Hypersurfaces with harmonic mean curvature vector
in Euclidean space of arbitrary dimension

Ram Shankar Gupta

Abstract. We prove that hypersurfaces in E"*! satisfying AH = \H
whose second fundamental form has constant norm and with at most four
distinct principal curvatures has constant mean curvature and constant
scalar curvature. In particular, every such null 2-type hypersurface in
Euclidean space E*t! with at most four distinct principal curvatures has
constant mean curvature and constant scalar curvature. Also, we obtain
that every such biharmonic hypersurface in E**! with at most four distinct
principal curvatures must be minimal and has constant scalar curvature.
Furthermore, the mean curvature H and constant norm of second funda-
mental form 3 of every such nonminimal hypersurface satisfy H? < % and

equality holds if and only if M is congruent to S”(%), where A\ = .

M.S.C. 2010: 53D12, 53C40, 53C42.
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1 Introduction

Let M™ be an n-dimensional, connected submanifold of Euclidean space E™. Then,
it is well known that

(1.1) AT = —nH,

where Z, H and A are the position vector field, the mean curvature vector field and
the Laplace operator on M™, respectively.

A submanifold M™ in E™ is said to be of finite type [2, 3, 8] if the position vector
Z of M™ can be expressed as:

(1.2) T=Fg+ T+ + T,

where % is a constant vector and Zi,..., £; are non-constant maps satisfying AZ, =
AgZTq, ¢ =1,..., k. If all eigenvalues A\;, ¢ = 1,...,k are mutually distinct, then the
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submanifold is said to be of k-type. A submanifold is called null k-type if one of
Ags ¢ =1,...,k is zero. By taking Ty to be the origin, we have the following simple
spectral decomposition of & for a null 2-type submanifold M:

(1.3) T=201+T2, AT =0, Ay =\,
where A is a non-zero constant. From (1.1) and (1.3), we get
(1.4) AH = \H.

In particular, a submanifold is called biharmonic if AH = 0.

The study of biharmonic submanifolds in Euclidean space was initiated by Chen
in mid 1980s. In particular, he proved that biharmonic surfaces in Euclidean 3-spaces
are minimal. In 1991, Chen posed the following well-known conjecture [2]:

The only biharmonic submanifolds of FEuclidean spaces are the minimal ones.

Chen’s conjecture was verified and found true for submanifolds of some Euclidean
spaces (Please see [2, 3, 6, 10, 11, 12, 19, 20, 21, 23]).

The study of submanifolds in Euclidean spaces satisfying AH = \H was initiated
by Chen in 1998 and arose in the context of his theory of submanifolds of finite type.

In 1991, Chen proposed the following interesting problem [2]:

”Determine all submanifolds of Fuclidean spaces which are of null 2-type”.

Chen proved that null 2-type surfaces in Euclidean space E? are circular cylinders
[4]. In [15], it was proved that a null 2-type Euclidean hypersurface in E**! with at
most two distinct principal curvatures is a spherical cylinder SP x R*~P. Later, Chen
proved that a surface M in the Euclidean space E* is of null 2-type with parallel
normalized mean curvature vector if and only if M is an open portion of a circular
cylinder in a hyperplane of E4; and the only null 2-type surfaces in E* with constant
mean curvature are open portion of helical cylinders [5].

In 1995, Hasanis and Vlachos [22] proved that null 2-type hypersurfaces in E*
have constant mean curvature. Chen and Garray proved that §(2)-ideal null 2-type
hypersurfaces in Euclidean space are spherical cylinders [7].

In [13], Dursun classified 3-dimensional null 2-type submanifolds of the Euclidean
space [E5 with parallel normalized mean curvature vector. In [14], it was proved that a
3-dimensional submanifold M of the Euclidean space E5 such that M is not of 1-type
is an open portion of a 3-dimensional helical cylinder if and only if M is flat and of
null 2-type with constant mean curvature and non-parallel mean curvature vector. It
was proved that every null 2-type hypersurface with at most three distinct principal
curvatures in a Euclidean space has constant mean curvature [16]. Recently, it was
proved that null 2-type hypersurfaces with at most four distinct principal curvatures
and whose second fundamental form has constant norm in ES has constant mean
curvature and constant scalar curvature [18]. For more work in this field, please see
(3, 9].

