W —uniform stability of solutions of a nonlinear
Lyapunov matrix differential equation
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Abstract. We obtain sufficient W—uniform stability conditions for the
trivial solution of a nonlinear Lyapunov matrix differential equation with
the integral term at the right-hand side.
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1 Introduction

The Lyapunov matrix differential equations occur in many branches of control theory
such as optimal control and stability analysis.

Recent works for W—stability, ¥—uniform stability, ¥—boundedness, ¥—insta-
bility, controllability, dichotomy and conditioning for Lyapunov matrix differential
equations have been given in many papers. See [3], [4], [5], [6], [7], [9], [12], [13], [14]
and the references therein.

In this paper are presented some new sufficient conditions for ¥ —uniform stability
of the trivial solution to the nonlinear Lyapunov matrix differential equation

(1.1) Z'=A(t)Z + ZB(t) + /t F(t,s, Z(s))ds.
0

These conditions can be expressed in the terms of a fundamental matrices of the
matrix differential equations

(1.2) X' = A(t)X
(1.3) Y =YB(t)

and on the function F.

Here, ¥ is a matrix function whose introduction permits to obtaining a mixed
asymptotic behavior for the components of solutions.

The main tool used in this paper is the technique of Kronecker product of matri-
ces (combined with the variation of constants formula), which has been successfully
applied in various fields of matrix theory, group theory and particle physics. See, for
example, the cited papers and the references cited therein.
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2 Preliminaries

In this section we present some basic notations, definitions, hypotheses and results
which are useful later on.

Let R? be the Euclidean d — dimensional space. For x = (x1, 22, ...,z4)7 € RY,
let ||z|| = max{| x1],| 22],...,| 24|} be the norm of z (here, T denotes transpose).
Let Mgxq be the linear space of all real d x d matrices. For A = (a;;) € Mgxq, we

define the norm | A | by formula | A | = sup ||Az||. It is well-known that | A | =
ll=]1<1

d
il 2 ol

By a solution of the equation (1.1) we mean a continuous differentiable d x d
matrix function satisfying the equation (1.1) for all t € Ry = [0, 00)

In equation (1.1), we assume that A and B are continuous dxd matrices on Ry and
F:D— Myxag, D=A{(t,5,2) |0 <s<t<+00,Z € Mgyxq}, is continuous function
such that F(t,s,04) = Ogq4. It is well-known that these conditions ensure the local
existence of a solution of (1.1) passing through any given point (tg, Zp) € Ry X Mgyq,
but it does not guarantee that the solution is unique or that it can be continued for
large values of t € R,.

Let ¥; : Ry — (0,00), i =1,2,...,d, be continuous functions and
U = dlag [\111,\112, ce \Ild]

In this paper, we will admit the following hypothesis:

(H) For all tg € Ry, Zy € Myxq and p > 0, if | ¥(¢9)Zy |< p, then any solution
Z(t) of (1.1) which satisfies the equality Z(ty) = Zy exists on R and satisfies the
inequality | U(¢)Z(t) |< p for all t € [0, to].

This is a natural hypothesis in studying ¥— (uniform) stability of trivial solution
of (1.1). See, for example, [10], [8].

Definition 2.1. ([3]) The trivial solution of the matrix differential equation Z’' =
F(t,Z) (where Z € Myyq and F is a continuous d x d matrix function) is said to be
W— stable over R, if for each € > 0 and each ¢y € R there is a a corresponding
0 = d(e,tg) > 0 such that any solution Z(t) of the equation which satisfies the
inequality | W(tg)Z(to) |< 0, exists and satisfies the inequality | U(¢)Z(¢) |< € for all
t>to.

The trivial solution of equation Z' = F (¢, Z) is said to be U— uniformly stable over
R, if it is U— stable over R, and the above ¢ is independent of #.

Remark 2.2. 1. The Definition extends the definition of (uniform) stability from
(vector) differential equations to matrix differential equations.

