Solving spinor Maxwell equations in cylindrical
parabolic coordinates, and spinor space structure

A. V. Ivashkevich, V. M. Red’kov

Abstract. Maxwell equations in any Riemannian space-time can be pre-
sented in spinor form on the base of the tetrad method, when the Maxwell
field is described by a local 2-nd rank symmetrical spinor. This general co-
variant equation is specified in terms of cylindrical parabolic coordinates
and of a corresponding diagonal tetrad. After separating the variables,
we derive the system of four 1-st order differential equations with partial
derivatives for three functions which depend on two parabolic coordinates.
The mathematical task reduces to one 2-nd order equation with partial
derivative for a main function, which determines all the remaining func-
tions. The solutions are constructed in terms of the confluent hyperge-
ometric functions. We study the properties of four types of constructed
solutions - they must be continuous and single-valued in the context of
vector or spinor space models. It is shown that in a space with vector
structure only two variants provide correct solutions; in a spinor space,
all four variants are appropriate. It is shown that the diagonalization
of the helicity operator for a 2-rank symmetric spinor leads to the sys-
tem of equations which coincides with the one which emerges from the
Maxwell equations, when identifying the eigenvalue with the frequency of

electromagnetic solutions, 0 = +w. The eigenvalues ¢ = 0 and 0 = —w
with respective to the eigenstates of the helicity operator are shown to be
irrelevant.
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1 The spinor form of Maxwell equations

To introduce spinor notations, let us start with the ordinary Dirac equation [5]

(11) (700 — m)T = 0,4 =

’ M {aa) =12

0.a
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where 0% = (I,07), * = (I, —07). In 2-spinor form we have two equations
(1.2) 100, =mmn, 16%9,n = mé.

It is convenient to attach spinor indices to Pauli matrices, o = (%) fas 04 = (79)P4
Then eqgs. (1.2) read

(1.3) i(aaaa)Ba £ =mny, i(5%0,)P ng = méP .
The electromagnetic tensor is equivalent to a pair of symmetrical 2-rank spinors:

Fpp +—— {€°° Mg, B}; correspondingly, eight Maxwell equations are obtained as fol-
lows

(1'4) (Uaaa)pa gaﬁ = (Ub)pawaﬂ B/ (6aaa)pd Nag = (5b)pdwd/j’ B/

where the second equation is conjugate to the first one. In (1.4) we use spinor metrical
matrices [5],

(1.5) (cap) = i0%, () = —io?; (€45) = io?, (edﬁ) = —io?.
To prove the equivalence of the spinor form (1.4) to the ordinary Maxwell equations
in vector notations, we apply notations without spinor indices. To this end, we take

into account the identities [5]

(faﬁ) = ZmnanUQa ("7@[}) =-_Emn mn0'2a

(1.6) 1 _ 1
Then, (1.4) may be re-written as
(1.7) 099y S Fpyy = —0% Ty, 590, S Fpy = —60 s

We further take into account the identities

S Fon = 0! (For — iFa3) + 0% (Foa — iF31) + 0°(Fo3 — iF12),
imnan = 01(7F01 — ing) + 0'2(7F02 — iFgl) + 0'3(7F03 — iFlg) .

Using the notations

(1.8) For = —E',Fpo = —E* Fo3 = —E® ,Fo3 = B' ,F31 = B* |}, = B®

they read
1.9) Sy = —o (B +iBY) — oY (E? +iB?) — o' (E® +iB?) = —da;,
L YME,, =o' (E' —iBY) 4+ o'(E* —iB%) 4 o' (E® — iB%) = +07b;,
and
(fuﬂ) _ —i(al — iag) ia3 ( ) _ —i(b1 — ’ng) ibg
ias tilay +iag) | \aB ibs i(by + ibs)
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Taking into account (1.9), the equations (1.7) may be presented in the form
(00 +'a)) (cFap) = Jo + 07 J;, (9o — d'dy) (oFby) = —Jo + 07 J;,
whence we derive
o"dpan + (01 + twniko™)Oiar, = Jo + 0" Jp,
" Oobyn, — (01 + iwniko™ )by = —Jo + " I, .
Therefore, we have four equations
Oa; = Jo, Ovan +iwnkOiar = Jp, Oby=Jo, 0Ooby — iwnikOiby = Jp s
or, differently,

(1) oE'+iBY=Jy, (2) Oo(E'+iB") + iwnd(E* +iB*) = J,, ,
(1) oE' —iBY =y, (2 9y(E' —iBY) —iwn 0y (E* —iBY = J, .

Summing and subtracting the equations, we obtain

1+1, 9E' =Jy, 1-1, 9B =0,
242, E" —wudB*=TJ,, 2-2, 0yB" +wudE* =0;

they may be identified with Maxwell equations in vector form
(1.10) divE=J° divB=0, rotB=9E+J, rotE=—-9,B,
where

E=(E"),B=(B"), J'=Jy, 3= J") = (=Jn).

2 Cylindrical parabolic coordinates

Let us construct the solutions of the spinor Maxwell equations in cylindric parabolic
coordinates:

u? —v?
T = y T2 =UV, T3 =2]

2
v:—‘,—\/—xl—i—q/x%—l-fl}%, u::t\/—&-xl—i-\/x%—kx%.

