Spin 1 particle with polarizability in
the external Coulomb field, nonrelativistic description
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Abstract. The quantum mechanical equation for a spin 1 particle with
an additional electromagnetic characteristic — the polarizability — is inves-
tigated in presence of the external Coulomb field. By diagonalizing the
spatial inversion operator, the system of 15 radial equations splits into
two subsystems related to different parities, of 5 and 10 equations respec-
tively. The system of 5 equations reduces to a 2-nd order equation which
is known within the theory of the ordinary spin 1 particle. In this case,
the polarizability does not manifest itself in the energy spectrum. In the
system of 10 equations, the non-relativistic approximation is performed,
and two linked 2-nd order equations for two functions are derived, from
which there follows a 4-th order differential equation, which has two ir-
regular points r = 0 and r = oo, both of the rank 3. The special case of
minimal value of conserved total angular momentum j = 0 is considered
in the nonrelativistic approximation as well, where the problem reduces
to a single equation of 2-nd equation with two irregular points, » = 0 and
r = 00, both of the rank 2. Further, the Frobenius solutions of the 2-nd
and 4-th order radial equations are constructed, and the solutions which
might describe bound states in the system are pointed out.
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1 Spin 1 particle with polarizability, non-relativistic
limit
The relativistic wave equations for spin 0 and spin 1 particles with an additional

electromagnetic characteristic, the polarizability, were extensively studied [1]-[10].
The relativistic problem for a spin 1 particle in external Coulomb field turns out to
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be very difficult, and has not been solved even for ordinary particle without additional
characteristic. However, the non-relativistic problem for the ordinary spin 1 particle
is solvable [11]-[12].

In the present paper, we first develop the general approach to the non-relativistic
limit for a spin 1 particle with polarizabity, by deriving from relativistic 15-component
system a non-relativistic Pauli-like equation for a 3-component wave function. It is
convenient to separate the variables in the relativistic first order system. By diago-
nalizing the operator of spatial reflection, we split the system of 15 radial equations
into two sub-systems, of 5 and 10 equations respectively. The system of 5 equation
straightforwardly reduces to the known and exactly solvable 2-nd order equation, for
which the polarizability does not manifest itself anyhow in the energy spectrum. For
this case we have no need to consider a non-relativistic approximation. The radial
system of 10 equations is complex, hence to simplify the task we perform the non-
relativistic approximation, which leads to a system of linked of 2-nd order equations,
from which a 4-th order equation is derived. This has two irregular singularities, both
of the rank 3. The case of minimal value j = 0 should be studied separately, where
the problem reduces to a 2-nd order equation with two singular points » = 0 and
r = 00, both of the rank 2. We have constructed the Frobenius solutions of 2-nd and
4-th order equations. Among all solutions we separate those which might describe
bound states in the system.

We start with the generalized Proca tensor equations for vector particle with
polarizability [12] (by using the notation y = eo/m?):

1
(1.1) z',qu(§Fkl<I>kl) + Dy, = m®d,, D Py, — Dpy®, = mPyy, .

The next step is to perform a (3+1)-splitting,
1
ipDo(F"®g; + iFlk(I)lk) + D'®g; = m®y ,
(1.2) 1D (FO Doy + 2 F0y,) + Doy + D'y = mad
ipuDn( oz+2 1) + Do®po + nl = MPy ,
DO(I)I — Dl(I)O = m(I)ol s chbk — chbl = m@lk .
After that, we exclude the non-dynamical components ®g, @5, hence producing
(1.3) m®,, = —D®o, + %(—DlDld)n + D'D,®)) 4 ipDy (F*' o) + %F”“chpk) ,
(1.4) m®on = Dodp — ~ Dy, D'y — i Dy Do (F @, + iF”Cchbk) .
m m m

Now we introduce big ¥,, and small ¢,, components: &, = V,,+,,, i1®o, = ¥, — ¢y, .
From (1.3)—(1.4), there follow the equations

1 1
2mW,, = 2iDy¥,, + E[fDlDl(\I/n + ) + D Dy () + )] — EDnD’(\In — )
7
+uDy [FO Ty — ) + EFlsz(‘I’k + )]

. 7
L Dy, Do[FO (U, — ) + —F™* Dy(Ty + 1))
m m
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1 1
Qmwn = 722D01l)n + E[*DlDl(\IJn + wn) + Dan(\I/l + 1,[11)] + EDnDl(\I’l — 1/)[)

D [FO (1= ) + — F Dy(Wat )]+ Dy Do [F (1 =)+ P Dy (W)

The next step is to separate the rest energy by using the formal change iDy ~~
(iDg + m); besides we neglect the small components v, (x) in comparison with the
big ones ¥,,(z), and also we neglect the term iDyW,,(x) in comparison with m%¥,,. In
this way, we arrive at

) .
0 =2iDyV, + —[-D'D;¥, + (D'D,, — D,,D")¥,] — ﬂDniDO(FOI\I/l + iFlle\IJk) ,
m m m

1
4m1/1n = +E[—DID1\I/” + (Dan + DnDl)\I’l}

12uDn (FOU, + ~ F* D) + it D, Do(FOW, + - F* Dy
m m m

Therefore, the needed nonrelativistic Pauli-like equation for the vector particle with
polarizability has the form

. 1
iDyUy = 5 (D' Dy, — [Di, Dy] - W)
(1.5) +2LDniDo (F‘”\I/l + ZF”"DZ\I/;C> .
m m

In absence of magnetic field, this becomes simpler:

1
(1.6) iDoW, = 5000, + %&JDO(FOZ\I};) .

2 DMatrix form of relativistic equation and tetrad
formalism

To separate the variables, the first order relativistic system and tetrad formalism are
the most convenient ones. In the beginning, we consider the free particle case, where
an extension to the presence of external Coulomb field will be done in the radial
system.