In view of above development, we study biharmonic and null 2-type hypersurfaces
in E"*! whose second fundamental form is of constant norm. We prove that:

Theorem 1.1. Let M be a null 2-type hypersurface in E*+1 with four distinct prin-
cipal curvatures and whose second fundamental form is of constant norm. Then, it
has constant mean curvature and constant scalar curvature.
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Theorem 1.2. Let M be a null 2-type hypersurface in E*T1 with at most four distinct
principal curvatures and whose second fundamental form is of constant norm. Then,
it has constant mean curvature and constant scalar curvature.

Also, we prove that:

Theorem 1.3. Let M be a biharmonic hypersurface in E*L with four distinct prin-
cipal curvatures and whose second fundamental form is of constant norm. Then, it
has constant mean curvature and constant scalar curvature.

Theorem 1.4. Let M be a biharmonic hypersurface in E" 1 with at most four distinct
principal curvatures and whose second fundamental form is of constant norm. Then,
it must be minimal and has constant scalar curvature.

As, Chen proved that a submanifold M™ of E™ satisfies (1.4) if and only if it
is biharmonic or is of 1-type or is of null 2-type [5]. Also, Takahashi proved that
only 1-type hypersurfaces of Euclidean spaces are the minimal hypersurfaces and are
open parts of hypersphere [24]. Therefore, combining Theorem 1.2, Theorem 1.4 and
results obtained in [5, 24], we get

Theorem 1.5. Let M be a hypersurface satisfying AH = )\H in E"! with at most
four distinct principal curvatures and whose second fundamental form is of constant
norm. Then, it has constant mean curvature and constant scalar curvature.

The following inequality is known in the literature as Cauchy’s inequality.

Theorem A.[1] Ifa = (ay,...,a,) andb = (by,...,b,) are sequences of real numbers,
then
n n n
(1.5) O arbp)* <> ap > b,
k=1 k=1 k=1

with equality if and only if the sequences @ and b are proportional, i.e., there is a
r € R such that ap = rby, for each k € {1,...,n}.
Using Theorem 1.5 and Cauchy’s inequality, we give the following classification:

Theorem 1.6. Let M be a hypersurface satisfying AH = \H in E™ with at most
four distinct principal curvatures. Then, every such nonminimal hypersurface M in
the Euclidean space E™t1 with constant norm of second fundamental form /3 satisfy
H? < g and equality holds if and only if M is congruent to S"(%)

2 Preliminaries

Let (M, g) be a hypersurface isometrically immersed in an (n + 1)-dimensional Eu-
clidean space (E"*1,g) and g = 9m-

Let V and V denote linear connections on E"*! and M, respectively. Then, the
Gauss and Weingarten formulae are given by

(2.1) VxY =VxY +h(X,Y), V XY eT(TM),

(2.2) Vx€=—AeX,
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where £ is the unit normal vector to M, h is the second fundamental form and A is
the shape operator. It is well known that the second fundamental form h and shape
operator A are related by

(2.3) g(h(X,Y),8) = g(Ac X, Y).

The mean curvature is given by
1
(2.4) H = —trace A.
n

The Gauss and Codazzi equations are given by

(2.5) R(X,Y)Z = g(AY, Z)AX — g(AX, Z)AY,

(2.6) (VxA)Y = (VyA)X,
respectively, where R is the curvature tensor and
(2.7) (VxA)Y =Vx AY — A(VxY)

forall X,Y,Z e T(TM).
By comparing the tangential and normal components of (1.4), the necessary and
sufficient conditions for M to be null 2-type in E"*! are

(2.8) AH + H trace(A?) = \H,

(2.9) A(grad H) + %H grad H =0,

where H denotes the mean curvature. Also, the Laplace operator A of a scalar valued
function f is given by [3]

n

(2.10) Af == (eiesf = (Veen)f),

i=1

where {ej,es,...,e,} is an orthonormal local tangent frame on M.

3 Null 2-type hypersurfaces in E"*! with four
distinct principal curvatures

In this section we study null 2-type hypersurface M in E"*! with four distinct princi-
pal curvatures. We assume that the mean curvature is not constant and grad H # 0.
Now, assuming non constant mean curvature implies the existence of an open con-
nected subset U of M with grad, H # 0, for all z € U. From (2.9), it is easy to
see that grad H is an eigenvector of the shape operator A with the corresponding
principal curvature —5 H.
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We denote by A, B, the following sets
A={1,2,...,n}, B={2,3,...,n}.