The metric of the Minkowski space takes the form (let z¢ = (¢, u,v, 2))

(2.1)

1 0 0 0

10 —(u?+0?) 0 0

(22) Ja8 =\ 0 0 ~(W?+v?) 0
0 0 0 -1
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Below we shall use the diagonal tetrad!:

1 0 0 0
o o 0 1/vVu?+v? 0 0

k) =10 0 /VuZ+0v2 0 |
0 0 0 1
(2:3) 1 0 0 0
10 —Vur4? 0 0
‘W =1 0 —ViE+? 0
0 0 0 -1

In order to find the Ricci rotation coefficients, we introduce auxiliary quantities
(see in [1]): Aabe = Yabe — Yach- FOr Agpe we easily derive the following representation

Aabe = Yabe — Yachb = (e(a)a;ﬁ - e(a)ﬁ;a) e(()cc)e(ﬁb)

_ 5.
= (Os¢(@a = Topeiarp = datias + Thalarp) €l
that is

(24) )\abc = [866(11)04 - 6ae(a)ﬁ] e‘(Xc)e(ﬁb) ;

according to (2.4), Agpe are calculated with the use of ordinary derivatives. Besides,
we have the identity

(’Yabc — Yacbh + Ybea — Vbac — VYeab + chba) = Yabe -

[N

1
i(Aabc + )\bca - )\cab) =

We need explicit expressions for Agp.. First of all, we have two relations,
a=0, Agpe =0, a=3, Awpe=0.
Further, taking in mind the diagonal structure of the tetrad, we derive the formula
Alpe = e(ﬁb)eéc)(%e(l)l — e%b)e’(gc)age(l)l

= e%b)e%c)01e(1)1 + e?b)e%c)é)ze@n - e%b)e%c)é)le(l)l — e}b)e§c)aze(1)1 ,

that is,
0 0 0 0
0 0 —ele2, 0
Mg = €<l ~ ool Beon = 1 2 © @ o |%ens
0 0 0 0

and similarly

Nabe = €(yy €l Dpe(2)2 = €y €( D522

= ely el die@)e + el el dae)2 — el el dre@)2 — el el Dae2)2

IWe recall that gag(z)e(k‘)"e(l)ﬁ = N1-
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so that,
0 0 0 0
0 0 el e? 0
Xafve] = [€(5)€0e) — €ry€le)) Dr€(2)2 = 0 —elyed (1)0 @ 0 |Orez-
0 0 0 0
Allowing for the relations
ey = €l = 1/ VU2 + 02, ey = ea = —Vu? + 02,
we obtain the needed formulas for the coefficients A1, and Aoy
0 0 0 0 0 0 0 0
\ - 1 0 0 +v O \ _ 1 0 0 -—u
e = 210232 | 0 —v 0 0 P72 T 22321 0 4w 00
0 0 0 0 0 0 0 0

Thus, the only nonvanishing coefficients are

v v

A112)] = +7(u2 IR A1pp1) = —7@2 02
A212] = —7@2 IRIETN A1p1) = +7(u2 IR

Now, when using the formula (44} = %(—)\C[ab] + Xafbe] = Ab[ae]) » it is convenient
to split it into four cases

1 1
Vablo = 5(—)\0[@] + Xafpo] = Abja0]) s Vab]3 = 5(_/\3[1117] + Aap3] — Abfa3]) >

1 1
Vab]l = 5(—)\1[@] + Aap1] = Asja1]) s Vab2 = 5(—)\2[@] + Xapp2] — Abja2]) -

We find the nonvanishing Ricci coefficients

v
Y2t =~V = —Aipg) = T (W2 +02)32°

U
Y2z = —VR12 = —A212)] = +7(u2 I
Now let us turn to Maxwell equations, when using the tetrad formalism:

o, 1,
(2.6) {ace‘{c) ()00 +0(5% "@I+I® 3% VY () | E(x) =0,

where 1 1 1 )
70— 5037 12 _ _503’ 7123 _ _501, 531 _ _502.
Equation (2.6) takes the form
[003,5 + 0%, + oteby (@)D + 0763 (),
+o (EP QI+ 1@ S )y + 0 (B2 @ T + 1@ B%)ypap] £(z) =0,
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or differently,
1 i/2
/2 + 02 (u2 + v2)3/2
(2.7) x [vo'(* @I +1®0%) —uo?(0® @ I +1®0?%)] }¢(z) =0.

{00 + 0%0. + (0'0y +0°0,) +

We use the following substitution for the electromagnetic spinor &(z):

(2.8) E(x) = e wteik=

where f, g, h stand for some functions over the variables u,v. Taking into account the
expressions of the Pauli matrices

0 __ 1 0 1 _ 0 1 2 0 —2 3 1 0
““01’(’_‘10"’ z‘O’”“o—1’
from (2.7) we derive
o f R , f h 1 (Oy — 0y )R (Oy —10y)g
M‘ nog | S o | T VE T | Gutio)f (0wt iou)h
n i 0 —(v+iu)g | |0 O
(u2 +v2)3/2 | (v—iu)f 0 10 0
There follow four equations
(11) iwf +ikf + ! (Oy —10y)h =0
—iwf +1i ————(0y, —10,)h =0,
1
(22) —iwg—ikg—i—iﬁ(@u—kz'&,)h:m
(29) 1 v z(@—i—zu)
. . 1 ) i(v—iu)
21)  —iwh —ikh + ———=(8, + 10, ————=f=0.
(21)  —iwh —ikh + u2+v2( +1i )f+(u2+02)3/2f