The matrix form of the 15-component equation is specified by the relations [13]

c 0 G0 0
a . G e |0 0 0 K¢

21) (M0 —m¥ =0, U=| o0 | T"=| o o o gal
(D77L?’L 0 O AU. O

where the following block-matrices are of dimensions 1 x 4,4 x 1, 4 x 6 and 6 x 4:
Gy =9 (A9, =07,

n =

(K)o = —g" 0, + 9" 0, (A")"y =07 &5 — 0, 67
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and o stands for a real-valued parameter. In accordance with the retrad method,
eq. (2.1) is extended to the generally covariant case as follows [13] (the metric of the
Riemannian space-time is go4(z), and some related tetrad is ef, (z)):

(22) [T%(2) (00 + Ba(z)) —m]¥(x)=0,
(2.3) D) = Ty (@), Bale) = 5 7l Valeays)

We specify eq. (2.2) in Minkowski space-time, using the spherical coordinates and
related tetrad [14]

F1J31 F2J32 1
+ ) U(z)=0,

(2.4) (P°60 +T%0, + — 4 Ty —m

where
Dy + cos B2

sin 0
Below we need the explicit form of the matrices I'*; their blocks G*, A% A* K¢
are given by the relations

.6 = Flag +1?

Go = (+1707010) ) Gl = (07_17()’0) 9
G*=1(0,0,-1,0), G*=(0,0,0,-1) ,

1 0 0 0
0 1 0 0
0 __ 1 2 __ 3
A=l A= A= A=
0 0 0 1
0 41 0 0 10 0 0
0 0 +1 0 00 0 0
o |0 0 0 +1 L | 00 0 o0
A=lo 0o 0o o' 00 0o o
0 0 0 0 00 0 —1
0 0 0 0 00 +1 0
0 00 0 0 0 00
-1 00 0 0 0 00
> | 0 00 0| ,5 | -1 0 00
M=o 00 w1 M= 0 0 1 0]
0 00 0 0 41 0 0
0 -1 0 0 0 0 00
0 0 00 00 -1 000 0 0
-1 0 00 0 0 0000 0 0
0 __ 1 _
=19 1 oo0o0o0|'® ] 0000 0 1/
0 0 -1 0 0 0 0000 -1 0
0 -1 0 00 0 00 -1 0 00
, |0 00 00 -1 5 00 0 0 410
E=1o 00 00 of%=]oo0o 0o -1 00
0 00 +1 0 0 00 0 0 00
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By using the notations

&=(100),&=(010),&=(00 1),

1 0 0
_'1t = O 9 é‘Qt - 1 ) _'St - O 9
0 0 1
0 0 0 0 0 1 0 -1 0
=00 —1], = 0 0 0], 3=1|1 0 0],
0 1 0 -1 0 0 0 0 0
the above block-matrices are presented shorter,
1
0 0 I 0 0
0 _ 0 _ 0 0 _
w0 3| = oo a0- |8 1] aa| 29,
0
i |0 i_ o i el 0 i | € 0
Al = é*ith_‘Oiel}’A_ 0t , K = 0 =

Also, we need the explicit form of three generators of the total angular momentum in
spherical tetrad basis [14]:

cos @ sin ¢

Ji =11 + — Sg, Jo=1ls+ — 53, J3=l3,
sin 0 sin 0
1 —0% + 2904 S3cosf + 52
2o . ) ¢ P23 3
(2:5) 7= sinﬁae sinf Jp + sin? 0 '

We note that S3 = diag{0, 73, ..} and

oo Lo 1o Y10 0
1T = —= —1 0 —1 , Tg = ——= 1 0 -1 y T3 = —i 00 0
V2 0 —i 0 V2 0 1 0 0 0 -1

The most convenient is the so called cyclic representation, in which the matrix S3 is
diagonal, and the vectors €; and €;' are given by the relations

1 1 ) 7
€L = B 07 =~ 75 =\ " 07 S 75 = 0,1,0 )
_ 1 i
1 \/5 > \/5 >t 0
€] = (1) ) €y = 0 ; €3 = 1
Vi % 0

3 Separating the variables, the radial equations

The general structure of the 15-component wave function with the quantum numbers
€,7,m is [14]

(3.1) U(z) = { C(x), Co(x), C(x), Bo(x), B(x), E(z),H(x)},
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where [14]

C(z) = e *C(r)Dy, Co(z) =e""Co(r)Dy, ®o(x)=e “"P®g(x)Dy,

. ) Cl (’I’)D_l . ) (I)l(’l")D_l
C(x)=e"| Cy(r)Dy |, ®(x) =€ | ®3(r)Dy |,
(3.2) Cs(r) D ®3(r) D41
. El(T)D_l . Hl(’I")D_l
E(]}) = eiiét EQ(’I")DO 5 H(Jj) = e*iet HQ(T)DO
Eg(’l")D+1 H3(’I’)D+1

We will use the recurrent formulas [14] for Wigner functions D, = D’ m.o(@,0,0):

8D_1 = (1/2)(aD_s — vDy) , %Zosap_l — (1/2)(—aD_s — vDy) ,

(33)  GDo=(1/2)(vD_y =vDs1), — Do = (1/2)(~vD_y = vDs1),
—m — cos @

90Ds1 = (1/2)(vDo — aDsa) ,  ———>=Diy = (1/2)(~vDo — aDs).

where v =1+/j(j+1), a=+/({G-1)(+2),7=1,2,3,....
As a final result, we produce the following radial system (let v = \/5(j + 1)/v/2;
together with the radial equations we write down the related tensor equations):