The shape operator A of hypersurface M in E"*! will take the following form
with respect to a suitable orthonormal frame {eq,es,... e}

(31) Age; = )\iei, 1€ A,

where J; is eigenvalue corresponding to eigenvector e; of the shape operator.
Without losing generality, we choose e; in the direction of grad H and therefore,
we get the corresponding eigenvalue \; = —5 H. The grad H can be expressed as

(3.2) grad H = Zei(H)ei.
i=1

As we have taken e; parallel to grad H, consequently
(3.3) e1(H)#0, e(H)=0, i€B.
We express

n
(3.4) Veej =Y witem, i,j€ A

m=1

Using (3.4) and the compatibility conditions (V.,g)(e;,e;) = 0 and (V¢,g)(ei, e;5) =
0, we obtain

(3.5) wh; =0, wi +wh; =0,
for i # j and 4,5,k € A.
Taking X =e¢;,Y =e¢; in (2.7) and using (3.1) and (3.4), we get
n
(Ve,i.A)ej = ei(/\j)ej + wajek()\j — /\k)
k=1

Putting the value of (V,A)e; in (2.6), we find

ei()\j)ej + ngek()\j — >\k) = 6j(>\i)6i + wazek()\l — >\k)7
k=1 k=1

whereby for ¢ # j = k and i # j # k, we obtain

(36) Gi()\j) = ()\z — )\J)w]

Jv

= ()\j — )\i)w;j, and

(3.7) (N = Awi; = Ak — A,

respectively, for ¢, j, k € A.
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Now, we show that A\; # Ay for j € B. In fact, if \j = \y = =5 H for j # 1, from
(3.6), we find

(3.8) er(hy) = (A = Awl =0, or - gel(H) —0,

which contradicts the first expression of (3.3). Therefore, \; = —4 H has multiplicity
one.

Since M has four distinct principal curvatures. We can assume that \y = —5 H
51, B2 and B3 are four distinct principal curvatures of the hypersurface M with mul-

tiplicity 1, p,q and r respectively, such that

)

Ay =Ag=--=App1 =B,
/\p+2 = /\p+3 == )\p+q+1 = 527
Aptq+2 = Aptq+3 = 0 = Aptgiri1 = O3,

andp+qg+r+1=n.
Using (2.4) and (3.1), we obtain that

- 3n
3.9 A= = —H
(3.9) JZ:; j =DpB1+qB2 + 183 5
We denote by C7,Cy and C5, the following sets
Cl = {2a35ap+1}7 C2 = {p+27p+377p+q+1}a C’3 = {p+Q+27p+q+377n}

Putting ¢ = 1 in (3.6) and using (3.5), we have

e1(Bi,) ) .
3.10 L= 2 ey, =1,2,3.
( ) wjj /B’il - >\1 J ! "

Taking i € Cy, in (3.6), we find
(3.11)
Taking i,j € Cy and i # j in (3.6), we get

(312) (Bl 0, j€ Cq, p>1.

Taking i,7 € Co and i # j in (3.6

(

)

(3.6), we find
(3.13) ej(B2)

(

) =

)
0, jedl qg>1.

Taking i,5 € C5 and i # j in (3.6), we obtain

(3.14) ej(Bs

Using (3.3), (3.4) and the fact that [e; ¢;](H) = 0 = V,e;(H) — V,e;(H) =
wije1(H) — wjer(H), for i # j, we find

0, jedls, r>1.

(3.15) wH =w}, i,j€B.

] g
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Putting i # 1,5 = 1 in (3.6) and using (3.3) and (3.5), we find

(3.16) wi; =0, i€A.
Putting ¢ = 1 in (3.7), we obtain

(3.17) wl,=0, j#k and jkeCy, i1=1,23.
Taking ¢ € C;, in (3.7), we have

(3.18) wl,=0, j#k and jk€Cy, i1 #da i1,50=1,23.
Putting j = 1 in (3.7) and using (3.15), we get

(3.19) wh=wh =0, i€Cy,, keCiy,, i1#iy i1iz=123.
Putting ¢ = 1 in (3.7) and using (3.19) and (3.5), we find

