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Abstract. In this paper we propose the epsilon steepest descent method
to solve optimization problems in Riemannian manifolds. This algorithm
accelerates the convergence of steepest descent method on Riemannian
submanifolds of Rn. We establish the convergence of our new algorithm
with Armijo line search and we present a numerical experiment to mini-
mize the Rayleigh quotient on the unit sphere.
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1 Introduction

Consider the following minimization problem

(P) min {f(x), x ∈M} ,

where M is a Riemannian manifold, and f is a continuously differentiable function
on M .

This optimization problem is solved by several manners. The oldest method of
resolution is that of Cauchy called the method of the gradient or steepest descent.
Thereafter, several developments were brought to this method in the Euclidian case
and the Riemannian case.

In the Riemannian case, several geometrical objects are necessary for the resolution
of the problem (P) such as the retractions and the research of the directions along
geodesics [4]. The method generates a sequence of points xk given by

xk+1 = Rxk(λkvk),

where vk ∈ TxkM is the direction of research, TxkM is the tangent space at the point
xk on M , λk is the step of line search, and R is map of TM in M called retraction.

In Euclidian case, Benzine and Djeghaba [3] improved the algorithm of steepest
descent by a new algorithm called epsilon-steepest descent algorithm. This last is
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based on epsilon algorithm [2] and consists to calculate quantities with two indices

ε
(k)
j as follows

ε
(k)
−1 = 0 ε

(k)
0 = xk k = 0, 1, ...

ε
(k)
j+1 = ε

(k+1)
j−1 +

1

ε
(k+1)
j − ε(k)

j

j, k = 0, 1, ...

These quantities are organized in a table with two indexes (ε-table) such as the
lower index denotes a column while the upper index denotes a descent diagonal.

ε
(0)
−1 = 0

ε
(0)
0 = x0

ε
(1)
−1 = 0 ε

(0)
1

ε
(1)
0 = x1 ε

(0)
2

ε
(2)
−1 = 0 ε

(1)
1 ε

(0)
3

ε
(2)
0 = x2 ε

(1)
2 ε

(0)
4

ε
(3)
−1 = 0 ε

(2)
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(1)
3 ε

(0)
5

ε
(3)
0 = x3 ε

(2)
2 ε

(1)
4 ε

(0)
6

ε
(4)
−1 = 0 ε

(3)
1 ε

(2)
3 ε

(1)
5 ε

(0)
7

ε
(4)
0 = x4 ε

(3)
2 ε

(2)
4 ε

(1)
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(0)
8

. . . . . .
. . . . . .

The table ε connects the quantities located at the four tops of a rhombus

ε
(k+1)
j−1

↗
↘

ε
(k)
j

ε
(k+1)
j

↘
↗ε

(k)
j+1

i.e. to calculate ε
(k)
j+1 we need to know ε

(k)
j−1, ε

(k+1)
j , and ε

(k)
j .

Now for the epsilon steepest descent method we use the algorithm of order two

(column ε
(k)
2 ). Given a sequence {xk}k∈N the quantities ε

(k)
2 are obtained by

ε
(k)
2 = xk+1 +

[
1

xk+2 − xk+1
− 1

xk+1 − xk

]−1

.

In our work we shall generalize the epsilon steepest descent method with Armijo
line search form Euclidean space to Riemannian submanifold of Rn, we denoted R-
epsilon steepest descent method. We show its convergence and we give an application
with Rayleigh quotient on the unit sphere. This article is organized as follows: In Sec-
tion 2 we give some preliminaries and geometrical concepts, in Section 3 we describe
the R-steepest descent method [6], in Section 4 we present the R-epsilon steepest
descent method with Armijo line search, and in the last section we show numerical
tests on the unit sphere.

2 Preliminaries

Definition 2.1. Let M be a differentiable manifold, a Riemannian structure on M
is a tensor field g of type (0,2) which for all p ∈ M and X,Y ∈ χ(M) (χ(M) the set
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of C∞ vectors fields on M) satisfies

(i) g(X,Y ) = g(Y,X),

(ii) gp : TpM × TpM → R is positive definite.