2
9°C, = mC' , —ieCy — (di‘i +5)Co — %(C1 +Cy) =mC

6“<I>ba =m Ca ,

d 2

d 1 v
7(* + 7)E2 — K(El + Eg) = mCo 5 +i€E1 + 7](7 + *)Hl + i*HQ = mCl 5
dr r r dr r r

d 1
+7:6E2 — ZK(Hl — Hg) = mC’g 5 +i€E3 — Z(f + *)H3 — ZKHQ = mC3 3
r dr r r
00,C + 0Py, = m®P, ,

d 2 d 1
—i;e0C— (4 2V By~ L (B +B3) = m®y , +ieBy+i(~+-)Hy+iz Hy—o~C = m®, ,
dr r r dr r r r

d d 1
VieBy+ o C—iZ(Hy — Hy) = m®s , +ieBs —i(—+~)Hs —i Hy— 02 C = m®s ;
dr r dr r r T

aaq)b — ab¢a = mq)ab ;

d
—ied, + L0y = mE, , —ie®y — g =mEy , —ieds + Yoy = mE;
T T '

d 1 d 1
—i(d—-i-f)(I)l—z'Z(I)g = mHy , +i(®1—B3) = mHy , i(~—+=)Phiz+i-®y = mHs .
T T T T T T

dr
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To simplify the system of equations, in addition to J 2 Js, let us diagonalize the
operator of spatial reflection II. In Cartesian tetrad basis and Cartesian representation
for the matrices I'*, this is given by the known expression

10 00 0 0 0
01 00 0 0 0
00 -I 0 0 0 0

(3.4) =00 01 0 0 0[P, PUF =0(-7).
00 00 I 0 0
00 00 0 —I 0
00 00 0 0 +I

After transition to tetrad basis and to cyclic representation for I'*, we get [14]

10 00 0 0 0
01 00 0 O 0
A 001 0 0 O 0 0 0 -1
@5 MI'=/00 01 0 0 0P, 3= 0 -1 0
00 00T 0 0 -1 0 0
00 00 0 I 0
00 00 0 0 —I

The eigenvalue equation ¥ = PY (note the property of Wigner functions PD, =
(—1)?D_,) gives two solutions:

P=(-1y",  C=0, Co=0, C3=-C1, Co=0,

3.6 —
(36) Og=0, P3=-0;, P=0, Ez3=-FE, =0, H3=H; ;

(3.7) P=(-1), O3 =+Cy, ®3 =+, B3 = +Ey, Hy = —H,, Hy =0.

It is readily verified that these restrictions are consistent with the above 15 radial
equations, and further we derive two more simple sub-systems:

P = (_1)j+17

d 1
+ieBiti(o + -) H +i;H2:mCl7

d 1
(3.8) —H’eEl—&—i(%—f—;)Hl—&—i%Hg:m(Ph —ie® =mE, ,

d 1
—i(—+7)<1>1=mH1, 2iKCI>1:mH2;
dr r r
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P = (—1)3’7
d 2 d 2
—iGCQ - (* + *)CQ - 2501 = mC, —(* + *)EQ — QKEl = mC'O,
dr r r dr r r
) o d 1 . v
+ieE +i(— 4+ —)Hy = mC1,ieEy — 2i— H; = mCy,
dr r T
d 2
—ieoC — (L 4 5By — 2V B = md,,
dr r r

3.9
(3.9) . d 1 v
i€eE1 +i(— + —)H; — 0—C = m®y,
dr r r
. v d . v
ieFy —2i—H1 + 0 —C = m®y, —ie®; + —Pg = mE1,
r dr r

d 1
— + *)(I)l - ZK(I)Q = mHl.
r r

d
Cie®y — LBy = mEy, —i
1€P2 dr 0 miug, Z(d’l’

4 Taking into account the Coulomb field, non-relativistic
limit

Now let us take into account the presence of the Coulomb field (note the notation

e? = ). From the sub-systems (3.7) and (3.9), we readily obtain

P = (71)j+17
d 1
tile+ S)Ey +i(~— + =) Hy + i~ Hy = mC)
r dr r T
d 1
(4.1) Vile+ VB +i(— + 2)Hy + i Hy = m®,
T dr r r
d 1
—i(e+ 2)0y =mEy , —i(— + =)@, = mH, , 22 =mH, ;
r dr r T
P = (_1)j7
« d 2 v d 2 v
—i DOy — (= +50, —220, = (= 4+5E,—22E, =
Z(EJFT)CO (d7~+7~)02 rcl mC', (errr) 2 QrEl mCy ,
d 1
Vile+ DB +i(— + 2)Hy = mCy , +i(e+ S)Ey — 202 Hy = mCsy ;
r dr r r r
« d 2 v
—i(e+ 2)oC — (- + 2)By — 2-F, = m®
Z(E+r)a (dr+r) 2 p o= Mm%
d 1
(4.2) File+ DB +i(— + 2)Hy — 02C = mdy
r dr r r
d
Vile+ 2)EBy — 22 Hy + 0 C = m®,
r r dr
d
7’&(6 —+ g)q)l + Kq)o = mE1 s 71(6 + g)‘bz — 7(1)0 = mE2 s
r r r dr
d 1 v
—i(— + )Py —i—Py = mH; .
Z(dr+ 7“) 1 ZT 2 = Mmidy

It should be noticed that equations in the system (4.1) does not contain the polar-
izability parameter o; these equations may be easily solved. Indeed, from (4.1) it
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follows

d 1

v
01(11) = <I>1(x),mH2 = 22;@1,771 FE=- ( )<I>1,mH1 (dT’ + )(1)1

By excluding the variables Ey, Hy, Ho, we derive a second order equation for ®;(r):

? 2d 0‘>2_m2_j(j+1)

4.3 — 4= ®;=0.
(4.3) dr2+rdr+(+r r2 !

Equation (4.3) is a well known one — it arises in describing the ordinary scalar par-
ticle (or ordinary vector particle with parity P = (—1)7*!) in the Coulomb field; its
solutions and energy levels are known.

Now let us consider the equations for states with parity P = (—1)/. Using the
second, third and fourth equations from (4.2), we get the following expression for
C(x):

.«
(4.4) C= 52 Es .