(3.20) wly=wl, =0, j€C;, keCy, i1#is iiz=123.
Combining (3.19) and (3.17), we obtain

(3.21) wi =wl; =0, i#j, i,j€B.
Now, using (3.4) and (3.16)~(3.21), we have:

Lemma 3.1. Let M be a null 2-type hypersurface in Euclidean space E"T1 of non-
constant mean curvature with four distinct principal curvatures, and having the shape
operator given by (3.1) with respect to a suitable orthonormal frame {e1,ea, ..., e,}.
Then,

Veer =0, Veer=> wile, ¥V i€Ci, m#i,

Veer=—whe; ¥ i€B, Ve = Zw{';em YV ie€B, m#i,
A
ejzzwg‘lem v i’jecilv Z%]v ]%ma
Ve, wel—l—Zw”em ieCy, jeB\C;,, m#j,
B\Ci,
where ) . denotes the summation taken over all the element of C;, fori; =1,2,3,
. ‘1

and w;; satisfy (3.5) and (3.6).

Next, using Lemma 3.1, and equations (2.10), (3.3) and (3.28) in (2.8), we obtain

(3.22) —ere1(H —l—Zw e1(H)+ BH = \H.
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Using (3.3), Lemma 3.1, and the fact that [e; e;](H) = 0= V,e1(H)—V,,e;(H),
we find

(323) eiel(H) =0, i€ B.
Using (3.23) [e; e1](e1(H)) = 0= V,e1(e1(H)) — Ve, ei(er(H)), we obtain
(324) eielel(H) =0, 1€ B.

Evaluating g(R(e1,e;)er,e;), g(R(e1,e;)eie;) and g(R(e;,ej)ei, e1), and using
Lemma 3.1 and Gauss equation (2.5), we get

(3.25) e1(wh) — (wWh)?* =M\, i€ B,
(3.26) er(wl) —wlwk =0, ieC;y, jeB\Cy, i1=123,
and

(327) ej(wili) + wzjiwjl'j - wgzwilz = Oa i€ Cil? ] €B \ Cil? i = 17 2,37
respectively.
We denote by 8 the squared norm of the second fundamental form h. Then, from

(3.1), we find

n2H2 n2H2 n
(3.28) B=— 4B+ af 7B = ——+ ) A

Evaluating the scalar curvature of the hypersurface and using (2.5) and (3.1), we
get

(3.29) p=n’H?* -3,

where p denotes the scalar curvature.

4 Null 2-type hypersurfaces in E"*! with constant
norm of second fundamental form

In this section, we study null 2-type hypersurface M in E"*! with constant norm of
second fundamental form. Since equations (3.12), (3.13) (3.14) are dependent upon
the multiplicities p, g, r of the principal curvatures 1, 82, 83, respectively, we consider
the following cases:

CaseL:Let p=1,g=1andr=n—3,Case II. Let p=1, ¢ > 1 and r > 1,
Case IIT: Let p>1,¢ > 1 and r > 1.

In all the above cases, we show that
(4.1) wi=0, jeCiy, ieCiy, i1#is, i1,i2=123.

x3
Case I: Let p=1, ¢ =1 and r = n — 3. In this case, we get C; = {2},Cy = {3}
and C3 = {4,5,...,n}.
Now, we prove:
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Lemma 4.1. Let M be a null 2-type hypersurface in Euclidean space E™+! with four
distinct principal curvatures, and having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea, ..., e,}. If the second fundamental form is of
constant norm and p=1, ¢q=1 and r =n — 3, then

(4.2) Who = wls =0, for jeCs.
Proof. Equation (3.9) can be written as

3nH

(4.3) B+ B2+ (n—3)B3 = 5

Differentiating (4.3) with respect to e; and using (3.3) and (3.14), we get

(4.4) ej(B1) +¢;(B2) =0, je€Cs.
Differentiating (3.28) with respect to e; and using (4.4) and (3.14), we find
(45) (62 — Bl)ej(ﬁg) =0, for ] € 03.