They may be re-written as

. . 1 1

—wa + Zk‘f + \/ﬁauh - ﬁ@vh =0,
, . 1 i

—lwg — ’Lkg + W&Lh + \/ﬁ&,h = 0,

—iwh 4 ikh +

1 U 7 v
Vu? + v? (3u+u2+vz>g— Vu? + 02 <8U+u2+1)2>g:0’

1 U 7 v
—iwh — 1kh Oy —_— Oy + ——— =0.
w L +‘/U2+1)2( +u2+,02>f+ /U2+U2( +u2—|—v2>f
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Taking into account the following two identities for the function g:

1

U 1
— A/ 2 2 /22 20=10¢
u? + 2 (8"+u2+02>g_u2+v2a“ CETe V=9,

1 v 1
— 2 2 2 24, =17
— (&,Jr 5 UQ)g—uz 7126@\/u +o2g, Vu?+v2g=g,

and the similar ones for f:

ﬁ(aﬁ u >f L 0Bt Vet of=T,

U2+U2 U2+’U2

1 v 1 _
\/u2—+v2(8U+u2+v2>f:u2+028”\/u2+v2f’ Ve o f =

and introducing new functions

(2.10) Vui+of=f, Jul+v2g=g,

we present the above system as follows

—iwf +ikf 4+ Oyh —i0,h =0, —iwg —ikg+ Ouh +i0,h =0,

. . 1 B i ~
(2.11) fzwh+zkh+u2+v28ugf 2+ 28Ug:0,
1
*th — Zkh + auf + 81)f

Let us sum and subtract the equations within each pair. Then, with the notations

(2.12) f+g=F, f-g=aG, F+G=2f, F-G=23

we obtain
—iwF +ikG 4+ 20,h =0, —iwG + ikF — 2i0,h =0,
1
2ikh — 8 G — 8 F=0.
u2 24w

From the first two equations we find

(214) F = — 2 [iwdoh—kdoh], G=—"

w2 _ 2 y m[—Zkauh - waq,h] y

and substituting these into the remaining two equations, we get

1 2

- - 2 2 2 - 2 _
—2ZUJh =+ mm {—lwau — kauv + kauv — Zwav} h = 0,
. 1 2 . .
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Hence, after simple regrouping of the terms, there follow the two coinciding equations

1 2

. - 2 2 2 2 _
—2iwh + mm {—zw(@u + 80) - k@w + k@uv} h = 07
. 1 2 - 2 2 2 2

Thus, we arrive at the equation for h(u,v):

1 1

ht ——
+u2—|—v2w2—k2

(05 + 0)h =0
which can be presented as (let A2 = w? — k? > 0)
0? 0?
91 o o 2,2 2,2 -0,
(2.15) (3u2+802+)\u+)\v h=0
In this equation, the variables may be separated by the substitution h(u,v) =
U(u) V(v):
ld—QU + X% ) + i62‘/ +A%?% ) =0
U dv? v '
We find the two separate equations
Lo 2,2 a? 2,2
00U+ Xu"=-A = |(-—+Xu"+A)U=0,
v du?
(2.16)

2
—PV+ A2 =44 — (CZ)2+>\2 2—A> V=0.

Let us transform egs. (2.16) using the new variables:

21 d N A
X=u? ([—4+ —— 4+ 2 4+ \U=0:
u’(dX2+2XdX+4+4X) ’

2 1.d A A
Y= (ot oo b oo =)V =
U’(dY2+2YdY+4 4Y)V

Their solutions are searched in the form

(2.17) UX)=XPXf(X), VI)=YrPeTVg(Y).
We further obtain
d? 2a 1 d 200 B A  ala—1)  «/2 . A _
[m+<i+ﬁ“ﬂ>ﬁ+7+ﬁ+ﬁ+T+ﬁ+5 =0
d? 2p 1 d 2p0 o A plp—1) p/2 s A2 _
|:dY2+(?+ﬁ+20)W+7+W_E+ v2 +W+U +Z g(Y)—O.
Imposing the restrictions a = 0,—%—%, 28 =+iX; p= O,—l—%, 20 = +i), we get
d? 1 d 8 A
X+ (204 = +28X)—— +2 Pillf=
[ gxz T (2ot 5 +26X)- + a5+2+4]f 0,

d? 1 d o A
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Let us fix the two parameters 25 = —iA, 20 = —i), this yields

d? ‘ d . ‘
[XdXQ + (2a+1/271)\X)d—X z)\az)\/4+A/4} f(X)=0,

d> , d . ‘
{YdYQ +(2p+1/2 —z)\Y)d—Y —iAp —iA/4 — A/4} g(Y)=0.

