̄ could be considered as a d−tensor on J (2,0)M ,

still denoted by gij̄ , such that (gij̄ ◦ π)(u) = gij̄(z), where π(u) = z.
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One, like for real Osc2M , let us consider the first Cristoffel symbol of the metric
g(z),

Γi
jk := 1

2g
m̄i{∂gkm̄

∂zj +
∂gjm̄
∂zk } = Γi

kj ;

Γi
jk̄

:= 1
2g

m̄i{∂gjm̄
∂z̄k − ∂gjk̄

∂z̄m } ;

Γi
j̄k

:= 1
2g

m̄i{∂gkm̄

∂z̄j − ∂gkj̄

∂z̄m },

and their conjugates, because the Hermitian structure is integrable. The coefficients

Γi
jk are changed as follows Γ′i

rs
∂z′r

∂zj
∂z′s

∂zk = Γr
jk

∂z′i

∂zr − ∂2z′i

∂zj∂zk and all the others are
d-tensors.

We consider the Liouville fields:

zi := zi,

ηi := ηi,(2.1)

ξi := ζi +
1

2
Γi
jkη

jηk.

Taking into account (2.1), (1.1) and (1.2) it is a straightforward computation to prove
that these are d-vector fields.

Recall from [1, 2, 6, 11] that a complex Finsler structure is a pair (M,F ), where
F : T ′M → R+ is a smooth function except zero section satisfying the homogeneity

condition F (z, λη) = |λ|F (z, η) for ∀λ ∈ C and the metric tensor gjk̄ := ∂2L
∂ηj∂η̄k with

L := F 2 defines a Hermitian bilinear form. The main example of a complex Finsler
structure with Randers metric tensor is F = α + |β|, where α =

√
aij̄(z)η

iη̄j and
β = bi(z)η

i, [3].
If we consider the Hermitian matrix nondegenerated, i.e. det

(
gjk̄(z, η)

)
̸= 0, then

a more general study is obtained, that of the complex Lagrange spaces, [11].
In [19] we extended the definition to J (2,0)M .
A second order complex Finsler space is a pair (M,F ), where F : J (2,0)M → R+ is

a (1, 1)-homogeneous smooth function different from the 0-section, i.e. F (z, λη, λ2ζ) =

|λ|2 F (z, η, ζ), ∀λ ∈ C∗ and the metric tensor gij̄(z, η, ζ) =
∂2L

∂ζi∂ζ
j determine a Her-

mitian bilinear form.
Let us note that the complex Finsler (actually purely Hermitian) metric tensor

gij̄(z) can define a Hermitian metric structure on J (2,0)M by means of the second
order complex Lagrangian L = gij̄(z)ξ

iξ̄j with the same metric tensor gij̄(z), i.e.
∂2L

∂ξi∂ξ̄j
= gij̄(z). This process was studied by us in [18] and it is called the prolongation

of complex Finsler structure.

Let us consider now the prolongation functions on J (2,0)M , still denoted by α and β,

α(z, η, ζ) =
√

aij̄(z)ξ
iξ̄j ; β(z, η, ζ) = bi(z)ξ

i(z, η, ζ),

where a := aij̄(z)dz
i⊗dz̄j is a purely Hermitian positive metric and bi(z) are potential

forms on the base manifold M , such that bi(z) = bi(π(u)).

Definition 2.1. The function F : J (2,0)M → R given by F := α+ |β|, i.e.

F (z, η, ζ) =
√
aij̄(z)ξ

iξ̄j + |bi(z)ξi|(2.2)
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is a complex Randers metric. The pair (M,α+ |β|) is a complex Randers space.

Our goal in the sequel is to find the circumstances in which the function (2.2) is
a second order complex Finsler metric.