By excluding C(z) from the remaining equations in (4.2), we get

) a, Q@ d 2 v
—7,(6 —+ ;)O’ZWEQ — (J =+ *)EQ — 27E1 = m@o s
. o Ld 1 o
+Z(E+;)E1 +'L(£+;)H1 — 0—1 27"2 sz@l s
d
(4.5) File+ )y — 2= Hy +0—i— s By = mdbs,
r r mer

d
—i(e+ %)@1 + %@0 mE; , —i(e+ )<I>2 ~ =B =mbE;,

,d 1
(d’r‘+ )(I)l—fq)g mHl.

After excluding the non-dynamical variables ®¢ and H;, we get four equations:

1, d 1

(€+g)iE1+7(7+,)2¢1+( )L, - m‘I’1+ =5 iB2,
(4.6) T mdr T romr
' o v . d 2., 2 ) . o, oav .

(e+2) @, f—W(dﬁ;)mrm,azEl:mlEﬁ(E*;)WZ .

v d 1 212 d
(e+2) il = (o )= by =m By — o B

(4.7) r mr dr mr? dr m2r?
) o d1,d 2. d I . d oo |
(4 )@t o (G DB+ oo tiBy = miBy + e+ 7) 5P

Now we are to introduce big By 2(r) and small M; o(r) components:
) = (B + M), P2 = (By + Mz), il = (By — M), iEy = (Ba — Ma);

also we are to separate the rest energy with the help of formal change ¢ = m+ E. This
provides us with more simple equations (we neglect small functions M; in comparison
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with the big ones B;, and neglect the non-relativistic energy in comparison with the
rest energy m):

(E+ ﬂh+;&i+1VBrH§¢%bmﬁ%*2mNﬁ+ WIB%
(E+%)B1 _%(%+2)Bg—%31 —2mM, — (m+E+a)U§é:3327
By )BQ_E%%2+lﬁh_;riﬁgﬂmﬂb—ééé%% 2,

(E + )BQJFdi%(%Jr%)Bde%%Bl:—QmMz+%(m+E+%)ano;g

In order to obtain equations with respect to only big components, we shall add the
equations within each pair:

d 1 d 1. v
E B 2B — +3)-B
m(E + )1+(dr+7“) 1+(dr+r)r 2

v,d 2 202 o, ooV
B - B =B+ 2

r(errr) 2 et ( Jr7")77127“3 2o
2v ., d 202 d  d 2

le} 1

om(E Bo— (L 42 Byt —

m( +r) 2 (dr+7“ r2 2+dr(dr r
d

)B1 —

o, oo
——B E
+d r ot +dr( +r)m2r2 2

They can be re-written as follows

2v o, v
DBl = 72B2 - eu(E + 7)7332 y
T r’r

d

(4.8)
3v 2 a1

OBy =+—B —B —(E+ —-)—=B

2 +7‘2 1+7‘2 2+eudT( +T)7"2 2,

where the following notations are used

eo 2 2d Q 22
4.9 2= - = O=2 2% tom(Ea 8y 22
(4.9) € @ m? o dr? + rdr +2m(E + r) r2

For the more simple case of vanishing parameter u = 0, the system (4.8) was studied
when considering the non-relativistic approximation for the ordinary vector particle
[11]. We will apply the previously used linear transformation over the functions (recall
that v = /j(j +1)/2)

(4.10) Fy =2vB; 4+ M1 By, Fy =2vB) + \2By
where A1, A stand for the roots of the quadratic equation
(4.11) M- A—j(+1) =0, M=j+1, A=~
The inverse transformation is determined by the formulas

1 ] + 1 1 1
412) Bi=-— (-t P+ 2T R, Bo=-—" B —
2v°25+1 25 +1 27 +1 27 +1

Fy.
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By combining the equations in (4.8), we shall transform them to the known functions
F1, Fs. First, we obtain

1/2 21/2
DFl = TTBQ - BM(E+ 7)7’]‘3 B2
v(j+1 2 '+ d a, 1
+ %2 )p, +2U )Bz+eu(3+1)d*(E+*)ﬁBz7
42 a 20 4vj d a1
OF, = —Bg—e,u(E—i- )732—431—*32—@”61 (B + )TQB2-

We further get

) . «o a1l d 7+2. ] F1—F
DF1=2(J+1)F1+€/~L(J+1){—T4+(E+T)Tg(dr— ; )} 21]._|_17

. . (6] a1 d ]—1 Fl—FQ
OF, = —2jF, — i EmErH (L .
2 52 eﬂj{ r4+( +r)r2(dr+ r )} 25 +1

It is convenient to use the following combinations:
(4.13) G=F—F, H=F +F,

so from previous equations we obtain

1d 2
DG:2jH+G+H+eu{—:;+(E+jf)r2dr—(E+a)}G,

. a a1 d a 2(j2+5+1) G
OH = 2 H N O e § B .

jG+G —|—eu{ 7“4+( +r)r2dr ( +r) r 2j+1
The last equations may be finally re-written as

1 d 2 .
{D—1+eu[—of1+(E+o‘)2 (E+O‘)]}G=(zj+1)H,
r dr r'r
(4.14) (O-1)(2j+1)H
) 5 fe! a1 d a 2(2+7+1)
- LB+ YHL L (e HALTIT g
{eiviprar-Se@e g - @ H e

From (4.14), after excluding the function H(r), we can obtain (see below) a 4-th order
differential equation for the function G(r).
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5 The case of minimal value 7 =0

In this section we consider the most simple case when the quantum number j takes

on the minimal value j = 0. Here we must start with the more simple substitution

C(x) = e_ietC(r)Do , Co(z) = e Cy(r) Dy , Dy (z) = e Py (r) Dy ,

0-D_ 0-D_4
Clz) = e | Cy(r)Dy |, B(z) = e | Oy(r)Dy |,
(51) 0- D+1 0- (’I")D+1
0-D_4 0-D_y
E(z)=e | Ey(r)Do |, H(z)=e"| Hy(r)Dy
0-Dyy 0-Diq

