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Abstract. In this paper we construct a family of a-connections on a
fiber-bundle of a generalized statistical manifold. We prove that the ex-
ponential and mixture connections are curvature-free and we investigate
the associated parallel transport.
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1 Introduction

Information geometry investigates the differential-geometric structure of statistical
models and has many applications in statistical inference or machine learning for ex-
ample (see [4]). Since the seminal work of Rao[14] where Fisher information is viewed
as a Riemannian metric on a probability distributions space, statistical manifolds
have been widely studied. The Fisher information metric on statistical manifold is
related to the Kullback-Leibler divergence which is a measure of dissimilarity between
two probability distributions. Considering a family of a-divergences, Amari[2] pro-
posed a family of a-connections on statistical manifolds. To elucidate the structures
and properties of estimating functions, Amari and Kumon|3] constructed a family of
a-connections on Hilbert bundle of statistical manifold, endowed with the Fisher in-
formation metric. Vigelis et al.[17] introduced a new metric and a-connections using
ug-mappings (or ¢-functions), which generalize Fisher information metric and Amari’s
a-connections. The obtained geometric structure is called a generalized statistical
manifold. Recently, de Andrade et al.[5] investigated the mixture and exponential
arcs on generalized statistical manifold.

In this paper, we extend the results of Vigelis et al.[17] by defining a new family
of a-connections on Hilbert bundle of generalized statistical manifold. We prove that
the curvatures of our proposed (1)-connection and (—1)-connection vanish everywhere.
Moreover, we give the a-parallel transport associated with a-connection for o = +1.
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The rest of the paper is organized as follows. In section 2, we review the relevant
concepts related to generalized statistical manifold. In section 3 we introduce our
new a-connection on Hilbert bundle of generalized statistical manifold and prove the
mains results.

2 Generalized statistical manifolds and a-connections

In this section, we recall some useful definitions and properties related to generalized
statistic manifolds (see[17, 10, 16]). Let (x, %, ) be a measure space and P, = {p €
LY :p >0, fx p(z;0)dp(x) = 1} where L? denotes the set of all real-valued, measurable
functions on .

Definition 2.1. (see[17]) Let ug : x — (0,00) be a measurable function. A function
¢ : R — (0,00) is said to be a up-mapping if :

e ¢ is convex,
o lim, , o ¢(x) =0 and lim, o ¢(x) = o0,

e for all measurable function ¢ : x — R satisfying fx o(c(x))dp(z) = 1, we have
J, dle(@) + Auo(2))du(z) < oo, for all A > 0.

Example 2.2. The function ¢ defined by
¢(z) = exp(ax +b),a € (0;00),b€eR, VzreR
is a 1,-mapping.
Example 2.3. (see[16]) The Kaniadakis’k-exponential exp, : R — (0, 00) defined by
e for K = 0, exp,, is the usual exponential map,
e for k € [~1,0[U]0,1] , exp, () = (kx + V1 + x222)1/*
is a ug-mapping where uq satisfies fx expy (uo)dp < 4o0.

Definition 2.4. (see [17]) Let ¢ be a smooth ug-mapping. A generalized statistical
manifold is a family of probability distributions

M={p(;0):0c 0O} CP,
such that:
1. © is an open and connected set in R"™.
2. Each p(.,0) is given in terms of 6 € © by a one to one mapping.

3. Every function p(z;-) is smooth for all x and the operations of integration
with respect to p and differentiation with respect to 6" (i.e. 9/06") are always
commutative.

4. The support of p(-,0) does not depend on 6 for all 6 € O©.
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5. The matrix g = (g;5), which is defined by

9 fy
Ss= — /
9 = ~Eo {aoiaej}

is positive definite at each 6 € ©, where fq(-) = ¢~ 1(p(+;0)) and

[0 (fo)dp

1 B0l = T oo oy

gij is invariant under reparametrization. When ¢ is the usual exponential function
and ug = 1, g is the Fisher information matrix.