The complex Randers metric F := α+ |β| is positive and smooth on J (2,0)M\{0},
due to the presence of |β|. Moreover, α and β are homogeneous thus F (z, λη, λ2ζ) =
|λ|2F (z, η, ζ), ∀λ ∈ C and this property implies

∂α

∂ξi
ξi =

1

2
α;

∂|β|
∂ξi

ξi =
1

2
|β|; Lα = L|β| = 2F ; αLα + |β|L|β| = 2F 2;

αLαα + |β|Lα|β| = Lα; αLα|β| + |β|L|β||β| = L|β|;

α2Lαα + 2α|β|Lα|β| + |β|2L|β||β| = 2L,

where Lα := ∂L
∂α ,L|β| :=

∂L
∂|β| ,Lαα := ∂2L

∂α2 ,Lα|β| :=
∂2L
∂α|β| , etc.

Theorem 2.1. a)The fundamental tensor field is given by

(2.3) gij̄ =
F
α
hij̄ +

F
2|β|

bibj̄ +
1

2L
ξiξj̄ ,

where ∂α
∂ξi = 1

2α li,
∂|β|
∂ξi = β̄

2|β|bi and hīi := aij̄ − 1
2α2 lilj̄ .

b)The function L := F 2 = (α+ |β|)2 is a differentiable Lagrangian of second order;

Proof. a) If we consider

bi = aj̄ibj̄ , ξi =
∂L
∂ξi

= Lα
∂α

∂ξi
+ L|β|

∂|β|
∂ξi

=
F
α
li +

F β̄

|β|
bi and gij̄ =

∂ηi
∂η̄j

,

we obtain (2.3).

b) First, we must prove that F is a second order complex Finsler metric. Let
c1, c2, ..., cn be the complex numbers with cī = c̄i, ∀i = 1, n and Dij̄ a non-singular

n× n complex matrix with (Dj̄i) its inverse. We consider ci = Dj̄icj̄ and similar for

the conjugates; c2 = cici = cīcī. Following the ideas from [4] and [3] for the matrix
Hij̄ = Dij̄+cicj̄ , we obtain det(Hij̄) = (1±c2)det(Dij̄). If 1+c2 ̸= 0 than the matrix

Hij̄ is invertible and its inverse is H j̄i = Dj̄i ± 1
1±c2 c

icj̄ . For the complex Randers
metric F we obtain

gj̄i =
α

F
aj̄i +

|β|(α||b||2 + |β|)
Lγ

ξiξj̄ − α3

Fγ
bibj̄ − α

Fγ
(β̄ξibj̄ + βbiξj̄)

and det(gij̄) =
(
F
α

)n γ
2α|β|det(aij̄), where ||b||2 := aj̄ibibj̄ and γ := L+ α2(||b||2 − 1).

Because α and β are of C∞-class on ˜J (2,0)M and continuous on the null section of
the projection π : J (2,0)M → M we obtain that L has also these properties. We

know that ξi is 2-homogeneous on the fibres of ˜J (2,0)M . Taking into account all those
formulas we can see that F is a second order complex Finsler metric if γ > 0 (in this
case the fundamental metric tensor gij̄(z, η, ζ) is positive definite). �
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For the differentiable Lagrangian L(z, η, ζ) = F 2(z, η, ζ) we consider its Lie deriva-

tive with respect to a vector field X on ˜J (2,0)M , denoted by

X(L(z, η, ζ)) = LXL(z, η, ζ).

Therefore, with respect to the Liouville vector fields
1

Γ and
2

Γ we get the scalar fields

on ˜J (2,0)M
1

I (L) = L1
Γ
L,

2

I (L) = L2
Γ
L,

which are called the main invariants of the Lagrangian L. The expanded expressions
of the main invariants are follows:

1

I (L) = ηi
∂L

∂ζi
,

2

I (L) = ηi
∂L

∂ηi
+ 2ζi

∂L

∂ζi
.

Let us consider a smooth parametrized curve c : [a, b] → J (2,0)M represented in

a domain U of a local chart by c(t) = (zk(t), ηk(t), ζk(t)), where ηk(t) = dzk

dt and

ζk(t) = 1
2
d2zk

dt2 , ∀t ∈ [a, b]. The integral of action of the Lagrangian L along c is
defined by

I(c) =

∫ b

a

L

(
z(t),

dz

dt
,
1

2

d2z

dt2

)
dt.