Definition 2.2. A Riemannian manifold is a connected differentiable manifold with
a Riemannian structure. For every p ∈ M , the Riemannian structure g provides
an inner product on TpM given by the nondegenerate symmetric bilinear form gp :
TpM × TpM → R. We note

〈X,Y 〉 = gp(X,Y ) and ‖X‖ = gp(X,Y )1/2, X, Y ∈ TpM.

Let t 7→ γ(t), t ∈ [t0, t1], be a curve segment in M . The length of γ is defined by

L(γ) =

∫ t1

t0

gγ(t)(γ̇(t), γ̇(t))1/2dt.

Because M is connected, any two points p and q in M can be joined by a curve.
The infimum (minimum) of the length of all curve segments joining p and q yields a
metric on M called the Riemannian metric and denoted by d(p, q).

Definition 2.3. Let M be a Riemannian manifold with Riemannian structure g and
f : M → R a C∞ function on M . The gradient of f at p, denoted (grad f)p, is the
unique vector in TpM such that

dfp(X) = 〈(grad f)p, X〉,∀X ∈ TpM.

Let M be an n-dimensional Riemannian manifold with Riemannian structure g,
and (U, x1, ..., xn) a coordinate chart on M . There exist n2 functions gij , 1 ≤ i, j ≤ n
on U such that

g =
∑
i,j

gijdx
i ⊗ dxj .

Clearly gij = gji for all i and j. Because gp is nondegenerate for all p ∈ U ⊂ M ,
the symmetric matrix (gij) is invertible. The elements of its inverse are denoted by

gkl, i.e.
∑il
l glj = δij , where δij is the kronecker delta. Furthermore, given f ∈ C∞(M),

we have

df =
∑
i

(
∂f

∂xi

)
dxi.

Therefore, from the definition of grad f , we see that

grad f =
∑
il

gil
(
∂f

∂xl

)
∂

∂xi
.

Definition 2.4. Let M be a differentiable manifold. An affine connection on M is a
function ∇ : χ(M)×χ(M)→ χ(M) such that for all X,Y, V,W ∈ χ(M), a, b ∈ R,and
f, g ∈ C∞(M) satisfies
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1. ∇V (aX + bY ) = a∇VX + b∇V Y ,

2. ∇fX+gYW = f∇XW + g∇Y ,

3. ∇V (fW ) = (V f)W + f∇VW .

Definition 2.5. Let M be a differentiable manifold with affine connection ∇. Let
γ : I → M be a smooth curve with tangent vectors X(t) = γ′(t) where I ⊂ R is an
open interval. γ is called a geodesic if

∇XX = 0,∀t ∈ I.

Theorem 2.1. or every p in M and X 6= 0 in TpM, there exists a unique geodesic
t 7→ γX(t) such that

γX(0) = p and γ′X(0) = X.

We define the exponential map expp : TpM →M by

expp(X) = γX(1), ∀X ∈ TpM

In particular, we have

(2.1) expp(tX) = γtX(1) = γX(t), ∀X ∈ TpM.

Definition 2.6. Let R : TM →M be a smooth map, and Rx its restriction to TxM .
R is called retraction on M if it satisfies the following properties

1) Rx(0x) = x, where 0x denotes the zero element of TxM .
2) With the canonical identification T0xTxM ' TxM,Rx satisfies

DRx(0x) = idTxM ,

where DRx(0x) denotes the derivative of Rx at 0x, and idTxM the identity map on
TxM .

Definition 2.7. Let f : M → R be a locally Lipschtiz function on a complete
Riemannian manifold M, v ∈ TxM, g = − v

‖v‖ is called a descent direction at x, if

there exists α > 0 such that

f(expx(tg))− f(x) ≤ −t ‖v‖ ,∀t ∈]0, α[.