Lemma 2.1. [17] Fori,j € {1,2,---} and 6 € M,

Ey {({ﬁe} =0 and g¢;; =Ey {3]”9 5f9] ,

00 00t 90J
where

Lo L6 (fo)du
22 = T oo

Let 9; = 0/00" be the tangent vector of the i-th coordinate curve #° at the point
0. Then, n such tangent vectors 0;, i = 1,--- ,n, span the tangent space TgM at the
point @ of the manifold M. Any tangent vector A € TyM is a linear combination of
the basis vectors 0,

A= Ao,

where A* are the components of vector A and Einstein’s summation convention is
assumed throughout the paper. The tangent space TyM is a linearized version of
a small neighborhood of # in M and an infinitesimal vector df = d6'9; denotes the
vector connecting two neighboring points € and 8+d# or two neighboring distributions
p(-,8) and p(-,0+df). Let us introduce a metric in the tangent space TyM. It can be
done by defining the inner product of two basis vectors d; and 0;. Usually the vector
0; € TgM is represented by a function 0; fg and the metric is defined by

(2.3) 9i5(0) = 9(0;,0;) = (0i fo, 0j fo) = By [0: o0 fo] , VO € M

The a-covariant derivative (see [17]) of the basis vector 9; in the direction 0; is

(2.4) (V5D 0;,00) =T,
where 1+ )
(a) _ X (1) —an (-1
Fij,k 9 Fij,k 9 Fij,lc )

1) _ o 62f9 % o 62f9 1" %
Fijr =T {aeiaej g% | ~ B | ggiaer | o |“oqer |
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(=1 _ E//|: anG 8f9]+E/// |:af98f@8f¢9:|

ko T 0 90iged ook O | 90t 907 OOk
" afG 8f9 " an " 8f9 afG " afG
o [aea&k B |uoggr | ~ o | 967 gk | =0 |“0 56
and
E) [[]= Afx(-)¢(3)(f9)du
O T oo™ (fo)dp

3 The Hilbert bundle of a generalized statistical
manifold

3.1 Hilbert bundle

Let T be the set of p-integrable and smooth functions r defined from y to R. Let ¢
be a smooth and bijective up-mapping ¢ : R — (0, c0) such that V(6,2) € M x (0, c0),
oM (x) #0and M = {p(-;0);0 = (6',---,0") € © C R"} a generalized statistical
manifold endowed with the Riemannian metric g defined by (2.3) and parametrized
by 6 = (6,---,0™). To each point § € M, we associate a linear space Hy defined by

Hy = {r € T :Ej[r] = 0,E)[r*] < +o0},

where Ej, and EJ are respectively defined by relations (2.1) and (2.2). Throughout
this paper we assume that Ej [(6‘,;f9)2] < oo and for all (0,0") € M?, r € Hy

¢'(f9)>2 < too

EJ[r?] < +o0o = Ej |"I“2 (¢/ o)

For each 8 € M and r,s € Hy we set
(3.1) (r,s)q :=Ep|rs].

Proposition 3.1. For all 6 € M, (-,-)p is an inner product and (Hy,(-,-)9) is a
Hilbert space.

Proof. Let 8 € M. Hyis a vector space and the map (-, -)¢ defined by (3.1) is a positive
definite bilinear form, then it is a inner product on Hy. Using the Walter’s proof (see
[18]) of completeness of the set of measurable and square integrable functions, one
proves the completeness of Hy. ([l

Since the tangent vectors 0;fo(z), which span ToM, satisfy Ej[0;fs] = 0 and
EJ[(8; fo)?] < 400, they belong to Hy. Indeed, the tangent space ToM of M at 0 is a
linear subspace of Hy, and the inner product defined in TyM is compatible with that
in Hy. Let Ny be the orthogonal complement of TyM in Hy. Then, Hy is decomposed
into the direct sum

Hy =TyM & Ny.
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The aggregate of all Hy’s attached to every # € M with a suitable topology,
H = UpeprHy,

is called the fiber-bundle with base space M. Since the fiber space is a Hilbert space,
it is called a Hilbert bundle of M. It should be noted that Hy and Hy are different
Hilbert spaces when 6 # ¢'.

Hence it is convenient to establish a one-to-one correspondence between Hy and
Hy:, when 6 and 6’ are neighboring points in M. When the correspondence is affine,
it is called an affine connection. Let us assume that a vector r € Hy at 0 corresponds
to r 4+ dr € Hypigp at a neighboring points 6 + df, where d denotes infinitesimally
small change.