2. For ¥ = I, one obtain the notion of classical (uniform) stability (see [2]).

3. Tt is easy to see that if ¥ and W1 are bounded on R, then the W— (uniform)
stability is equivalent with the classical (uniform) stability.
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Definition 2.3. ([1]) Let A = (a;j) € My, xn and B = (b;j) € Mpx4. The Kronecker
product of A and B, written A ® B, is defined to be the partitioned matrix

annB  ai2B - a1p,B

ang GQQB tee agnB
A® B = )

CLml-B amZB o amnB

Obviously, A ® B € Myupxng-
The important rules of calculation of the Kronecker product are given in [1], [11],
Chapter 2 and Lemma 1, [3].

Definition 2.4. ([11]) The application Vec : My, x, — R™", defined by

T
VeC(A) = (a117a217"' sy Am1,A12,022,°°° ,Am2, " ,Aln,A2n, " " * 7amn) 9

where A = (aij) € M, xn, is called the vectorization operator.

For important properties and rules of calculation of the Vec operator, see Lemmas
2, 3, 4, [3]. For ” corresponding Kronecker product system associated with (1.1)”, see
Lemma 5, [3].

The Lemmas 6 and 8, [3], play an important role in the proofs of main results of
present paper.

3 Main results

Theorem 3.1. Suppose that:

(1). the hypothesis (H) is fulfilled;

(2). there exists a constant K > 0 such that the fundamental matrices X (t) and Y (t)
for equations (1.2) and (1.3) respectively satisfy the inequality

(YT HET) ) @ (EOXOX (U (3)| < K. fort>s> 0
(8). the matriz function F(t,s,Z) satisfies the inequality
(U0 F (15, 2) |< f(t.) | U()Z ],
for (t,s,Z) € D, where f(t,s) is a continuous nonnegative function for t > s > 0

such that L
E|M>O:/ / f(s,u)duds < M, for allt € Ry.
o Jo

Then, the trivial solution of (1.1) is ¥— uniformly stable over R..

Proof. We will use the Definition of ¥— uniform stability.
For a given ¢ > 0, we choose § = d(e) = [2dK (1 4+ dM) exp(dKM)] "' e. Let Z(t) be
any solution of equation (1.1) which satisfies the inequality | ¥(to)Z(to) |< d for some
to € R+.

From the hypothesis (1), the solution Z(t) exists on R and satisfies the inequality
| O(t)Z(t) |< d for all t € [0, o).
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From Lemma 5, [3], the vector function z(t) = Vec(Z(t)) is a solution of the
7 corresponding Kronecker product system associated with (1.1)”, i.e., of the system

(3.1) 2= (Ia@A(t)+ BT (t) ® I4) = + /Ot f(t,s,2(s))ds,

where f(t,s,2) = Vec(F(t,s,Z)), on the same interval R.

From Lemma 8, [3], we know that the matrix U(t) = YT (t)® X (¢) is a fundamental
matrix for the linear homogeneous system associated with the system (3.1), i.e., for
the differential system

(3.2) =T, ®Alt)+ BT (t)® 1) 2

Therefore, by the formula of variation of constants ([2, Ch. II, s. 2 (8)]),

2(t) = U U (to) 20 —|—/ Ut)U (s) /08 f(s,u, z(u))duds,

for t > tg, where zg = Vec(Z(to)). Because (see Lemma 1, [3]) we have
UtU(s) = (YT(t) ® X(1)) - (YT(5) ® X(5)) "
_ (YT(t) (v7)™! (s)) ® (XH)XY(s)),t > s,

for t > to, we have that
20 = [(YT () () @ (X(t)X—1<to>)} 20
U [T )T s)) @ (XOX ()| Sy £s 0, 2(w)duds,
We note that w(t) = (I ® ¥(t)) 2(t), t > to and
d(t,s) = (YT(t) (YT)_l (s)) @ (U)X ()X ' (s)T'(s)), forall t > s> 0.