After transforming these equations to the new variables
(2.18) INX =z =i\?,  i\Y =y=i\v?  AJdiN=A,

we obtain

Fi;+@a+L@—xwi—a—1M+A}ﬂ@:0,
(2.19)

2
v+ @t 1/2 -0 - 1/4- A ) =0,

For definiteness, let us take the values a = 0,p = 0:

o2 - - -8 ) =0,
U(z) = e“’/Qf(x), z = i\u?;

& 1/2 d 1/4+ A =0
v+ (172 - 0~ /4 8)] ) =0,
V(y) =e*?gly), y=in"

They both can be identified with the confluent hypergeometric equation

(2.20)

(2.21) 2F" +(c—2)F —aF =0, c¢=1/2,a=1/4+A.

Two linearly independent solutions may be used:

(2.22) Fi=%(a,¢;2), Fo=2z"®(a—c+1,2—-c¢;2).

Therefore, for the two equations in (2.20), we have respectively the pairs of solutions:

1 3 3
. — o%/2 A2 )
2,SU), UQ € \/ECI)(4 A72 C,l’),

1 1 3 3
Vi=ePo(1+ A gy, Vo= @(7 A S

Uy = em/’é’cp(i — A,
(2.23)

we recall that v/ = Vilu and /g = Vi\v.

3 Continuity and spinor space structure

Let us find the explicit form for the constructed solutions relative to the initial Carte-
sian tetrad. It is known that the 2-spinor 1y in Cartesian tetrad is related to the
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2-spinor v in cylindric parabolic tetrad, by the following local gauge transformation

b= st B 1 Vu+iv 0
1) S ST GEai| 0 Vi |
. sl gt 1 Vu — v 0
(u? + v2)1/4 0 Vu+tiv |

Therefore, the 2-rank spinors relate to each other by the transformation
(3.2) £€=S5& = (s®s)éo=ss, &o=5""¢=(s""@s =516

so for the electromagnetic spinor in Cartesian basis

€0 = 1 Vu — v 0 f h Vu — v 0
0= (u2 + v2)1/2 0 Vu+ 1w h g 0 Vu + 1w
we get
(u—iv) f h
(3:3) fo=| Vv »
. h (utiv) g
Vuz+o?

Evidently, the primary one is the function h, while the two other ones f and g are
determined by h. Taking into account the expressions for f and g,

LR T
2vu2 + 02 ’ g 2vu2 + 02

and allowing for the formulas

f= (F_G)a

. 2 .
we derive
1 1
= ———— (=10, — Oy) h,
(3.5) ! ‘*’_kvu2+v2( ' )
’ 1 1 .
9= TR o et O

Further, we should take in mind the product formula h(u,v) = U(u) V(v) and the
two possibilities for each multiplier (see (2.23)):

Uy = 2®(1/4 — N, 1/2; ), U = e*/?\/z &(3/4 — A, 3/2;z),
Vi=e"20(1/4+ A, 1/2;y), Vo=e"2y (3/4+A,3/2y),

where

(3.6) z=i\?, y=iz? = a% = mu%, a% = mva%.
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Let us change (3.5) to its other form

2\ 1 o 0 o 0
. S TRV Mar gy = AT g T gy
R S NP SOONY SRR O

g_w+k\/u2+f02 Ox oy’ Ox oy’

Besides, we should take in mind the rule for differentiating the confluent hypergeo-
metric function

d
%@(am; x) = %CI)(a +1,c+ L;2).

We are to follow all the four possibilities for the function h(u,b):

hiy = Ui(z)Vi(y), hiz = Ui(x)Va(y),

(3.8) hot = Us(@)Vi(y), has = Uy (2)Valy) .

Consider the variant hqq:

0

Jin = A(—iu% - va—y) Ur(z)Vi(y)
=A {—iueg”/2 B(I’(l/él —A1/2;2) + 1/11/; A<I>(5/4 —A,3/2; x)} Vi(y)

—oU, (x)e¥/? [;@(1/4—1— A 1/2;y) + 1/411/—’2— A<I>(5/4 + A, 3/2; y)] } )

.0 0
g11 = B(—zu% + va—y) Up(z)Vi(y)

1/4— A
1/2

1/4+ A
1/2

=B {—iuez/Z {;@(1/4 —A,1/2; ) + ®(5/4 — A, 3/2; :c)} Vi(y)

+ol, (z)ev/? [;@(1/4 +A,1/2;y) + O(5/4+ A, 3/2; y)] } .

Consider the variant hqs:

iz = Al=iug = v Ui(a)Valy)
1/4— A

1
= —1 93/2 —_ — .
A{ iue {2<I>(1/4 A 1/2; 2) + 12

@@M—Asmmﬂw@>

—oU, (x)e¥?\/y Bq>(3/4 +A,3/2;y) + 2iy<1>(3/4 +A,3/2;y)

3/4+ A
3/2

+ O(7/4+ A,5/2;y)] } :

.0 0
gi2 = A(—W% +v @) Ui(x)Va(y)
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1/4— A
1/2

=B {—iue‘"’:/z [;@(1/4 —A1/2;2) + O(5/4—A,3/2; ac)} Va(y)

1 1
+olU, (z)e!/ 2y [2<I>(3/4 +A,3/2;y) + 543(3/44- A, 3/2;y)

3/4+ A
A, 5/2; .
S R ar/a+ 0,502:0)||
Consider the variant hoq:
.0 0
fr = Al=iugs = o) Va0

=A {—mef/%/i Eq>(3/4 —A,3/2;x) + %@(3/4 — A, 3/2;2)

3/4— A
3/2

n ®(7/44 A,5/2;2)| Vi(y)

1/4+ A
1/2

—ng(x)ey/2 [;@(1/4—1— AN 1/2y) + O(5/4+ A, 3/2; y)] } ,

.0 0
g21 = B(—iu p + va—y) Us(2)Vi(y)

=A {iuef’f”ﬁ {;@(3/4 —A,3/2;2) + %@(3/4 —A,3/2;2)

3/4— A
3/2

O(7/4+ A, 5/2;2) | Vi(y)

1/4+ A
1/2

+oUs (x)eY/? [;¢>(1/4 +A,1/2; 9) + ®(5/4+A,3/2; y)] } .