Lemma 3.2. Let 0 € M and r € Hy. Then
Ey[dr] = —E5[0: for]dd" + o (||d6]|) .
Proof. Let 6 € M and r € Hy. Then r+dr € Hy,ap. Set ®,(0) = ¢V (fo(2)), z € x.
The function &, is differentiable on ©. Then by Taylor expansion of the function
0 — ®,(0 + db) we obtain
D, (0 + df) = @,(0) + dp®,(dO) + o(||dO||)
where dy®, denotes the differential of ®, at 6. Thus
r+dre Horqp = Ej golr+dr]=0
N / [(2) + dr(2)]®. (0 + dO)dp(z) = 0
X
= /[7”(90) + dr(2)] (22(0) + do®x(db) + o(||dO]))) duu(z) = 0
pY
= Ej[dr] +EJ[ro;fo]do"
(3.2) +o(de]) / Ir() + dr(2)]du(z) = 0.
X

Using fx |r(z) + dr(z)|du(z) < oo and (3.2) we deduce Ej[dr] = —EJ[9; for]dd" +
o (||d6]]) - 0

Next, we construct the a-connections on Hilbert bundle.

3.2 «-connections on Hilbert bundles

Given r € Hy, differentiating the identity Ej[r] = 0 with respect to 6, we have
Ej[0ir] = —E} [0 for], E'[r] = E}[0; fo] = 0. Set

1-a« ¢(2)(f9) " i
9 m@‘f&r — E§ [uo0; folr | db".

1 .
dr = 7_; a]Ef, [0;ruodd* —
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We have
) o [ltae, i 1—a¢®(fp) ;
Eyldr] = E T]Eg[azr]uodG - (1)(f6)8lf9rd9
_ l+oa, ) i_l_a l ¢(2)(f0) ) i
= —5 Egloir]ap 5 E ¢(1)(f0)81f07'd9
(3.3) _ 1 —gaEg[@-r]in - “TO‘E" [0 for] dOF

= —E"[0:for]db".

The a-connection is given by the following a-covariant derivative V(®. Let r be
a vector field, which attaches a vector r( - ,6) to every point 6 € M. Then, the rate
of the intrinsic change of the vector r( - ,6) as 6 changes in the direction 9; is given
by the a-covariant derivative:

*(Oz) _a _].+O[ ’ ) ]_—Ck ¢(2)(f9)
(34) de r= 817' 2 EG [az’f’]UO + 2 ¢(1)(f9)

i for — Eguodi folr | -

This is a generalization of the a-connection studied by Amari[1]. We have Ej, [vg‘)r] =
0 because of the identity 9;Ey[r] = Ep[0;r] +Ej[0; for]. The a-covariant derivative in
the direction A = A'9; € TyM is given by

Vi = AT

The 1-connection is called the exponential connection and the —1-connection is called
the mixture connection.

For each point 6§ € M, the tangent space TyM is a subset of the Hilbert space
Hy. Hence the tangent bundle of M,

TM = Ugen ToM,

is a subset of H. We can define an affine connection in TM by introducing an affine
correspondence between ToM and Tg M for neighboring points 6 and 6'.

An affine connection given such that r € Hy corresponds to r + dr € Hgyqg,
induces an affine connection in TyM such that r € TogM C Hy corresponds to the
orthogonal projection of r 4+ dr € Hgyqp onto Tgiq9M.

3.3 Parallel transport on Hilbert bundles

We start this subsection by the following definition.

Definition 3.1. Let ¢ = {¢(t),t € [0,1]} be a curve in M. A vector field r( - ,t) €
H.(;) defined along the curve c is said to be a-parallel, when

l-« QJ)(Q)(fC)
2 LeW(fe)

1+«

' for = o] = 0.

(35)  Vp=1¢ E. [ ]uo +

where 7 denotes dr /¢, etc.
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Definition 3.2. A vector ri(-) € Hy, is the a-parallel transport of ro(-) € Hy, along
a curve ¢ = {c(t),t € [0, 1]} connecting 6y = ¢(0) and 6; = ¢(1), when ro(-) = r(-,0)
and 71(-) = r(-,1) in the solution r(-,-) of (3.5).

Generally, the parallel transport along a curve ¢ connecting 6 to 8’ depends on on

C.

Theorem 3.3. (see [12]) For an affine connection, parallel transport is independent
of the path if and only if the curvature tensor vanishes.

Now, we investigate the e- and m-parallel transport operators from Hy to Hy, for
(6,0") € M?. Then we can prove the following important theorem.