From (4.5) and (4.4), we get e;(f2) = €;(81) = 0, which using (3.6) completes the
proof of the Lemma.
Next, we have

Lemma 4.2. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Euclidean space B, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea,...,e,}. If the second fundamental form is of
constant norm andp =1, g=1 and r =n — 3, then

(4.6) ei(wili) == Z W;‘j [ng‘j - Wili]>

i#§,7=2
1 .
(4.7) elwi) =~ 2 @il — @@y - A=A,
C OV igg=2
(4.8) > whilw); —wi) Ay = X)) =0,
J#ii=2

and

(410) Z wjj(Aj — )\1)[(())]1](3/\] — )\1 — 2/\1) - 20);(/\1 - /\1)] = 0,
JAi,j=2

forie Cq,Cs.
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Proof. Differentiating (3.22) with respect to e; and using (3.3), (3.23) and (3.24),
we find

(4.11) e(wh) + Y eilw);) =0,

i#5,j=2

whereby using (3.27), we find (4.6).

Differentiating (3.9) with respect to e; and using (3.3), we get

n

(4.12) eiA)+ Y. €M) =0, i€Cy,Co.

J#4,J=2
Next, differentiating (4.12) with respect to e;, we have

n

(4.13) elei(/\i) + Z €1€i()\j) =0.

i#,j=2

From Lemma 3.1, we get that V., e; = 0 fori € C1, Cy. Consequently, e;eq1—eje; =

Ve,e1 — Ve, = fwiliel-, for i = 2,3. Therefore, equation (4.13) can be written as
(414) 61'61()\1') + wllzez(/\i) + Z 6167;()\]') =0.
i#],j=2

Using (3.6) and (4.12) in (4.14), we get

i#£5,j=2
+ [el(w;-j)()\j — >\z) + wéjel(kj — )\1)] =0.
i#5,j=2

Using (3.6), (3.26) and (4.12) in (4.15), we find

n n

(4.16) ei(wi)Ni—A) =2 > whe(h)+ D [whwh; (A — )
i7#5,J=2 i7#5,5=2
+ (Wi (A — A1) —wis(Ai = M) = 0.

Using (3.6) in (4.16), we obtain (4.7).
Eliminating e;(w);) from (4.6) and (4.7), we obtain (4.8).

Next, differentiating (3.28) with respect to e;, we get

(417) Z /\jei(/\j) =0, or )\261()\1) + Z )\jei()\j) =0, 1=2,3.
=2

Ji,j=2
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Using (4.12) and (3.6) in (4.17), we obtain (4.9).

Now, differentiating (4.9) with respect to ey, we get

(4.18) D er(wi N = A)? 42wk (A = Aer(h; — Ai) = 0.
J#1,J=2

Using (3.26) and (3.6) in (4.18), we find (4.10), which completes the proof of the
Lemma.

Further, we have

Lemma 4.3. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Euclidean space E"T1, having the shape operator given by (3.1) with respect
to suitable orthonormal frame {e1,ea,...,en}. If the second fundamental form is of
constant norm and p=1, g =1 and r =n — 3, then

for j € Cs.

Proof. Putting i = 2,3 in (4.8), we find the following:

(4.19) w3s[(wiz — wio) (B2 — B1)] + (n — 3)w?;[(w]; — wis)(Bs — B1)] =0,
and
(4.20) wiy[(wiz — waa) (B2 — B1)] + (n — 3)“?]'[(%1'3' —wiz)(B3 — B2)] =0,
respectively.
Similarly, by putting i = 2,3 in (4.9), we get
(4.21) wiz(Ba — B1)* + (n = 3)w3,;(Bs — f1)* =0,
and
(4.22) Wiy (B2 = B1)* + (n = 3)wi; (B3 — B2)* = 0,
respectively.
Similarly, by putting i = 2,3 in (4.10), we get
(4.23) , wis (B2 — ,5i1)[w§3(362 - B —2\) N 2w35(B1 —il)]
+(n = 3)wi; (B3 — B1)wj; (383 — B1 — 2A1) — 2wae(B1 — M1)] = 0,
and
(4.24) Wiy (B1 — B2)[waa (301 — B2 — 2A1) — 2wi5(Ba — A1)

+(n = 3)w;(Bs — B2)[w); (33 — 2 — 2A1) — 2w33(B2 — \1)] = 0,

respectively.
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We claim that w3;=0 and w?j =0. In fact, if w3; # 0 and wjzj # 0, then the value of
determinant formed by coefficients of w3, and wjzj in (4.19) and (4.21) and the value
of determinant formed by coefficients of w3y and w?; in (4.21) and (4.23) will be zero.
Therefore, we obtain that

(4.25) (Bs = B1)(wis — waa) — (wj; —wy)(B2 — B1) =0,
and
(4.26) (Bs — B1)[whs(362 — B — 201) — 2wy (B1 — M)

—(B2 = B1)wj; (383 — Br — 2A1) — 2wiy(B1 — A1)] =0,

respectively.