As a result,
t s
w(t) :<I>(t,t0)w(t0)+/ (I)(t,s)/ (Lo W(s)) f(s,u, 2(u))duds, for all ¢ > to,
to 0

and then,
(3.3)

lw®I < [ @, t0) | [Jw(to)ll +/t | ©(,5) | /0 | (o @ W(s)) f(s,u, 2(u)) || duds,

for all ¢ > ty. From hypotheses and Lemma 6, [3], for all s > u > 0, we have

I (Ia @ W(s)) f(s,u, 2(u)) [[=]| (Ia @ U(s)) Vec(F (s, u, Z(u))) ||
<[ () (s, u, Z(w)) < fls,u) | ©(u)Z(u) |
< df(s,u) || (Ia @ ¥(u)) Vec(Z(u)) [|= df (s, u)|[w(w)]] ge
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Therefore, from (3.3) and the above results, for ¢ > ¢,
lw(®)]] < Klw(to)ll +det0 Jo f(s,w)l[w(u)||duds
= K||w(to)|| + Kd fto f(s,u)||Jw(u)||duds
—|—det0 fto s, u)||w(u)||duds
< KlJw(to)|] +Kd5ft0 Oto (s u)duds—Fdet fto s, u)||w(u)||duds,

and then

(3.4) lw(t)|| < K8(1 + dM) +Kd/ £(s,u)||w(u)||duds,

for all t > ty. It is easy to see that the function

= [ [ s wlwtlus, ¢ 1
is continuously differentiable and increasing on [tg, 00). For ¢ € [tg, 00), we have
W) = fto (b))
< [ f(tu) [KO(1+ dM) + KdW (u)] du
= Ké6(1+dM) ft tudu—i—det w)W (u)du
and then,
(Wityexp (~Kd [y, [ f(s.w) duds)]/
= [W'(t) = Kaw (1) [y, f(t,uw)du] - exp( Kd [} [;, f(s,u)duds)
g[ S(1+dM) [} f(t,w)du+ Kd [ f (W(u)—W(t))du}.
cexp (—Kd [ [ f(s,u)duds)
< [K8(1+an) fy, f(tu)du] - exp (=Kd [} [} f(s,u)duds)
- [—5(1+dM)d’1exp( Kdf! [ f(su) duds)}/, t € [to, 00).
By a simple integration from ¢y to t, we get
W(t) exp( det fo fs,u duds)
81+ dM)d [exp (—Kd [ [ f(s,u)duds) 1],

and then

W (t) < 6(1+dM)d~ [exp <Kd/ / F(s,u duds> - 1] , for t € [to, 00).
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From this, (3.4) and hypothesis (3), we deduce that
llw(®)|] < K6(1+dM) + KdW (t)
< K6(1+dM) + Kd - 5(1 + dM)d~" {exp (dejo I f(s,u)duds) - 1}
< K6(1 + dM)exp (Kd g f(s,u)duds) < K5(1 + dM) exp(dK M),
for t € [tg,00). From this and Lemma 6, [3], we deduce that
| U(t)Z(t) |[< dOK(1+ dM)exp(dKM) < e, for t € [ty,0).

From Definition, it follows that the trivial solution of (1.1) is ¥— uniformly stable
over R . ]
Theorem 3.2. Suppose that:

(1). the hypothesis (H) is fulfilled;
(2). there exists a constant K > 0 such that the fundamental matriz X (t) for equation
(1.2) satisfies the inequality
[TOXOX (s)U(s)| < K, fort>s>0;
(3). there exists m = inf | B(t) |> 0;
teR
(4). the matriz function F(t,s,Z) satisfies the inequality
| W) F(t,s,Z) |< f(ts) | U(H)Z ],
for (t,s,Z) € D, where f(t,s) and its partial derivatives fi(t,s) exists and are con-

tinuous functions for 0 < s <t < oo such that f(t,s) >0 and f(t,s) <0;
(5). the functions b(t) = max{K, £} | B(t) | and f(t,s) satisfy the conditions

t s
M >0: / / f(s,u)duds < M, for allt € Ry;
0 Jo

t
JP>0: / b(s)edo G+ (wu)dugs < P for all t € Ry ;
0

Then, the trivial solution of (1.1) is ¥— uniformly stable over R.

Proof. We will use the Definition of ¥— uniform stability. For a given € > 0, we
choose § = 6(¢) = [2K(1+ M)(1+4 P)] 'e. Let Z(t) be any solution of equation
(1.1) which satisfies the inequality | ¥(to)Z(to) |< 9 for some ¢y € R.

From the hypothesis (1), the solution Z(t) exists on R and satisfies the inequality
| U(t)Z(t) |< § for all t € [0, to].