This wave function has the parity value Il =
radial system reads

d

(-1 = (-1)° =

. « 2

_Z(E + ?)CO - (E + ;)02 =mC s
. «
(dT’ )E2 mQCo , +Z(€ + ;)EQ =mCy ,
(5.2) ile+ o0 — (L 1 2B, = mo
. —i(e+ —=)oC — (— + — =

r ar ' 0

. « d
l(E‘i‘;)EQ—'—U%C:m@Q,
—i(G + g)CI)Q - iq)o = mEg ) H2 =0.

r dr

+1, and the relevant

The first three equations provide the following expression for C(r)

a., d

?)(5 2 d

Dty

(5.30(r) = — |(e+ +

;)(e-i—

=) Bar) =

o 1
m2 r2

— EQ(’I’) N

after that we exclude the function C(r) from the remaining three equations:

(e + 3)0% LB - ( )EQ(T) — mdo(r)
(5.4) i(e+ 2)Ea(r) + dd 12 Ea(r) = m®y(r) ,
et Do)~ L a2y = mE(r)

Now we are to perform the non—relat1v1st1c approximation in (5.4).

As the first

step, we exclude the non-dynamical variable ®g:

1 [oa a, 1 d 2
Po= o et e Gt B
so producing the following two equations
d 1
(6+ )ZE2+0a2ff22E2:m(1)2,
(5:5) @ d oal a, 1 CZTI d 2
— )Py — =)= ——(—+ -)iEy =miE
(6+T) 2 ar 2m(6 1") 2 2+drm(dr+r)l 2T R
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By introducing the big and small components
(5.6) Oy = (B2 + Ma), iFy = (By— My),

and by separating the rest energy (by the formal change ¢ = M + ¢), we derive

« ca d 1
(m+6+;)(B2_M2)+W$T‘72 (By — My) =m (By + M) ,
« d oal a1
—)(Bg + My) — — —— —)—=(By — M-
(m+e+ —)(Bz + Mz) — -5 —(e+ ) (B2 2)
d1l, d 2
%E(%+;)(32—M2):m(32—M2)’
whence it follows
« ca d 1
(E+;)(327M2)+W%7‘72 (BQ*MQ)—2mM2,
o doall a1
(6+?)(BQ+M2)_$W%;( ;)ﬁ(Bz—MQ)—i-
d1l, d 2

In order to obtain an equation for the big component By, we are to sum two last
equations:

d d 2 o ca d 1 doal a1
Ry e R Hpfed o 2% By =0.
{dr(dr—i_r)—’— m(€+r)+mdrr2 drmm(€+r)r2} 2=0
This may be presented as follows (let Ba(r) = F(r)):

{ d? (2 N —oae/m® +oa/m ago/m2> d

dr? r r2 r3 dr
2 2 =2 2 2 30a?/m?
5.7) + 2me + ma 2 oa/m+ 2cae/m 4 3oa /m Foo
r 72 73 r4

Here we have an equation with two irregular points: 0 and oo, both of the rank 3. In
the present time, we can construct only its formal Frobenius solutions, and we have
no rule to get quantized values for energies. When o equals to zero, from (5.7) there
follows a simple equation, whose solutions for bound states may be constructed in
terms of confluent hypergeometric functions.

Let us examine local Frobenius solutions of eq. (5.7) in vicinity of the point r = 0.
In accordance with the rank of the singular point r = 0, we search such solutions in
the form

63 Py = e e )

which leads to an equations for f(r):

d?f 2A+2 1 soa ocae oa?/m? +4C\ df
dr2+( o ( )_>dr

r r 73
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ma A2+ A-—2 1 ca ocaeA oaA owe
+(2met2= =5+ 5 - -

5 r6

+4BC + a?0 B/m? — 20aC/m + 2a0eC/m? N 4C? + 204200/7712> F=0

Let the coefficient at %6 vanish

2

(5.9) AC? 4 20%0C /M =0 = C1=0, Chp= —;‘T; .
Also let the coefficient at %5 vanish,
2a0C(m — €) ao(m —¢€)
5.10 B=——-=0 B1=0, Bp=——-—
(5.10) 4Cm?2 + oo - ! ’ 2 m? ’

and finally, let the coefficient at %4 vanish

B?m? — Bmao + Baeo + 2Cm? + 3a%0
4Cm?2 + oo

(511)142 :>A1:3,A2:—2.

Thus, we have two types of solutions, respectively functions f1(r) and fo(r). For
the case

(5.12) A1 =3,B,=0,C; =0
we have the equation

d*f1 (8+0a/m—aae/m2_aa2/m2>dfl

dr? r r2 r3 dr
2ma 10  oca/m —oae/m?
+2me+ —+ < + / - / fi=0.
r 72 73
For the case

ao(m — €) a’o

.1 Ay = -2, By = = ——

(5.13) 2 , D2 2 O 2m2

we have the equation

d2f2+ 2 Ja(m—e)/m2+aa2/m2 %_’_ 2m€+2ma f=0.
dr? 2 r3 dr r

r r

These two equations have a similar structure. Let us follow both of them, using
symbolical notations

b by b
(5.14) f”+(a1+a§+a§)f’+<b+1+§+§>f:0.
T T T T T T
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The solutions of the last equation can be constructed in the form of power series
f= ZZO:O c,r™; we arrive at the 5-term recurrent relations

ben—3+bicp_o+[(n—1)(n—2)+a1(n—1)+bs]cp—1+[aan+bslc,+[az(n+1)]cp41 = 0.

In accordance with the Poincaré-Perrone method, let us divide the last equation by

Cn—3:
Cp— Cp—1 Cn—
b+ b2 4+ [(n— 1)(n— 2) + ay(n — 1) + by] = =2
Cn—3 Cn—2 Cnp—3
+[agn + bs] T e [az(n + 1)] Cntl On Cn-lfn=2 _
Cp—1Cn—-2Cp-3 Cp Cp—1Cpn—2Cp-3

Then let us multiply this result by n~2 and tend n — oo, so we get a simple algebraic
equation for the quantity R, which determines the possible convergence radius Rconq
of the series:

1

. C’IL
R = lim , R? =0, Reony = — = 00.
n—00 Cp_1 |R|

Thus, we have constructed two linearly independent solutions

Fi(r) =1° f(r),

(5.15) 1 ao(m —€)

oa?/2
Fy(r) = ) eXP("'T) exp(—

m2r2

) fa(r) .