Eliminating wl,, from (4.25) and (4.26), we get
(4.27) Wye = le‘j»
which is not possible as from (3.25), it gives A2 = A;, a contradiction. Therefore,
w353 =0 and wf-j =0.

In an analogous manner, using (4.20), (4.22) and (4.24), we find that w3, = 0 and
w?j = 0, which completes the proof of the Lemma.

Case II: Let p = 1, ¢ > 1 and r > 1. In this case, we have C; = {2}, Cy =
{3,4,...,q+2}and C3 ={q¢+3,9+4,...,n}.

Now, we prove:

Lemma 4.4. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Euclidean space E"*!, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea,...,e,}. If the second fundamental form is of
constant norm and p=1, ¢ > 1 and r > 1, then

(4.28) why = wik = wh, = w;-“j =0, for je(Cy keCs.

Proof. Equation (3.9) can be written as

3nH

(4.29) Bi+qBa+(n—q—2)ps = B

Differentiating (4.29) with respect to e; and using (3.3) and (3.13), we get

(4.30) ej(B1) + (n—q—2)e;(fs) =0, jeCa
Differentiating (3.28) with respect to e; and using (4.30) and (3.13), we find
(4.31) (n—q—2)(B3—P1)ej(B3) =0, jeCs.

From (4.30) and (4.31), we get

(4.32) ej(B3) =¢;(B1) =0, je€Ca.
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Differentiating (4.29) with respect to ey and using (3.3) and (3.14), we get

(4.33) er(B1) +qen(B2) =0, k€ Cs.

Differentiating (3.28) with respect to e; and using (4.33) and (3.14), we find
(4.34) q(B2 — Pr)er(B2) =0, k€ Cs.

From (4.33) and (4.34), we get
(4.35) er(B2) = ex(B1) =0, ke Cs.

Using (3.6) in (4.32) and (4.35), we get (4.28), which completes the proof of the
Lemma.
Next, we have

Lemma 4.5. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Buclidean space E"*1, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea, ..., e,}. If the second fundamental form is of
constant norm and p =1, ¢ > 1 and r > 1, then

(4.36) 62(@2) == ngzj [wgl‘j - W%QL
j=3

1 n

(4.37) 62(‘052) = —m Z%Q'j(%l'j - w%z)(”\j — X2 — A1),
j=3
(4.38) > wil(w); — wh) (A — A2)] =0,
j=3

(4.39) D Wi = Ae)? =0,

j=3
(4.40) D WA = A)[(w); (3 — A2 — 2M1) — 2why (A2 — A1)] = 0.

=3

Proof. The proof follows from the proof of Lemma 4.2 by taking i = 2.

Further, we have

Lemma 4.6. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Euclidean space B!, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea,...,en}. If the second fundamental form is of
constant norm and p=1, ¢ > 1 and r > 1, then

2 2
wjj_()’ wkk—(),

forjeCy and k € Cs.
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Proof. From (4.38), (4.39) and (4.40), we find

(4.41) qwjzj[(w_]l'j - W%z)(@ =B+ (n—q— 2)wik[(wik - W52)(53 - p1)] =0,

(4.42) qw3; (B2 — B1)* + (n — q = 2)wiy,(Bs — B1)* = 0,
and
(4.43) qwfj(ﬂz — 51)[00]17‘ (3B2 — B1 —2\1) — 2“}%2(51 — A1)

+(n — g = 2)wi (B3 — B1)[w]; (383 — B — 2A1) — 2wi, (B — A1)] =0,

respectively, for j € Cy and k € Cs.