Obviously, the function Z(t) is a solution of equation

Z'=At)Z + [ZB(t) + /OtF(t,s, Z(s))ds} , t>to.
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Therefore, by the formula of variation of constants ([2, Ch. 11, s. 2 (8))],
(3.5)

Z(t) :X(t)X’l(to)Z(to)Jr/t X ()X (s) [Z(S)B(s)+/OSF(S,U,Z(U))du ds,

for t > tg. From (3.5), multiplying by ¥(¢) and noting w(t) =| ¥(¢)Z(t) | for t > 0
and ®(t,s) = V()X ()X 1(s)¥1(s), for all t > s > 0, we obtain

g V0SB0 )
. +ftt0 | (t,s) | U B(s) | w(s) + fos | U(s)F(s,u, Z(u)) | du] ds, for t > to.
From hypothesis (4),

| O(s)F(s,u, Z(w)) ||< f(s,u) | ¥(u)Z(u) |, for s >u > 0.

As a result, the above inequality (3.6) becomes

(3.7)  w(t) < Kw(ty)+ K t {| B(s / f(s,v)w du} ds, for t > tg.

to

From hypothesis (3), we have | B(s) |> m > 0, for all t€ R;. Since w(t) =|
U(t)Z(t) |< § for all t € [0, to], the last term from inequality (3.7) can be written as

Kj;to (fos f(s,u)w(u)du) ds

_Kfto (f f(s,u)w (u)du) ds—i—Kf: (ft )du)d
< (5Kft o f(s u)duds—i—Kft ‘B( )| ft Jw(u)duds
<6KM+Kft | B(s) |ft (u)duds, for t > to.

Now, from (3.7) and the above results, the function w(t) satisfies the inequality

(3.8) w(t) <OK(1+ M)+ /t: b(s)w(s)ds + /t: b(s) (/t: f(s, u)w(u)du) ds,

for t > tg. From Theorem 2.1, [15], it follows that
t

(3.9)  w(t) <SK(1+ M) [1+ / b(s)elo B+ (“’“))d“ds} , for t > to.
to

From (3.9), Lemma 6, [3], and hypothesis (5), it follows that
| U(t)Z(t) |< e, fort > to.
From the Definition, the trivial solution of (1.1) is ¥— uniformly stable over R.. O

Theorem 3.3. Suppose that:
1. the hypothesis (H) is fulfilled;
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2. there exists a constant K > 0 such that the fundamental matriz Y (t) for equation
(1.8) satisfies the inequality

| (YT(t) (YT)_1 (s)) @ (V)0 '(s)) < K, fort>s>0;

(3). there exists m = tierﬂlki | W()AR)TL(t) |> 0;
4. the matrixz function F(t,s,Z) satisfies the inequality
| W) F(t,s,2) |< f(t,s) | R()Z |,
for (t,s,Z) € D, where f(t,s) and its partial derivatives fi(t,s) exists and are con-
tinuous functions for 0 < s <t < co such that f(t,s) >0 and fi(t,s) < 0;

(5). the functions a(t) = max{K, 45} | U()A)U1() | and f(t,s) satisfy the
conditions

t s
M >0: / / f(s,u)duds < M, for allt € Ry;
o Jo

t
IP>0: / a(s)edo @+ ww)dugy < P for all t € Ry;
0

Then, the trivial solution of (1.1) is ¥— uniformly stable over R .

Proof. We will use the Definition of W— uniform stability. For a given € > 0, we
choose
§=06(e) = [2dK (1 +dM)(1+ P)] " e.

Let Z(t) be any solution of equation (1.1) which satisfies the inequality | ¥(t9)Z(to) |<
0 for some ty € R;. From the hypothesis (1), the solution Z(t) exists on Ry and
satisfies the inequality | W(¢)Z(¢) |< § for all ¢ € [0,¢o]. From Lemma 5, [3], the vector
function z(t) = Vec(Z(t)) is a solution of the ” corresponding Kronecker product system
associated with (1.1)”, i.e., of the system

(3.10) =T, @A)+ BT (t) ® I3) = + /Ot f(t,s,2(s))ds,

where f(t,s,2) = Vec(F(t,s,Z)), on the same interval Ry. This system can be
written in the form