Algorithm of Armijo line search in Riemannian case[1]
Initialization step.
Given a function f on a Riemannian manifold M with retraction R, a point x ∈M ,

and a tangent vector vk ∈ TxkM , such that

〈(grad f)(xk), vk〉 < 0,

and β, σ ∈]0, 1[, λ̄ > 0.
Main Step. Find the smallest integer i ≥ 0 such that

f(expxk(βiλ̄vk))− f(xk) ≤ σβiλ̄〈(grad f)(xk), vk〉,

where λk = βiλ̄ is the Armijo step size.
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3 Steepest descent method on Riemannian
manifolds

Let ∆ = {x : (grad f)(x) = 0} a set of desirable points on the Riemannian manifold
M , and let A(.) : M → M an iteration map of the algorithm. Let 0 < ε ∈ R, and
x̃ ∈ M ,B(x̃, ε) := {x ∈ M : d(x, x̃) < ε}, B̄(x̃, ε) := {x ∈ M : d(x, x̃) ≤ ε} where
d(., .) is the Riemannian distance defined on the Riemannian manifold M .

3.1 Description of the algorithm

Algorithm 1[7]
Step 1.( Initialization) choose an initial point x0 ∈M , put k = 0.
Step 2.( Principal) suppose that at the iteration k, we have xk.
If xk ∈ ∆ stop.
Else, calculate xk+1 = A(xk) ∈M . Put k = k + 1 and go to step 2.

Remark 3.1. xk+1 = A(xk) = expxk(λvk), where vk ∈ TxkM is the direction of
research and λk is the step of line search. If vk = −(grad f)(xk) and λk is given
by the Armijo line search, the algorithm 1 is called the gradient or steepest descent
algorithm with Armijo line search.

3.2 Convergence

Theorem 3.1. [7] Suppose that there exists a function f : M → R such that

(i) f is continuous on M ;

(ii) ∀x /∈ ∆, x ∈M there exist ε > 0, δ > 0 such that

f(y′)− f(x′) ≤ −δ, ∀x′ ∈ B(x, ε), y′ ∈ A(x′) ⊂M.

Then, if the sequence {xk}k∈N is generated by the algorithm 1, every accumulation
point x̂ ∈M of {xk}k∈N is desirable i.e. x̂ ∈ ∆.

4 R-epsilon steepest descent method on Rieman-
nian submanifolds of Rn with Armijo line search

As in the Euclidian case, the steepest descent method in the Riemannian case becomes
very slow when we approach the stationary point, therefore we will accelerate the
convergence by the epsilon algorithm ([3],[5]).

4.1 Description of the algorithm

Algorithm 2 (R-epsilon steepest descent with Armijo line search)
Initialization. Choose an initial point x0 ∈M,x0 = (x1

0, x
2
0, ..., x

i
0, ..., x

n
0 ).

Put k = 0 and go to principal step.
Principal step.
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At the iteration k, we have xk = (x1
k, x

2
k, ..., x

i
k, ..., x

n
k ).

If ‖grad f(xk)‖ = 0 stop, the minimum is the point xk,
else put rk = xk;
calculate sk, tk successors of rk using the steepest descent method with Armijo

line search, such that

sk = Rrk(−λk grad f(rk)),

tk = Rsk(−βk grad f(sk)),

where λk and βk are obtained by Armijo inexact line search.
If

sik − rik 6= 0, tik − sik 6= 0,and
1

tik − sik
− 1

sik − rik
6= 0, i = 1, ..., n,

we put

εk,i2 = sik +

[
1

tik − sik
− 1

sik − rik

]−1

, i = 1, ..., n

and
ε

(k)
2 =

(
εk,12 , εk,22 , ..., εk,i2 , ..., εk,n2

)
.

If
ε

(k)
2 ∈M and f(ε

(k)
2 ) < f(tk),

then put xk = ε
(k)
2 , k = k + 1 and go to principal step.