We claim that wjzj:O and w?; =0. In fact, if w?-j # 0 and w?, # 0, then the value of
determinant formed by coefficients of w]zj and w?, in (4.41) and (4.42) and the value
of determinant formed by coefficients of w?; and wy,, in (4.42) and (4.43) will be zero.
Therefore, we obtain that

(4.44) (Bs = B1)(wj; — w3p) — (Wi, — W) (B2 — B1) =0,
and
(4.45) (B3 = B1)[w};(3B2 — B1 — 2\1) — 2wip(B1 — A1)
' —(B2 = B1)|wir (383 — B1 = 2A1) = 2wi, (81 — A1) =0,
respectively.
Eliminating wj;, from (4.44) and (4.45), we get
(4.46) W%z = wlikv

which is not possible as from (3.25), it gives Ao = A, a contradiction. Therefore,
w]zj =0 and w,%k =0, and the Lemma is proved.
Case III: Let p > 1, ¢ > 1 and r > 1. In this case, we have

Lemma 4.7. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Buclidean space B!, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea,...,e,}. If the second fundamental form is of
constant norm and p > 1, g > 1 and r > 1, then

wli=0, j€C;y, i€B\Ci, i1=123.

1

Proof. Differentiating (3.9) with respect to e; and using (3.3) and (3.12), we get
(4.47) qej(B2) +rej(Bs) =0, je€Ch.
Differentiating (3.28) with respect to e; and using (4.47) and (3.12), we find

(4.48) r(B3 — B2)e;(B3) =0, je€Ch.
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From (4.47) and (4.48), we get e;(83) = €j(B2) = 0, which using (3.6) gives
wl,=0, jeC, ieB\C.

Similarly, we can show that wj =0, je(Cy i€ B\Cyand wfz =0, j€
C3, i€ B\ C3, which completes the proof of the Lemma.

In view of Lemmas 4.1, 4.3, 4.4, 4.6 and 4.7, we conclude that in all the cases i.e.
Case I, Case I and Case III of multiplicities of principal curvatures, we find (4.1).
Now, we have:

Lemma 4.8. Let M be a null 2-type hypersurface with four distinct principal curva-
tures in Euclidean space B!, having the shape operator given by (3.1) with respect
to a suitable orthonormal frame {e1,ea,...,en}. If the second fundamental form is of
constant norm, then

(4.49) Wk =Wk = wi. = w{k = wj-k = w,ij =0,
forieCyi, j€Cy and k € Cs.

Proof. Evaluating g(R(e1,e;)ej, ex) and g(R(e1, e;)e;, ex), and using (2.5), (3.1),
(4.1) and Lemma 3.1, we find

n p+g+1 p+1
(450) el(wzl’cj) + Z wzgwlm Z wzmwlj Z wm]wlz i] ii 07
m=p+q+2 m=p+2
and
n p+q+1 p+1
k
(451) el(wji) + Z ]zwlm - Z wmzwlj Z w]mwlz - w]zwjl] 0,
m=p+q+2 m=p+2
respectively.
Taking i € C1, j € Cy and k € Cs in (3.7), we get
(4.52) (B1 — Bs)whi = (B2 — Bs)wf; or wh; = awf;,
where o = ggf gsg Also, differentiating a with respect to e; and using (3.10), we
find

_ [wgl'j(ﬁ2 S wlik(ﬁs —A1)] = a[wili(ﬂl — A1) — w’ik(ﬁ‘q‘ — M)l
(4.53)  ei(a) = (B1 — Bs) ’

forie Cy, 5 € Cyand k € Cs.
Similarly, for i € Cq, j € Cy and m € C5 in (3.7), we find

(4.54) (B1 — B3)w]y = (B2 — Bs)wiy
Multiplying with w},, on both sides in (4.54) and taking summation over m from

p+q+ 2 ton, we get

n n

(4.55) (Br—Bs) Y whwhn=(B—Bs) Y, wijwh,,

m=p+q+2 m=p+q+2
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fori e C1, j € Cy and m € Cjs.
Also, taking i € C1, m € Cy and k € C3 in (3.7), we obtain

(Bl 63) (52 - BS) Wim»

or
pt+q+1 p+q+1
(4.56) (Bu—Ba) D whawii = (B2—B3) Y wiwi.
m=p+2 m=p+2
Taking m € Cq, j € Cy and k € Cs in (3.7), we have
(51 - ﬁ3)w§m = (5 53) mg’
or
p+1 p+1
(4.57) (Br— B3) Y whywit = (B2 — B3) > whwit.
m=2 m=2
Differentiating (4.52) with respect to eq, we get
(4.58) el(wfz) = aeq(w; ) + e1(a)w fj
Using (4.50), (4.51), (4.52), (4.55), (4.56), (4.57) and (4.53) in (4.58), we obtain
(4.59) wfj (ng'j - Wék) = sz(wzlz - W}ik)
Substituting the value of wf; from (4.52) in (4.59), we find
(4.60) Wfi[(ﬂl 53)( - Wkk) (W Wkk)(52 B3)] =0