7= (BTt)®1) 2+ {(Id ® A(t)) z +/ f(t,s,z(s))ds} , t > to.
0

From Lemma 8, [3], we know that the matrix U(t) = YT (¢) ® I; is a fundamental
matrix for the linear homogeneous system

(3.11) 7= (BT(t)®14) 2

Therefore, by the formula of variation of constants ([2, Ch. II, s. 2 (8))],

2(t) = U)U (to) 20 +/ Ut)U(s) {(Id ® A(s))z(s) + /05 f(s,u,z(u))du} ds,

to
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for ¢ > to, where zp = Vec(Z(tp)). From Lemma 1, [3], we have

U@)U ™ (s) = (YT(t) ® Id) : (YT(s) ® Id>_1 - (YT(t) (YT>_1 (s)) @1y, t>5>0.

Then, for t > tg, we infer
(3.12)

0= (007 1) 2]«
+ ! K () @ L] - [(La @A) 2(5) + Ji £ (5,0, 2(w))du] ds.
Define the vector function w(t) by settlng w(t) = (Ig@Y(t))2(t), t > 0 and the

matrix function ®(t,s) = (Y ) (Y*)" (s)) ® (U(t)¥~!(s)), for t > s > 0. From
(3.12), we have (see Lemma 1, [3])

w(t) = ®(t, to)w(to)
It 8) [(La e (D) AT (5))) w(s) + [ (Ta © W(s) F(5, u, () du] ds,

for t > tg. As a result, for t > ¢,
(3.13)
[lw(@®)[| <| @(t,t0) | [[w(to)l]

+ [ 1@t s) |1 U(s) AW (s) | Hlw(s)]| + fy || (Ta ® W(s)) f(s,u,2(w)) || du] ds
From hypotheses and Lemma 6, [3],

| (e @ W(s)) f(s,u,2(w)) [|=] (Ia @ U(s)) Vec(F (s, u, Z(u))) |
(3.14) <| U(s)F(s,u, Z(w)) |< fs,u) | U(u)Z(u) |<

< df(s,u) || (Ia®@ W(u)) Vee(Z(u)) [|= df (s, w)||w(u)]] gaz

for s > tg, s > u > 0. From (3.13), (3.14) and hypotheses, the continuous function
[lw(t)|| satisfies the inequality

(3.15) |lw(®)]| < Kl[w(to) ||+K/ { )w(s )||+/Osdf(s,U)|w(U)|du ds, t > to,

where a(s) =| U(s)A(s)¥1(s) |, s € Ry. Because
lw(w)[] = [|(1a ® ¥ (u))Vece(Z(u)[| <| ¥(u)Z(u) [< 6 for u € [0, 4],

the last term from the above inequality can be written as

K Ji (Jo df(s,w)lfw(w)]|du) ds
=K [, ( o df (s, u)IIw(u)IIdu) ds+ K [, (ff; df(s,u)IIw(u)Ildu) ds
< dSK [} [, f(s,w)duds + dK [} [ f(s,u)l|w(u)||duds
< ASKM +dK [} [ f(s,u)|Jw(w)||duds.
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From (3.15), hypotheses and the above results, ||w(t)|| satisfies the inequality

t t s

(316)  [lw(t)]| < 6K(1+dM) + / a(s)llw(s)1ds + / a(s) ( / f(s,u)l\w(U)Hdu> ds,
to to to

for ¢ > tg. From Theorem 2.1, [15], it follows that

¢
(3.17) [lw(t)]| < 6K(1+4dM) {1 —|—/ a(s)efto(a(u)Jrf(u’u))duds] , for t > tg.

to

From hypothesis (5), it follows that
(3.18) [lw@®)|| < K(1+dM)(1+ P), for t > to.
From Lemma 6, [3], we get
| U)Z(t) |<d|w(t)]| <dOK(1+dM)(1+ P) <e, fort > tg.
From the Definition, the trivial solution of (1.1) is ¥— uniformly stable over R;. O

Remark 3.1. The above Theorems generalize the results from Theorem 3.1, [10] and
Theorem 4.5, [8], from differential systems to Lyapunov matrix differential equations.

Remark 3.2. The above Theorems have very useful corollaries in the particular cases
when f(t,s) = h(t)g(s) or f(t,s) =k(t — s).
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