Theorem 3.4. Let (e)ﬂ'g/ and (m)ﬂ'g/ be the e- and m-parallel transport operators
from Hy to Hy:. Then

Ordr(@) = r(z) - Eplrluoa),
r(@)6M (fo(x)) [, wod™ (for)dp

60 (fo (@) [ u0dD (fo)dn

@) =

Proof. Let ¢ = {c(t),t € [0,1]} be a curve connecting two points § = ¢(0) and
0" = c(1). Let r(®(x,t) be an a-parallel transport vector defined along the curve c.
Then, it satisfies (3.5). When a = 1, it is reduced to

(3.6) M, t) ~ |:,,;(e)(.7t):| '

Since the right-hand side

S # @, 0)6D (foy (@) du(x)
S wo(@)oW (fu (@) dpu()

Elq [#90.0)] =

of (3.6) does not depend on z, its solution (with the initial condition r(x) = r(¢)(z,0))
is given by
& (z,t) = r(z) + a(t)uo(z)
where
a(t) = —Eqq, [r].
Then )
©rl'r(z) = r(z) — By [rluo(z).

When o = —1, (3.5) is reduced to

- (m ¢(2) fc t . 7 . m
™) (2, t) + {Mﬁ;m(%) —Ecq [Uofc(t)]} r(™ (2, 1) = 0.

The solution is

fx Uofb(l)(fc(t)(x))dﬂ
oW (feqry ()

™ (2, ) = k(z)
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— @ W (fo(x)
where k(z) = T uod)(l)(fg(::))du(x)' Then
1) MW ( £
gty = @O ) [0 o

oW (for(2)) [, wod™ (fo)du

As consequence of the two previous theorems, we get the following result.

Corollary 3.5. The exponential VY and mizture connection V=Y are curvature
free.

Lemma 3.6. We assume that Vz € ¥, q§(2)(m) > 0. If there exists a real constant k
such that

(37) o (f0) = 9 (fa) [ wod® (fa)do+ k.
X
then
/// nlg ¢ (fe) "
(3.8) [0:f60; foOk fo] = By | 0i foOk fo o fy )3 j.fo + Eg (u09; fo)

Proof. Let ¢ be a smooth and bijective up-mapping such that V(0,x) € M x (0, c0),
oM (x) # 0, ¢ (x) > 0 and ¢ satisfies (3.7). Let (4,75, k) € {1,2,--- ,n}.

(3.7) = 90 (fa) = 0,00 (fo) / uod™ (fo) dp
X

+06™M (fo) / uod; fod' (fo) du

9;£0¢"* (fo)

o2 (fo)

oM (fo)

¢5(2)(f9)/xu08jf0¢(2) (fo) du

9; 00 (fo) _ 9; o9 (fo)
2 (fo) oW (fo)

¢ (fo)
oo /X w0d, £ (fo) di

9; o0 (fo)
= az’feakfew

/ o, fo 8 <fe)du] .

— 0,y / o™ (fo) dp

+

_s 9;fo9'® (fo)
ouonss |55

Y (fo)
¢(2)( fo)

By taking the expectation of (3.9), we get the relation (3.8). O

(3.9)

In the following theorem, we show that with a sufficient and necessary condition
on ¢, the restriction to TM of the family of a-connections (3.4) of H is exactly the
family of a-connections (2.4) of TM given by Rui et al.[17]. Since the geometry of
M is indeed that of TM, our a-geometry of H is an extension of that of M.
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Theorem 3.7. For alli,j and k in {1,2,--- ,n} and 6§ € M,
9 (V570;,0:) =15,
if and only if ¢ satisfies

3 (fo)
oM (fo)

Ey" [0 f00; foOk fo) = Ey [@feakfe < 0jfo +]E/9'(U03jfe)>} ;

where F( 1 18 defined by relation (2.4).
Proof. Let i,j and k in {1,2,--- ,n}. We have

g(vgj)ajaak) = <V(aa}95'f9,3kfe>

= (0030, Onfo)y — B0, fo0; Fo) (0, Onfo)

5 (G0 ooy .0t
1-—

- [Eg[uoaife] (01 f0, 01 fo)g)
1+ «

0

= Ey [0;0; o0k fo] —
1—0( " ¢( (f@)
PR [¢>< (o)
—% (=40 o] 105 fadh S}

Eg[0; fo0; folEg [100k fo]

0 f90; feakfe}

We know that Ey [0;0; fo0k fo] = 52Ky [0:0; foOk fo] + 52Ky [0:0; feOk fol,

By’ [0ifo0; foOkfo] = Ef [z(l)E?;a fo0; feakfe}
Eg [0; foOk fo] Eg [uo0; fo] -
Then one has g (vgj‘)aj, 8k> = 1+O‘I‘Z(J)k +1 FEJ ,1) = I‘z(.jvi. O
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