It should be stressed that the sign of the parameter o substantially influences the
behavior of the exponential multipliers near the point » = 0. The main candidates
for solutions related to bound states are the functions of the type Fa(r) at o > 0.

6 Frobenius solutions of the 4-th order equation

Now we turn to the system (4.14). After excluding the function H(r), we obtain the
following 4-th order differential equation for G(r):

d'G [4, pE  pa) PG
drt ror2 I
72 - - j (J i
L [Z2nEtAma 2pa=2j(i+1) 2pE Spa o o1 G
r r2 r3 rd dr?

—4+8mE  2mE?*u—2uE+4ma 2 (2mE+1)pa
+ — = + 3

(Ej(G+1)—2ma*—2E)p  (j2+j—12) pa

r 7o

ﬁ
dr

N [2j2uE+2juE—4mE2u+4uE+8m2Ea—4ma
T

JE+D)(—4mE+2+42pa)+4m?a® + (—8mE +4)pa

+ 2

r
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+2j2uE74m04j2 —4djma+2juE —4mpa?

r3

JA4253 =32 =254 2jua (j+1) —2pa (mE+1)

+ 1

r

72m,uaz n (j2 + 7 — 12)ua

- = —4j(j+1)—4mE+4m*E*| G =0.
r T

Let us take the substitution
(6.1) G= rAeB/”eL/TQf(T) ;

this results in an equation for f(r):

d* Eu—4B a—8L 4A+4 d°

7{ (Er—4B v . ) f

dr r r3 r dr3

—2FEu+4ma 642 -252 - 2ua+6A—-25 3uEA—-12AB—-2F

+H(—2+amB+ =M + L 12k . a

T T T
3Apa — 3BEp — 24AL + 6B% — 5ua+ 12L  —3paB — 6ELy + 24BL  —6Luc + 24L%  d*f
+ r4 + rs * r6 )ﬁ

+(8AEm—|—8mE—4A—4+2E2mu—4,uEA+8Ama —8BEm — 2Eu + 4ma + 4B
r r2

+4Em,ua +4A3 —4A5% — 4 Apa + ABEp — 8Bma — 16 ELm — 445 + 2ua — 4A + 8L
3

1
+r—4[3uEA2—Ej2u+2mua2—12AzB—7MEA+4jQB+4MaB+8ELu—Eju—16maL
+12AB +4jB + 2 Eu)

1
+— [BuaAn® -6 ABEp—j° no—24A° L+12AB*~13Apa+10BEp+8Lj* +8 Lua—jua
T

+48 AL —12B? +8Lj + 12 pa — 241
—6ABpo — 12AELp + 3 B2Ep + 48ABL — 4B3 + 16paB + 26 ELy — 72BL
+ ~
—12ALpa + 3B%pac + 12BELp + 48 AL? — 24B? L + 38 L — 96 L2
+ =
12BLpuo + 12EL2p — A8BL?  12L%pc — 32L3
+ r8 * 79

daf
Var
—4E?mp + 2E5% 1 + 8Em2a + 2Eju + 4Eu — 4ma
T
+4A2Em — 4FEj%*m — 8Empa + 25 pa + 4m?a® + 4A2Em —4Ejm + 2jpa — 2A% 4 252 4+ 4pa — 2A + 2
T

+(—4mE +4m*E? — 45 — 45% +

+2E2muA —2u EA? 4+ 4maA? — 8mEAB + 2Ej%u — 45°ma — 4mpa® + 2Eju — 4jma + 4AB
r3
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+ri4[4AEm,uaf2E2m,uB+A4f2A2 §2—2ua A’ +4ABEu—8maAB—16mEAL+4B*Em
—2Empuo+5+252 na—2A4% —2A2 j4+2 A2 +4 Apja—2 BE pu+4Bma~+8 E Lm~+25 427 juox
—A? 4 8AL4+2Aj—2B?* -2 —2pua+2A—4L—2j]
+ri5[A3EM—AEj2u+2AmW2—4BEmua—4E2Lmu—4A3B—5MEA2+4ABJ'2+4ABW
+8AELu—AEju—16ALma—2B*Eu+4B*ma+16BELm—2muo?+12A2B+4ABj
+6uEA — 45°B — 6uaB — 8ELy + 16mal — 8AB — 8BL — 4 B]
+ri6[A?’ua—3A2BEu—Ajzua+BEj2u—2Bmua2—8ELm,uoz—8A3L+6AQBQ—8uaA2

+13ABEu+8ALj*+8 ALy a—Ajua—2B%52—2B? na—8 BELu+BEju+16 BLma+16 EL*m

+52ua+36 A2 L—18AB?*4+-8ALj+19Aua—2B%j—12BEu—12L5%—16 Lpoa+jpa—52 AL
+12B% —8L* —12Lj — 12pa+ 241

1 (
+—[-3A’Bua—6A’ELu+3AB? Ep+ Bj* pa+2ELj p—4Lmpua® +24A’ BL—4 AB?
T

+19ABua+32AELu—8B° Eyn—8BLj*—8BLpua+Bjua—8EL? i+2ELju+16 L*ma—96 ABL

+8B% —8BLj — 28ua B — 40E Ly + 96 BL)
1
+—[-6A4%Lpa+3AB*na+12ABELu—B® Ep4-2L 5 pa+24A* L? —24 AB? L+44ALpc
,

+B* —11B%pa — 38BELy — 8L%j? — 8L oy
+2Ljpo — 120AL* + 60B%L — 8L?j — 78 Ly + 156 L]
N 12ABLua + 12AEL*p — B o — 6 B*ELp — 45%;43L2 +8B3L — 50BLuc — 44EL*u + 144BL?
12AL% o — 6B?Lpa — 12BEL?p — 32AL3 + 24B%L? — 56 L% o + 11213
+ TlO
+—12BL2ua —8EL3u+32BL? N —8L3pa+16 L*

ril rl2

)f=0.