If
f(ε

(k)
2 ) ≥ f(tk) or ε

(k)
2 /∈M,

or

si0k − r
i0
k = 0, or ti0k − s

i0
k = 0, or

1

ti0k − s
i0
k

− 1

si0k − r
i0
k

= 0,

i0 ∈ {1, ..., n} ,

then put xk = tk, k = k + 1 and go to principal step.

4.2 Convergence

Let φ be a function defined by

φ(λ) = f(expx λvx)− f(x)

and let γvx(λ) be the geodesics in the direction vx. We denote by

Vλ = γ′vx(λ)

the tangent vector field defined along γvx(λ) with V0 = vx.

Lemma 4.1. [7] Let x̂ ∈M, ε > 0 and vx ∈ Dx be a tangent vector at x ∈ B̄(x̂, ε) ⊂
M , (Dx ⊂ TxM with γ(0) = x, γ′(0) = v), Vλ ∈ χ(M) and f ∈ C∞(M). Then

‖vx‖ ≥ c ‖grad f(x)‖
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implies that, for any λ, we have

(4.1) ‖Vλ‖ ≥ c ‖grad f(x)‖ .

As well,
〈grad f(x), vx〉 ≤ −ρ′ ‖grad f(x)‖ ‖vx‖ , ρ′ > 0,∀x ∈ B(x̂, ε)

implies that, for any ρ < ρ′ fixed, there exists some λ̄ > 0 such that

(4.2)

〈
∂f

∂x
(x), Vλ

〉
≤ −ρ ‖grad f(x)‖ (‖Vλ‖ , ∀x ∈ B̄(x̂, ε),∀λ ∈ [0, λ̄].

Theorem 4.2. Let f ∈ C∞(M), Vλ ∈ χ(M) with vx ∈ Dx a tangent vector at x ∈M
satisfying 〈grad f(x), vx〉 < 0, for grad f(x) 6= 0. Suppose that, for x̂ ∈ M such that
‖grad f(x̂)‖ 6= 0, there exist ε > 0, ρ′ > 0 and c > 0 such that ∀x ∈ B(x̂, ε)

(4.3) 〈grad f(x), vx〉 ≤ −ρ′ ‖grad f(x)‖ ‖vx‖ ,

(4.4) ‖vx‖ ≥ c ‖grad f(x)‖ .

Moreover, let {xk}k∈N be sequence generated by the algorithm 2. Then xk → x∗

implies that ‖grad f(x∗)‖ = 0.

Proof. According to R epsilon steepest descent algorithm, to find the successor xk+1

of xk we need to use twice the steepest descent method with Armijo line search to
calculate sk and tk i.e. we will check the theorem 3.1 for the both.

For the first one, f is continuous, thus it remain to show that (ii) of theorem 3.1
is satisfied, i.e ∀x ∈M, grad f(x) 6= 0,∃ε > 0,m > 0 such that

f(sk)− f(xk) ≤ −m,∀xk ∈ B(x̂, ε), sk = expxk(λvxk) ∈M.

From (2.1)
expxk(λvx) = γλvx(1) = γvx(λ), vk ∈ TxkM

and we have
d

dλ
(expxk(λvxk)) = γ′vx(λ) = Vλ.

Thus

f(sk)− f(xk) = f(expxk(λvxk))− f(xk) = φ(λ)− φ(0)

=

∫ 1

0

d

d(λt)
(φ(tλ))d(λt)

=

∫ 1

0

d

dλt
(f(expxk(λtvxk))− f(xk))λdt

=

∫ 1

0

 ∂

∂x
f(expxk(λtvxk))

d

dλt
(expxk(λtvxk))︸ ︷︷ ︸

Vλt

− d

dλt
f(xk)︸ ︷︷ ︸
0

λdt
=

∫ 1

0

∂f

∂x
(expxk(λtvxk)).Vλtλdt,
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(4.5) f(sk)− f(xk) =

∫ 1

0

〈
∂f

∂x
(expxk(λtvxk)), Vλt

〉
λdt,

∀xk ∈M,∀λvxk ∈ TxkM.