Consider the variant hgo:

for = Al = v Ua(a)Valy)

= A {—z‘uef/2\/a? Bq>(3/4 —A,3/2;2) + %@(3/4 — A, 3/2;2)

3/4— A

T3

B(7/4+ A5/2; mﬂ Va(y)

—oUs(z)e¥?\/y [;@(3/4 +A,3/2y) + %@(3/44— A, 3/2;y)

3/4+ A

MY

ot 5]}

.0 0
g2 = A(—w% + U@) Us(x)Va(y)
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=A {—iuem/Q\/E Bcb(?,/zx —A,3/2;2) + %@(3/4 — A, 3/2;2)

3/4— A

T3

B(T/4+ A5/2; xﬂ Va(y)

+uv - Ug(x)ey/2\/gj {;@(3/4 +A,3/2;y) + %@(3/4 + A, 3/2;y)

3/4+A
O(7/44 A, 5/2; )
Recall the formulas which introduce the parabolic cylindric coordinates
2 _ 2
(3.9) x:u2v , Yy=uv, z=2z

In order to get the inverse transformation, from the first equation (3.9) we exclude
the variable u, and then the variable v:

1 1

2x:—v2+—2y2,2x:+u2——2y2 — v 42e0?—y? =0, u' -2z u*—y* =0.
v u

We further find

(3.10) vi=—z4+ a4y, ul=+4z+a2+y2.

For the parametrization of the ordinary Cartesian space (z,y, z), it suffices to
choose any of these four possibilities:

U:i\/T\/W, u=+\/T\/W,

For definiteness, let us use the first one:

(3.12) v=—+\—x+vV22+y?, u==I\+x+ V2 +y>.

The correspondence between (z,y) and (u,v) is clarified by the formulas

(3.11)

u=kcos¢, v==ksing, ¢el0, n];

(3.13)
x = (k?/2) cos2¢, y=(k?/2)sin2¢, 2¢¢€]0, 27],

and by Figures 1 and 2. In fact, there exists a peculiarity in parameterizing the
half-line > 0 by the coordinates (u,v = 0) (see Fig. 3).

If one takes in mind the space models with spinor structure (a relevant motivation
and references see in [4]-[7]), then the symmetry between coordinates v and v becomes
complete: they relate to Cartesian coordinates (z,y, z) @ (x,y, z) by the formulas

(3.14) v==E\ -+ V2?2 +y?, u==E\+r+ V2 +y?.
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Figure 1: The domain G(u,v) for vector space

By Ay

By A2

Figure 2: The map G(z,y) = G(u,v)

To the spinor space model there corresponds the domain é(u, v), symmetrical with
respect to coordinates u and v, and without any special identification rules for the
boundary points in the plane (u,v).

This is an important matter, since the expected solutions must be single-valued
in the whole space. Evidently, in different space models, we should expect different
single-valued solutions.

To clarify this point it suffices to follow the behavior of constructed solutions (see
(3.3) when v — 0:

(u—1iv) b u h
B15) w0, &= | e Mo jvel M
b (u+iv) h g

Vu2+4v2 Vu?

In the vector space model, the following identity must hold
(316) fo(U,’U = 0) = 50(_u7v = 0) ;

however in the spinor space model, this requirement may be ignored.
Allowing for the above expressions the relations for hyj, fi;, gij, we find the fol-
lowing behavior of the four solutions at v — 0 (the plus (+) or minus (-) means



Maxwell equations and spinor space structure 59

Figure 3: Identification for boundary points in G(u,v)

appropriateness and non-appropriateness of functions as single-valued in vector space
model; see (3.15)):

fi1 ~ u - function(u?), g11 ~ u - function(u?), (+);

(3.17) fiz ~ function( %), g2 ~ function(u?), (=)
‘ fo1 ~ u? - function(u?), go1 ~ u? - function(u?), (—);
fo2 ~ u - function(u?), g11 ~ u - function(u?) (+).

Similarly, from (3.8), it follows

le :glg g E g function(u?), E-i—); :

12 = U1(@ Y +7_ ;

(3.18) h; =Us()Vi(y) ~u- functlon(uQ) (-);
hoo = Ui (x)Va(y) ~ (+,—)-

Thus, we conclude that in vector space we have single valued solutions only for
the variants (11) and (22); in spinor space all the four variants (11), (12), (21), (22)
provide us with single-valued solutions.