We can prove the Zermelo conditions:

Theorem 2.2. The necessary conditions that the integral of action I(c) does not
depend on the parametrization of the curve c are the following ones:

1

I (L) = 0,
2

I (L) = L.

Proof. The integral of action I(c) does not depend on the parametrization of the
curve c if we have:

L̃

(
z̃,

dz̃

dt̃
,
1

2

d2z̃

dt̃2

)
dt̃

dt
= L

(
z,

dz

dt̃

dt̃

dt
,
1

2

d

dt

(
dz

dt̃

dt̃

dt

))
,

where t̃ = t̃(t), t ∈ [0, 1] is a differentiable diffeomorphism. If we derive this equation

with respect to dt̃
dt and then, with respect to d2 t̃

dt2 , taking t̃ = t, we obtain (2.11). �

3 Connections in the complex Randers spaces

In this section, we examine what are the circumstances in which a (c.n.c.) exists.
Moreover, we want to see if we can obtain a canonical nonlinear connection from a
Chern-Lagrange connection.

The complex spray has the local expression

S = ηi
∂

∂zi
+ 2ζi

∂

∂ηi
− 3Gi(z, η, ζ)

∂

∂ζi
,

where Gi are the coefficients of the spray and they follow the rule

3G
′i = 3

∂z
′i

∂zj
Gj −

(
ηj

∂ζ
′i

∂zj
+ 2ζj

∂ζ
′i

∂ηj

)
.
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Proposition 3.1 ([19]). If S is a complex spray with coefficients Gi, then

(1)

M i
j=

∂Gi

∂ζj
,

(2)

M i
j=

∂Gi

∂ηj

are the dual coefficients of a (c.n.c.), and then

(1)

N i
j=

(1)

M i
j ;

(2)

N i
j=

(2)

M i
j −

(1)

M i
k

(1)

Mk
j

give the coefficients of a (c.n.c.).

Conversely, the following result holds:

Proposition 3.2 ([19]). If
(1)

M i
j and

(2)

M i
j define a (c.n.c.), then a complex spray on

J (2,0)M is given by: 3Gi =
(2)

M i
j ηj + 2

(1)

M i
j ζj .

In a previous paper, [19], we concluded that:

Theorem 3.3 ([19]). The pair
(1)

M i
j ,

(2)

M i
j determines the dual coefficients of a (c.n.c.),

named the Chern-Lagrange (c.n.c.), where

(3.1)
(1)CL

M i
j = gmi ∂2L

∂ηj∂ζ
m ;

(2)CL

M i
j = gmi ∂2L

∂zj∂ζ
m .

Taking into account the complex Lagrange space (M,L), we obtain:

Theorem 3.4. The set of the dual coefficients are given by:

(1)CL

M i
j = (αa

j̄ili
4F ξ̄m

+ 1
4ξ̄m

+ α2aj̄ibi
2ξ̄m

+ c|β|
Lγ

ξi +
c|β|aij̄F

4αLγ
ξi + αc|β|bi

2Lγ
ξi − α3lib

ibj̄

4Fγ ξ̄m

−α2aij̄Fbibj̄

4Fγ ξ̄m
− α4bj̄

2Fγ ξ̄m
− αβ̄ξibj̄

4Fγ ξ̄m
− aij̄Fβ̄bj̄ξi

4Fγ ξ̄m
− α2β̄ξi

2Fγ ξ̄m
− αβbi

4Fγ
− aij̄Fβbi

4Fγ

−α2β
2Fγ

) ∂η
i

∂zj + (αa
j̄ili

4F ξ̄m
+ α2aj̄ibi

2F ξ̄m
− α3lib

ibj̄

4Fγ ξ̄m
− α4bj̄

2Fγ ξ̄m
− αβ̄liξ

ibj̄

4Fγ ξ̄m
− α2β̄ξi

2Fγ ξ̄m
)Γi

mkη
m

+(αa
j̄ili

4F ξ̄m
+ α2aj̄ibi

2F ξ̄m
− α3lib

ibj̄

4Fγ ξ̄m
− α4bj̄

2Fγ ξ̄m
− αβ̄liξ

ibj̄

4Fγ ξ̄m
− α2β̄ξi

2Fγ ξ̄m
)Γi

mkη
k

+( 1
4ξ̄m

+ cli|β|
4Lγ

ξi +
cFaij̄ |β|
4αLγ

ξi + αcbi|β|
2Lγ

ξi − α2aij̄Fbibj̄

4Fγ ξ̄m
− βFaij̄ξ

ibj̄

4Fγ ξ̄m

−αβbili
4Fγ

− βaij̄Fbi

4Fγ
− α2β

2Fγ
)Γi

jkη
k + ( 1

4ξ̄m
+ cli|β|

4Lγ
ξi +

cFaij̄ |β|
4αLγ

ξi

+αcbi|β|
2Lγ

ξi − α2aij̄Fbibj̄

4Fγ ξ̄m
− β̄Faij̄ξ

ibj̄

4Fγ ξ̄m
− αβbi

4Fγ
− βaij̄Fbi

4Fγ
− α2β

2Fγ
)Γi

jkη
j ,
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(2)CL

M i
j = [ 1

2F aj̄i + aj̄i

2 + |β|c(1+F )
2αLγ

(ξi)2ξ̄j − α3(1+F )bibj̄ξi

2αFγ
− (β̄ξibj̄

+βbiξ̄j)α(1+F )
2αFγ

ξi]∂aik̄

∂zj + [ 1
2F + α2aj̄ibi

F + 1
2 + aik̄

2α + |β|cαbi
2Lγ

ξi

−α3(1+F )bibj̄aik̄

2αFγ
− α4||b||bi

2Fγ ξ̄m
− α2

2Fγ
(β̄ξi bj̄

ξ̄m
+ βbi)bi − α(1+F )

Fγ
(β̄ξibj̄

+βbiξ̄j)aik̄

2α ] ∂ζi∂zj + [ 1
4F aj̄iΓi

mk + αaj̄ibi
2F Γi

mk + aj̄i

4 Γi
mk + |β|c(1+F )

4αLγ
ξiξ̄jΓi

mk

+ |β|cαξi
4Lγ

biΓ
i
jk − α3(1+F )bibj̄

4αFγ
Γi
mk − α4||b||bi

4Fγ ξ̄m
Γi
mk − α2

4Fγ
(β̄ξi bj̄

ξ̄m
+ βbi)biΓ

i
mk

−α(1+F )
4αFγ

(β̄ξibj̄ + βbiξ̄j)Γi
mk]

∂ηm

∂zj η
k + [ 1

4F aj̄iΓi
mk + αaj̄ibi

2F Γi
mk + aj̄i

4 Γi
mk

+ |β|c(1+F )
4αLγ

ξiξ̄jΓi
mk + |β|cαξi

4Lγ
biΓ

i
jk − α2(1+F )bibj̄

4Fγ
Γi
mk − α4||b||

4Fγ ξ̄m
Γi
mk

− α2

4Fγ
(β̄ξi bj̄

ξ̄m
+ βbi)biΓ

i
jk − (1+F )

4Fγ
(β̄ξibj̄ + βbiξ̄j)Γi

mk]
∂ηk

∂zj η
m + [ α2

2F ξ̄m
aj̄iζi

+αaj̄i

2F Γi
mkη

mηk + c|β|αξi
2Lγ

ζi + 1
2Γ

i
jkη

jηk − α4||b||
2Fγ ξ̄m

ζi − α4||b||
4Fγ ξ̄m

Γi
mkη

mηk

− α2

2Fγ
(β̄ξi bj̄

ξ̄m
+ βbi)ζi − α2

4Fγ
Γi
jkη

jηk] ∂bi∂zj .

Proof. We compute these coefficients, taking into account that L = (α+ |β|)2 and
the relations (3.1). �

In [17], we pointed out the connection between the canonical complex spray and

the Chern-Lagrange (c.n.c). We showed that due to the relations
∂
(1)CL

Mi
k

∂ηj =
∂
(1)CL

Mi
j

∂ηk =

∂
(2)CL

Mi
j

∂ζk =
∂
(2)CL

Mi
k

∂ζj , the canonical spray is derived from the Chern-Lagrange (c.n.c).
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