By the mean theorem of integrals, we obtain that ∂f
∂x and Vλt are continuous in [0, 1],

then there exist t̄ ∈ [0, 1] such that

(4.6)

〈
∂f

∂x
(xk), Vt̄λ

〉
−
∫ 1

0

〈
∂f

∂x
(xk), Vtλ

〉
dt = 0.

We want to raise the following relation

(4.7) f(sk)− f(xk)− αλ
〈
∂f

∂x
(xk), Vλt̄

〉
.

From (4.5) and (4.6), (4.7) becomes

f(sk)− f(xk)− αλ
〈
∂f

∂x
(xk), Vλt

〉

= λ

[∫ 1

0

〈
∂f

∂x
(expxk (λtvxk ))−

∂f

∂x
(xk), Vtλ

〉
dt+ (1− α)

〈
∂f

∂x
(xk), Vλt̄

〉]

(4.8) ≤ λ

[
sup
t∈[0,1]

∣∣∣∣〈∂f∂x (exp(λtvxk))− ∂f

∂x
(xk), Vtλ

〉∣∣∣∣+ (1− α)

〈
∂f

∂x
(xk), Vλt̄

〉]
,

∀α ∈ [0, 1], λvxk ∈ TxkM.

Now, we suppose that grad f(x̂) 6= 0. Then ∂f
∂x (x̂) 6= 0. Using the Cauchy-Schwartz

inequality, we have∣∣∣∣〈∂f∂x (expxk(λtvxk))− ∂f

∂x
(xk), Vtλ

〉∣∣∣∣ ≤ ∥∥∥∥∂f∂x (expxk(λtvxk))− ∂f

∂x
(xk)

∥∥∥∥ ‖Vtλ‖
and using (4.2) of Lemma 4.1, we obtain for any 0 < ρ < ρ′

(1− α)

〈
∂f

∂xk
(xk), Vt̄λ

〉
≤ −ρ(1− α) ‖grad f(xk)‖ ‖Vλt̄‖

∀x ∈ B (x̂, ε) ,∀λ ∈ [0, λ̄]for some λ̄ > 0.

Then (4.8) becomes

f(sk)− f(xk)− αλ
〈
∂f

∂x
(xk), Vλt̄

〉
(4.9)

≤ λ

[
sup
t∈[0,1]

(∥∥∥∥∂f∂x (exp(λtvxk))− ∂f

∂x
(xk)

∥∥∥∥ ‖Vtλ‖)− ρ(1− α)‖ grad f(xk)‖‖Vλt̄‖

]
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∀x ∈ B(x̂, ε),∀λ ∈ [0, λ̄] for some λ̄ > 0,

and from the isometry property of parallel translation ‖Vtλ‖ = ‖vxk‖, we get

f(sk)− f(xk)− αλ
〈
∂f

∂x
(xk), Vλt̄

〉

(4.10) ≤ λ ‖vxk‖

{
sup
t∈[0,1]

∥∥∥∥∂f∂x (expxk(λtvxk))− ∂f

∂x
(xk)

∥∥∥∥− ρ(1− α) ‖grad f(xk)‖

}
,

∀xk ∈ B(x̂, ε),∀λ ∈ [0, λ̄] with λ̄ > 0.

We have α < 1 and ρ > 0; then, for some b > 0,

(4.11) ρ(1− α) ‖grad f(xk)‖ > b > 0,∀xk ∈ B̄(x̂, ε).

On the other side, ∂f∂x (x) is uniformly continuous in B̄(x̂, ε), and therefore there exist
an a > 0 such that if

‖ exp(λtvxk)− xk‖ < a,∀t ∈ [0, 1], λ > 0.

Then ∥∥∥∥∂f∂x (expxk(λtvxk))− ∂f

∂x
(xk)

∥∥∥∥ < b, xk ∈ B̄(x̂, ε),

and thus

(4.12) sup
t∈[0,1]

∥∥∥∥∂f∂x (expxk(λtvxk))− ∂f

∂x
(xk)

∥∥∥∥ < b, xk ∈ B̄(x̂, ε).