4 The helicity operator

First, let us solve a subsidiary task: to find consequences of diagonalization of the
helicity operator for the electromagnetic spinor (related to plane waves)

)
E:—5[81(0'1®I—|—I®O’1)+32(O’2®I+I®U2)+83(0'3®I+I®‘73)]

1
(4.1) =3 [0131 + 0939 + O3X3 ]
Taking in mind the substitution for &:
_ —iwt jikix ikoy iksz f h
E=e ef1¥ett2Ye hog |

we have the following expression for X:

Y= %[/ﬁ(ﬁf +£01) + (026 + £52) + ko + k3(038 + £53)]
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°h  f+g 2k i(f—g)

_ 1, 2f 0
“2 VM f4+g 2R i(f—g)  2ih 0 —2¢ [

Therefore, from the eigenvalue equation X & = o &, we get four equations

B2

o

11 (kl—ik2>h+(/€3—0)f:0,
22 (k1+ik2)h7(k3+a)g:0,

1 1

(4.2) 12 §(k1 + ika) f+§(k1 —iky) g—0o h=0,
1 1

21 §(k1+ik2)f+§(k1—i/€2)g—0'h:0;

where the last two equations coincide. In (4.2), we have the system of three equations

(kg, - 0') 0 (kl - ’Lkg) f
(4.3) 0 —(ks+0) (k1 +ika) g |=0.
%(k‘l + ’Lk?g) %(lﬁ - ’Lk‘g) —0 h

For the eigenvalues o we have a cubic equation

(k3 — O’)(/ﬂg +O’)0’+ %(kl +’L/€2)(k‘1 —ikz)(kg +U) (kl +’L/€2)(k‘1 —ikg)(kg — (7) =0

1
2
or (k + k3 + k% — 0%) =0, so we obtain three roots

(4.4) 0= 0,4k, ~k; k= ki +k3+k] =w.

Let us find the solutions of the system (4.3) at o = 0:

ks 0 (k1 —ika) || f
O 7]433 (kl +Zl€2) g = 07
(k1 +iko) (k1 —iks) 0 h

or
ksf + (k’l — Zkg)h =0, —ksg+ (kl + Zkz)h =0, (k’l + Zkg)f + (kl — ikg)g =0
as first two equations, the third one being an identity 0 = 0; therefore we get

—k 3
(45) 0_:0’ fz—kl ZQh, g:+k1+lk2

" " h.

Let us find the solutions of the system (4.3) at o = —k:

(k3 + k) 0 (k1 — k) || f
0 (ks —k) (ki+iks) || g | =0,
%(kl + iks) %(kl — iko) k h

that is
(k?g + k)f + (kl — Zkg)h =0, 7(1433 — k)g + (/ﬁ + ’Lkz)h =0,

1 1
5(/61 +iko)f + i(kl —ika)g+kh=0;
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with the first two equations, the third one turns out to be an identity 0 = 0; therefore
we get
kl — Zkg kl + Zk'2

g=+—-""2h.

4. — _k - _
(46) 7 o fE TR ks — k

Let us find the solutions of the system (4.3) at o = +k:

(/Cg —k) 0 (k‘l — i/{ig) f
0 —(k3+/€) (k‘1 +’ik‘2) g | =0,
%(lﬁ + Zk‘g) %(kl — Zk‘g) —k h

or
(/ﬂg—/ﬂ)f—i—(lﬁ —ikg)hzo, —(k3+k)g+(k1 -|-Z’/€2)h=07

1 ) 1 .
5(1431 + Zkg)f + §(l€1 — Zkz)g —kh=0 y
with the first two equations, the third one becomes an identity, so we arrive at

kb, kb

4, = +k = — e,
(4.7) c=+k,  f kY o Tk

Now we are to compare (4.5)—(4.7) with the solutions of the Maxwell equations in
spinor form

(kg*éd)f%»(klfikg)hio, . __k‘l—ik'z )

(4.8) {(M+wa—%a+wh=0, w=th f= h—kh’
. (k1 —ika)g + (ks —w)h =0, ki + iky

. pu— = h.
{ —(ks +w)g + (ky +ikp)h =0, Thog = ks +k

We conclude that the solution of the spinor Maxwell equations is the eigenstate with
o= +1.

Now, let us consider the similar problem in cylindric parabolic coordinates. First,
we transform the helicity operator ¥ (see (4.1)) to cylindric parabolic coordinates and
tetrad. From the eigenstate equation in Cartesian basis —%[8121 + 0aX0 + 0,35)80 =
c&p it follows (see (3.1) and (3.2))

K ., 0 a5t ., 0 051
5 S¥1S (—a:}c1 +S 9 )+ S%28 (—aaj2 +5 57 )
d 051
—1 v i _
(4.9) +5%38 (am2 +S 523 )| = o€,

the matrix S depends only on (z',22) (or (u,v)). There exist the identities
SY1S7 =(s® So1@I+1I® 01](371 ®s ) =505 ' QI +1®so1s ",

S8 = (5@8)[0o @ T+ T®0a)(s ' @5 ') =500 ' QT+ 1@ 5095 ",
S8t =(s@s8)[o3 @[+ I®03](s ' ®@s ') =s035 ' @T+1®s035 ",
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and also the identities