From (4.25), we have seen that assuming
(81— ﬂ?))(wjl‘j - W}ik) - (W wkk)(BQ — B3) =

leads to contradiction, therefore from (4. 60) we get wﬁ- =0 and (4.52) gives w =0.
Also, from (3.5), we get wjk = wﬂ and w wfk Consequently, we obtain %k =0
and wfk = 0, which together with (3.7) glves w,ij =0 and wii = 0, whereby proving
the Lemma.

5 Proof of Theorem 1.1

Let (4.49) hold. Then evaluating g(R(e;, e;5)e;, e;), g(R(es, ex)ei, ex), and g(R(e;, ex)e;, ex)
and keeping in view (4.1), (4.49) and Lemma 3.1, we find

1,1 _ 1,1 _ 1,1 _
(5.1) Wiwj; = —Aidj,  WipWwg, = — Ak, WiWee = —Aj Ak,

respectively, for ¢ € C1,j € Cs and k € Cj.
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From (5.1), we get

(5.2) (win)? + (X)? =0, (wj;)?+ () =0, (W) + A% =0.

From (5.2), we find A\; = A; = A\, = 0, which is a contradiction to the fact that
there are four distinct principal curvatures. Therefore, H must be constant. Also,
using this fact in (3.29), we get that scalar curvature is constant, whereby proving
Theorem 1.1.

The case of at most three distinct principal curvatures for null 2-type hypersur-
faces in Euclidean space of arbitrary dimension has already been treated in [16], also
with the conclusion that H must be constant. Now, if second fundamental form is
of constant norm, then from (3.29), we find that scalar curvature is also constant.
Therefore, Theorem 1.2 is obtained as a consequence of Theorem 1.1 and [16].

6 Biharmonic hypersurfaces in E"*! with constant
norm of second fundamental form
Let M be a biharmonic hypersurface in E**! with four distinct principal curvatures

and whose second fundamental form has constant norm. From biharmonic equation
AH =0, the necessary and sufficient conditions for M to be biharmonic in E**! are

(6.1) AH + Htrace A? = 0,
and
(6.2) A(grad H) + %H grad H = 0.

Now, proceeding in similar way as of section 3, section 4 and section 5, by taking
A = 0, we obtain that H is constant. Using this fact in (6.1), we find that H = 0.
Therefore, from (3.29), we get that the scalar curvature is also constant, which com-
pletes the proof of Theorem 1.3.

The cases of two or three distinct principal curvatures for biharmonic hypersurfaces
in Euclidean spaces of arbitrary dimension has already been treated in [12, 20], also
with the conclusion that H must be minimal. Now, if the second fundamental form
is of constant norm, then from (3.29), we find that scalar curvature is also constant.
Therefore, Theorem 1.4 is a consequence of Theorem 1.3 and [12, 20].

7 Nonminimal hypersurfaces in E"*! with AH = \H

In this section, we study nonminimal hypersurfaces in E"*! satisfying AH = \H
with constant norm of second fundamental forms. We give proof of Theorem 1.6.
Proof of Theorem 1.6. According to Theorem 1.5, the mean curvature H is
constant for a hypersurface satisfying AH = MH in E"*! with constant norm of
second fundamental form § having four distinct principal curvatures. Since M is
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nonminimal hence H # 0. Therefore, from (2.8), we find A = 8. Then, using (2.4)
and Cauchy’s inequality (1.5), we have

(7.1) n*H? = (Z \i)? < n(z A2) = ng,

which shows H? < % When H? = %, all equalities in (7.1) hold and which by use of
(2.4), gives

>\1:)\2:---:>\n:

H_
e

3 @

).

), then shape operator Ay =

:l:\/gl with I identity operator. Therefore, from (2.4), we have H? = g Whereby
completing the proof. |

Therefore, we conclude that M is congruent to S™(

3@

Conversely, we know that if M is congruent to S™(

~—
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