Let the coefficient at 7~ '2 vanish; then the 4-th order algebraic equation leads to two
different roots L:

1
(6.2) 8L%ua+16L*=0 = L= ghes Laga=0.
For the case L; = %,ua, let the coefficient at r~!'! vanish; this yields
(6.3) —12BL*ua—8EL*u+32BL>=0 =— B, =FEpu.

When 1
Ll = 5,“1043 Bl = EM7
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let the coefficient at r—1° vanish:
(6.4) —ApPa® =0= A, =0.

For the variant Lq, By, A1, the previous equation takes the form

d*f Eu 4. d3f
3——3—
drt +(= r2 +T)dr3
_ C9:2 2 2.2 g2
a2 2E/L+4ma+ 252 — 2ua — 25 2E,LL 3E%u? +Ma+4mE+6EM a+3,u @ )d f
r r2 r4 rd r6 7 dr?
SmE -4 —6E>mu+2Eu+4ma  4FE*> —12Emua+6ua
+( + 3 +

r r r3

+3Ej2u +8Eu?a — 6mua® +3Eju +2Eu N —2E?1? + 352 pa + 4p2a’ + 3jua

o 5
+—E3u3 —TEp’a n —3E?p3a — 5ula? 3E,u3052 u3a3)df
r6 r? r8 r9 dr
2E5% 1 — 47%ma — dmpa® + 2Eju — 4jma
+(—4mE + 3
2E31°m — 4E%u? + 6 Empa + j* + 252 pa + 25% + 2jpa — 52 — dpa — 25
2 12
+4m B+ =
—2E3u% + 6E%u?ma — 4 Ej%u — 14Ep?a + 6mua?® — 4Eju .
+ 5 — 45
+—E2u2j2 —6E%3a + 6Eu*ma? — E?2u?j — 552 o — 10 2o — 55 pa
76

—2Eu%j%a — 6Eula? + 2u2a®m — 2Eu%ja
7
r

—45% +

N —4E*mp +2E5% 1 + 8Em2a + 2Eju + 4Eu — 4ma
r

—pra?y? = 2pPa® — pPa’y
7,.8

+

+—4Ej2m — 8Empa + 252 pna + 4m2a? — 4Ejm + 2jua + 252 + 4o+ Zj)f _0
5 =0.

Its structure shortly may be presented as follows

r

f////+( 4. + )fm‘i‘(b-i-bfl-i- +b6)f
C1 , d dg -
(6.5) o+ +79)f +(d+7+“'+78)f_0'

Now, we consider the case when (see (6.2))

(66) L273,4 =0 ]
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it is readily checked that the coefficients at r—'!,7710 are equal to zero. Let the
coefficient at r—? vanish; this yields
(6.7) ~B3ua=0 = DBy34=0.

We readily verify that coefficient at r®,7~7 also vanish. Let the coefficient at r—6 be
zero; this results in the 3-rd order equation with respect to parameter A:

Apa — Ajpo — 8A% par — Ajpa+ j2poc+ 19Apua + jpa — 12p0 =0,
its roots are As 3 4:
(6.8) Ay=1, A3=3-3j, Aj=4+j.

For the description of bound states, the cases Ay = 1, A4 = 4+ j seem to be suitable.
Explicitly, the equations for these most interesting cases look as follows:

d‘'f Ep  pa d*f
Ly=0, By=0, Ay=1 —4 +(—+"F+8r1)—
2 2 2 d7“4+(7"2+7"3Jr " )dr3
E —2FEu+4 —25% — 2ua — 25 + 12 d?
T L T e +4mE)—J;
r r r dr
—Ej%2u+2mpa® — Ejp—2En  16mE —8  2E%*mu — 6Eu + 12ma
+( 1 + + 5
r T r
4 Empa — 452 = 2ua — 45 —j2po — jua + 2ua df
* r3 * rd )E
(—dmEt 2FE%2mp + 2E5%u — 45%ma — 4mu§z2 +2Fju —4jma — 2Eu + 4ma+4m2E2
r
2 Empa + §* + 252u0+25% + 2jpa — j2 -2 —Ej?u—Eju+2En o
+ 1 + 5 —45—43
r r
+—4E2mu+2Ej2u+8Em2a+2Eju+4Eu—4ma
r
+—4Ej2m — 8Empa + 2§%po + 4m2a® — AEjm + 2jua + 8mE + 25% + dua + 25 — 4)f _0.
r2 Y
(6.9)
and
d*f Eu  poa 20445\ d&3f
L,=0, By=0,Ay,=4+j, — — + — —
4 * 4 + dr4+<r2 + r3 + T dr3

34+ j)pa—5ua 344+ j)Eu—2En  —2Eu+ dma
+ +
r4 r3 T
6(44 )2 — 252 — 2ua + 24 + 45 &?

+(=2+

+

r
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+(3(4 +73)2Eu — Ej?u+2mpa® — 74+ j)Ep — Eju + 2Eu+8(4 +7)Em + 8mE — 20 — 45

r4 r
+2E2’ITL/L —4(4+4j)Ep+8(4+ j)ma — 2Eu + 4ma
2
+4Em,ua +4(4+7)3 —44+)2 —4@d +j)ua —16 — 44+ j)j + 2pa — 45
3
+3(4 +9)pa — 2 pa — 1354 + j)pa — jua + 12ua)§l
T T

+(—4mE +4m?*E?