95—t I(s~t®s™t) st st
S@xl =(5®s) Ot = ot ®I+I®88x1 ’
0S8~ (s tws™) st s~ 1 051
o Ox? (s ®s) Ox? e wliries ox2 7 7 Ox® 0
Taking these in mind, we obtain (see (4.9))
0 951
POy QA Sl
S¥, 8 (8x1+58x1)
0 s~ 1 s~ 1
= (3013_1 ®I—|—I®SO’18_1) (8301+8 ;:rl RIT+1I®s Z;:rl ) ,
that is p -1
-1, 9 _ -1 -1y 9
SY4 S (8931 +S 9l )= (so18 @I+ 1I®so18 ") 5
-1 ds~1 . os7t o 9s7t 1
+SO’1W®[+I®SO’1W+SO’18 ®S(9x1 —|—5W®5015 .
Similarly, we derive
0 081
-1 _ —1 -1
S¥S (W+SW)—(5025 Q@I+ 1® soys )@
-1 s~ 1 o, os7!t st 4
+SJ2W®I+I®SU2W+SU2S ®Sax2 +Sw®80'28 N

and

4, 0 a5t 4 0 _ 0
SZSS 1(@"&‘5@):5235 1$=(SU3S 1®I+I®SU3SS)$.

Let us write down a general structure for the operator 3:

j 0
Y= —% {(5015_1 RI+I® 5013_1) st + (80'28_1 RI+I® 80'28_1) pyes

+ (s0357! @ I+ 1 ® s0353) % + (5015158811 ®I+I®sals’1sa;m1 )

Ox? 0z?

, 0s7! 9s71 -1 ,_ 0s7! ds71 1
+ | so1s ®88m1 +5W®sals + | so9s ®83x2 +SW®8025 .

We readily find the formulas

9s71 Os7!
+<SO’2818 5 QI+ so95 s 5 ®I>

80'38_1 =03,

1 1 0 u+tiv | 1 ( _ )

(410) *7*7 7 Vu2 402 | u—w 0 Ve Hor o)y
sas_l—é 0 v _;(UU + uo9)

¥ T2 r | vriw 0 | g2 ¢ 2
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Taking in mind the relations

e v w v o
Oxl w2402’ Ozt w2402’ 022 w402’ 022 w2402’
we derive the formulas
0 1 0 0 0 1 0 0
a1y Lo w09y, Lo LY.
( ) Ozt u2+v2(u8u U8v>’ 0x? u2+v2(vau+uav)

Let us consider the term
(s035 ' @I +1® soss )i +[so1s P @I+ T® sois Y 9
3 3°3) 003 ox!

+[s095 P @I+ I ® sops™ 1]

0 (03 Q@+ ®o3) 0 + ! !
= (o 03) ==
ox2 3 3003 T 2 L2 u? + 02

X {[(uol —v09) @I+ I ® (uoy — vog)](u% - v%)

0 0
+[(voy + uos) @ I + I ® (voy + uos)](v E +uav)}

— (029 + ©03) 05 + s | (1o + 02 ) DT+ 16 (01 + 7).
— 7o T e | ou T Paw T ou " o

We further consider the term

8371_ 1 sug—vg = 1 1 Vu+iv 0
ort ~ w242 "ow Yot Pl 0 Va-w
e u? Vu — v 0 1 o= 0
2(u? + v?)(u? +v2)1/4 0 Vu+iv 2(u? +v2)/4 0 NoEeT
n v? Vu — 0 n 1 \/ﬁﬁ 0
2(u? + v?)(u? + v2)1/4 0 Vutiv | 2+0?)t/t] 0
11 1 Vu+iv 0
C 22 + 02 (u? +02)1/2 0 Vu—iv
. {_ ‘ Jicw 0 ‘ =B
u2 —|—1} \/m 0 \/m
+U72 Vu — v 0 uliw 0
| o v [T g
1w 1 a g | e 0
2w +02)?2 2 2 o2 (u—iv)Vu—iv
(u? 4 v2) (u? +v?)? 0 Vutiv
1 v —w? 1 1 (u+iv)? 0

b

2 (u2 + v2)2 + 2 (u? + v2)? 0 (u —iv)?
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so, arriving at a simple result

(4.12) st 2iuv 1 0 2iuv -
Ox! 2w 4+0v2)2| 0 —1 2(u? 4 v2)2 3
Similarly, we consider the term
os 1 0 0N a1 1 Vu+iv 0
0 T w2+ o2 ou ov T w2 402 (u 4 02)/4 0 Vu — v
u Vu—1i 0 1 —— 0
X _2( 2 2 vz 2)1/4 UO v \/ By 2(u2 2)1/4 uo " v
u? + v?)(u? + v2) U+ (u? 4+ v?) Wor=T
B w Vi—iw 0 1 w0
2(u? + v2)(u? 4 v2)1/4 0 Vu +iv 2(u2 + v2)1/4 0 \/%
_1 1 1 Vu + v 0
2 u2 4 v2 (u2 +U2)1/2 0 Vu—iv
«d_ \/u —w 0 —— 0
u2 + v2 VU + 0 =
o w Vu — v 0 T 0
(u? + v2) 0 Vu+ v 0 \/%
1 2uv 1 vVu+ivvu — v W“ﬁﬁm 0
Y 22 o 2 2)2 (v+iu)Vu—iv
2 (u? + v?) 2 (u?+v?) 0 e
_ 1 2w N 1 1 (u+v)(v —u) 0
o 2(u2402)2 2 (u? 4+ v?)2 0 (u—w)(v+iu) |’
so that
-1 S22 S22
(4.13) Sas :z(v u?) |1 0 :z(v u)gg.
0?2 2u?+02)2 | 0 -1 2(u? 4 v2)?