Further, from (4.11) and (4.12), (4.10) becomes

f(sk)− f(xk)− αλ
〈
∂f

∂x
(xk), Vλt̄

〉
≤ λ ‖vxk‖ (b− b)︸ ︷︷ ︸

0

(4.13) ⇒ f(sk)− f(xk) ≤ αλ
〈
∂f

∂x
(xk), Vλt̄

〉
,∀xk ∈ B̄(x̂, ε).

Since 〈grad f(xk), vxk〉 < 0 implies that
〈
∂f
∂x (xk), V0

〉
< 0 And

〈
∂f
∂x (xk), Vλ

〉
is

uniformly continuous in B̄(x̂, ε) × [0, λ̄], and therefore for any ω ∈]0, 1[ there exist
0 < λ′ < λ, such that 〈

∂f

∂x
(xk), Vλt̄

〉
< ω

〈
∂f

∂x
(xk), V0

〉
.

Then

(4.14) f(sk)− f(xk) ≤ αλω
〈
∂f

∂x
(xk), V0

〉
.
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From (4.2) of Lemma 4.1 we have〈
∂f

∂x
(xk), V0

〉
≤ −ρ ‖grad f(xk)‖ ‖V0‖ ,

and from (4.1) of Lemma 4.1, we have

−‖V0‖ ≤ −c ‖grad f(xk)‖ .

Then

(4.15) f(sk)− f(xk) ≤ −αλωρc ‖grad f(xk)‖2 ,∀xk ∈ B̄(x̂, ε),∀λ ∈ [0, λ̄],

(4.11) gives

ρ(1− α) ‖grad f(xk)‖ > b⇔ ‖grad f(xk)‖2 > b2

ρ2(1− α)2
/

Then

f(sk)− f(xk) ≤ −αλωc b2

ρ(1− α)2
, ∀xk ∈ B̄(x̂, ε).

λ is given by Armijo algorithm λ = βik Then

f(sk)− f(xk) ≤ −αβikωc b2

ρ(1− α)2
, ∀xk ∈ B̄(x̂, ε)

Put m = αβikωc b2

ρ(1−α)2 > 0; then we infer

f(sk)− f(xk) ≤ −m, ∀xk ∈ B̄(x̂, ε).

For the second claim, we do the same considering tk = expsk(λvsk) the successor of
sk, and we find

f(tk)− f(sk) ≤ −m′, ∀sk ∈ B̄(x̂, ε).

Therefore

f(xk+1)− f(xk) = f(ε
(k)
2 )− f(tk)︸ ︷︷ ︸
≤0

+ f(tk)− f(sk)︸ ︷︷ ︸
≤−m′

+ f(sk)− f(xk)︸ ︷︷ ︸
≤−ma

,

f(xk+1)− f(xk) ≤ −(m+m′),

and hence f(xk+1)− f(xk) ≤ −δ for δ = m+m′. �

5 Application

5.1 Example 1: The unit sphere

We will apply the two methods steepest descent and ε-steepest descent to solve the
following problem of minimization{

min
x∈Sn−1

f(x)

}
,
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where f :Sn−1 → R is the Rayleigh quotient, f(x) = xTAx, and A is a symmetric
matrix (not necessarily positive definite).

Consider the function f̄ : Rn → R, f̄(x) = xTAx, where f is its restriction to
Sn−1, and note that Sn−1 is a Riemannian submanifold of Rn with the Riemannian
metric ḡ(ξ, η) = ξT η.

Sn−1 Rn
function f(x) = xTAx, x ∈ Sn−1 f̄(x) = xTAx, x ∈ Rn
metric induced metric ḡ(ξ, η) = ξT η

tangent space v ∈ Rn, xT v = 0 Rn
gradient grad f(x) = Px grad f̄(x) grad f̄(x) = 2Ax

restraction expxk(t.vk) xk+1 = xk + tkvk

1. We take the descent direction

vk = − grad f(xk) = −2(Axk − xkxTkAxk)

and the exponential map expxk = xk cos(t) + vk
‖vk‖ sin(t), where ‖.‖ is the Euclidian

norm.