204+ J)E*mp — 2(4 + 5)2Ep + 44 + j)?ma + 2E52 1 — 45%ma — 4mpa® + 2Eju — 4jma
3

+

1
+T—4 (844 (4+7) Empa+25% pat-2j pa—2Emua+4(4+5) pa—2(445)* palpha+(4+35)*

—(A+5)° =2(4+75)° =2 +5+25° —2(445)%5° — 24+ )%+ 2(4+ §)j + 2(4 + j)j — 2ua]
LA DEPpt 204+ jympa® = (44 ) Ejp = 2mpa® + 6(4 + 5) Bp = 5(4 + j)*Ep + (4 +5)° Ep

rd

—4E?*mpu+2E5%u+8 Em?a + 2 Eju+ 4 Ep — 4ma
r

—4j—45%+

1
+—[44 +5)2Em —4Ej*m — 8 Empa+ 22 ua+4m?a® + 4(4 + j)Em — 4Ejm
r

(6.10) +2jpa—24+5)+252 +4pa —8))f=0.
The two equations for the functions f(r) in the cases

Ly 4=0, DBys=0 A=Ay A

7

have a similar general structure (to avoid misunderstandings, we change the notation

fr) ~ g(r))

" ai aszy b1 bs "
— 4.+ = b+ —+ ..+ =
g +(T+ +r3)g +(+T+ +T4)g
C1 C5. 4 dl d5
6.11 —+.+= d+ —+4 ..+ =2)g=0.
(6.11) +(r+ +T5)g+(+r+ +T5)g

The solutions of equation (6.11) may be constructed in the form of power series.
Indeed, multiplying (6.11) by r°, we get

5" 4+ (a1r* 4 agr® + azr?)g” + (br® + byrt 4 bor® + bgr? + byr)g” +
HeedB) + cor® + 31 + car + ¢5)g’ + (dr® + dir® + dor® + dgr® + dyr + ds)g =0 ;

let it be

00 e} 0o
_§ n /_2: n—1 /1_2: n—2
g = CnT g = ne,”T 3 g = n(n - 1>CnT 3
n=0 n=1

n=2
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= Z n(n —1)(n —2)c,r" 3, g" = Z n(n —1)(n —2)(n — 3)c,r" %
n=3 n=4

Equation (6.12) gives

o0

Z n(n —1)(n —2)(n — 3)c,r"

n=4

+ay Z n(n—1)(n—2)c,r" M 4ay Z n(n—1)(n—2)c,r"+as Z n(n—1)(n—2)c,r"*

n=3 n=3 n=3
+b Z n(n —1)e,r™™ + by Z n(n —1)c,r" 2
n=2 n=2
+by Z n(n — 1)c,r™ T + by Z n(n — 1)c,r™ + by Z n(n —1)e,r™™!
n=2 n=2 n=2

oo oo oo oo oo
+c1 E nenr™ T3 4 g E near™ T + ¢g g ne,r™ T 4 ¢y g ne,r" + cs E nepr™ !
n=1 n=1 n=1 n=1 n=1

[oe] oo [oe] [ee] [ee] [ee]
+d Z Cnr" O dy Z Cnr" T4 dy Z Cnr" T3 4ds Z Cnr" 2 4dy Z Cnr™ T 4ds Z cp,r™ = 0.
n=0 n=0 n=0 n=0 n=0 n=0
Further, we construct the recurrent formulas for the coefficients:
n =0, c5c1 + dsco = 0;

n=1, 2byco + cqcq + 2c5¢9 + dyco + dsc; = 0;
n=2, 6agcs + 2bzca + 6bycs + czc1 + 2¢40o + 3esc3 + dzcg + dycy + dsce = 0;
n=3, 6ascs + 24ascy + 2baco + 6bscs + 12bscy + cocy
+2c3co + 3cacy + 4esey + daco + dzey + dacg + dsez = 0;
n =4, 6aic3 + 24ascy + 60ascs + 2bicog + 6bocs + 12bgcy + 20bycs + c101 + 2¢9¢9
+3cscs + 4eqcs + Heses + dico + docy + dsco + dycs + dscq = 0;
n=>5, 24¢4 + 24a1 ¢4 +60ascs + 120ascg + 2bco + 6b1 3 + 12bscy + 20b3c5 + 30b4c6+
4c1co + 3coc3 + 4egeq + beges + 6escg + deg + dicq + dacs + dgeg + dacy + dses = 0;
n=6,7,8.. (n—=1)n—-2)(n—3)(n—4)cp_1
+ai(n—1)(n—2)(n —3)cp—1 + azn(n — 1)(n — 2)c, + az(n+ L)n(n — 1)ep4a
+b(n—3)(n—4)cn—3+b1(n—2)(n—3)cp—2+ba(n—1)(n—2)c,—1+bsn(n—1)c,+ban(n+1)cp41
+e1(n—3)cp—3 4+ ca(n — 2)ep—o + cs(n — Dep—1 + cancy + cs(n+ 1)cpp1
+dep—5 +dicp—g + docp—3 + dscpn—o + dycp—1 + dsc, = 0.

Thus, there arise the 7-term recurrent relations (n = 6,7, ...)

dep—5 + dicp—g + [b(n—3)(n —4) + c1(n — 3) + da]cn—3
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+[bi(n —2)(n —3) + ca(n — 2) + dslcn—2

+[(n=1)(n=2)(n—3) (n—4)+a1 (n—1) (n—2) (n—3)+by (n—1) (n—2) +e(n—1)+da] ey

+lagn(n —1)(n — 2) + bgn(n — 1) + cyn + dsc,
(6.13) +laz(n+ Dn(n —1) + byn(n+ 1) + cs(n+ 1)]cpy1 = 0.

Multiplying eq. (6.13) by n~* and tending n — oo, we derive the algebraic equation
for the quantity R, which determines the possible convergence radius Rcon, of the
power series:

Cn 1

_ 4 _ _ L _
(6.14) R= nh_)n(io P R*=0, Reony = 7] 0.

7 Conclusions

All the constructed solutions are exact, but in a sense they are formal, because in the
present time we do not know the rules to get discrete energy levels which might be
associated with physical bound states.
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