Numerical results

The following results are obtained using the steepest descent and R-epsilon steep-

est descent method with MATLAB, where x0 = [0.6, 0.8]T , A =

[
2 5
5 1

]
, σ = 0.1,

β = 0.5, λ̄ = 1, ε = 0.00001

Table 1: steepest descent:

xk iteration f(xk) ‖grad f(xk)‖
x0 1 6.160000 3.760000
x1 2 -2.148723 6.909940
x2 3 -3.358457 2.565460
x3 4 -3.524772 0.081704
x4 5 -3.524797 0.075324
x5 6 -3.524938 0.003190
x6 7 -3.524938 0.001717
x7 8 -3.524938 7.3617.10−4

x8 9 -3.524938 4.9063.10−4

x9 10 -3.524938 1.2277.10−4

x10 11 -3.524938 3.0579.10−5

x11 12 -3.524938 7.7587.10−6
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Table 2: R-epsilon steepest descent

xk iteration f(xk) ‖grad f(xk)‖
x0 1 6.160000 3.760000
x1 2 -3.522032 0.341732
x2 3 -3.524938 2.0946.10−5

x3 4 -3.524938 1.2561.10−15

Comparison

According to the tables, it is clear that the method R-ε-steepest descent improves
the method of R-steepest descent. For x0 = (0.6, 0.8), we obtain the optimal point
x∗ = (−0.6710053, 0.741453) after 12 iterations using the first method while we ob-
tains this result after 6 iterations using the second method.

2. Considering the same example with the retraction Rxk(vk) = xk+vk
‖xk+vk‖ , we

obtain the following results

Table 3: steepest descent

xk iteration f(xk) ‖grad f(xk)‖
x0 1 6.160000 3.760000

x1 2 -3.478254 1.366731

x2 3 -3.522032 0.341732

x3 4 -3.524748 0.087431

x4 5 -3.524937 0.022401

x5 6 -3.524938 0.005740

x6 7 -3.524938 0.001471

x7 8 -3.524938 3.7685.10−4

x8 9 -3.524938 9.6562.10−5

x9 10 -3.524938 2.4743.10−5

x10 11 -3.524938 6.3399.10−6

Table 4: R-epsilon steepest descent

xk iteration f(xk) ‖grad f(xk)‖
x0 1 6.160000 3.760000

x1 2 -3.522032 0.341732

x2 3 -3.524938 2.0946.10−5

x3 4 -3.524938 1.2561.10−15

5.2 Example 2

We shall minimize the function f̄ : R2 → R, f̄(x) = x2
1 + 1

2x
2
2, restricted to the

unitary disc S1 = {(x1, x2) : x2
1 + x2

2 = 1}, i.e., we minimize the function f : S1 → R,
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f(x) = x2
1 + 1

2x
2
2, and we take the same retraction Rxk(vk) = xk+vk

‖xk+vk‖ .

Numerical results

Table 5: steepest descent

x0 nb.iteration f(xk) ‖grad f(xk)‖
(3, 5) 4 0.500000 7.0773.10−9

(0.7, 2.5) 3 0.500000 6.8286.10−6

(4, 9.3) 4 0.500000 7.3685.10−12

(1.7, 0.6) 6 0.500000 4.2561.10−10

(0.7, 0.6) 5 0.500000 6.1556.10−12

Table 6: R-epsilon steepest descent

x0 nb.iteration f(xk) ‖grad f(xk)‖
(3, 5) 3 0.500000 7.0773.10−9

(0.7, 2.5) 2 0.500000 6.8286.10−6

(4, 9.3) 3 0.500000 7.3685.10−12

(1.7, 0.6) 2 0.500000 2.4825.10−16

(0.7, 0.6) 3 0.500000 6.1556.10−12
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