Taking into account the formulas (4.10)—(4.13, we transform the above expression
for ¥ to the following form

0 1 0 0 1o} 0
Y =- {(03®+I®03)a3+\/ﬁ[( a +U28 )®I+[®(018 +028U)
1 24 uv
+\/m2(’u,2+1}2)2 [(u01 —’002)0'3®I+I®(U01 —1)0'2)03]
1 i (v? — u?)
+\/m2(u2—|—1}2)2 [(1)01 +’U,0'2) o3 X I+I® (1}01 +’U,02) 03]
fm (w01 — v02) © 05 + 03 ® (ur — o)
g1 — VO g g g1 — VO
02 2w+ 2)2 1 2 3+ 03 1 2
1 i(v? —u?)

[(vo1 + uos) ® o3+ 03 ® (voy + uog)]} .

T g o 2(u? 1 072
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This may be re-written differently,

i 0] 1 0 0

2
—l—ﬁ [(vo14+uoe) @IT+I® (vo1+uos)+ (uoy —vos) ®ios +ics @ (uoy —vog)]
v? — u?

+m[(—ua1—|—v02)®l+[®(—u01+v02)+ +(vo1 + uos) ®ios +ios @ (voy +uoa)] } }.

Thus, the eigenvalue equation 3¢ = o¢ leads to

2uv
3 [(vo14+uoe)RI+IR(voy+uos)]

{(0104 + 020,) @ I + 1 @ (010, + Uﬁv)*’W

1}27’&2

oy U0+ o) S 118 (—uor + ven)
2uv . .
o2 1o [(uoy — vog) @ iog + iog ® (uoy — vo3)]

02 — 2
+W[(vol + uoy) ®ios +ios ® (voy + uag)]} 13
(4.14) = V2 + 02 (2i0 — ikoy @ —ikl ® 03) €.
By regrouping the terms within the lines 2-3, and also within the lines 3-4, we
obtain a simpler form for the equation:

1
[(O’lau + O'Qav) QI+ IT® (Ulau + 0'281;)]5 + m
X {(UO’l -|—’UO'2) ®I+I® (’LLUl +’UO’2) —+ (’UO’l — UO'Q) ®i03 +i0’3 X ('00'1 — ’LLCTQ)}f
f h
= vVu2+v? (2ic —ikos ® I — ikl ® 03) £, where h= )
g

First we calculate

h (8u - iav)h (8u - iav)g
(0100 + 020,) ® I = ) ) )
g (Oy +10y)f (O + 10y)h
and
8 f h (8u - Zav)h (6u + Zav)f
I®(O’16u+0'27) = . . .
| h g (Ou —i0y)g (B + i0y)h
Their sum equals to
) f o | [ h
(016u+02%)®l h oo +I®(018u+02%) h oo
2(0y —10y)h (Ou +10y) f + (Ou — 10y)g

(4.15) = |
(Ou +10u) f + (Ou — i0y)g 2(0y + 10y )h
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Then we calculates the terms

[(uor +vo2) @ I + I ® (uoy + vo2)]€

0 U — v foh fh 0 U + v
= v 0 + w—iv 0
u + 1w h g h g
_ 2(u —iv)h (u+iv)f + (u—iv)g
T (wt ) f + (u—iv)g 2(u+iv)h ’

and
[(vo1 — uos) ® iog + io3 ® (Vo — uo2)]€

f h

| 0 v+iu i 0| [io0 foh 0 wv—iu
| v—iu 0 hog || 0 —i 0 —i||p g||lvtiu 0
_ 2(iv — u)h (lv+u)f + (—iv+u)g
T (w4 u)f + (—iv+u)g 2(—iv —u)h ’
their sum equals to
0 (u+ ) f + (u—iv)g
4.1 2 . . .
(4.16) ‘ (u+iv)f + (u—iv)g 0
Besides, we find

(417) (o —ikos® ikl @ay) e =2i| R oh ' _

oh (c+k)g

Taking into account the relations (4.15)—(4.17), we reduce the eigenvalue equation
to the form

2(au - Zav)h (au + Zav)f + (au - iav)g
(Oy +10,) f + (O —i0y)g 2(0y +1i0y)h

1
+ (u? + v2)2

(4.18) = 2ivu? 4 v?

0 (u+iv)f+(u—iu)g‘
(u+ ) f + (u—1iv)g 0

(c —k)f coh '
oh (c+k)g |

whence we derive four equations.
First, let us consider the following ones:

11, 2(0y — 19y)h = 2ivVu? +v3(c — k) f,
22, 2(0y, +10,)h = 2ivu? +v3(0c + k)g,

or differently

(4.19) (04 —i0y)h =i(0 —k)f, (0, +i0,)h=i(c+k)g;
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we recall the notations f = Vu2 +v2f, § = VuZ +v2g. Let us introduce the new
variables f +§ = F, f — g = G; then, summing and subtracting the equations in
(4.19), we obtain the following system of two linear equations with respect to F' and
G:

oF — kG =-2i0,h —kF +0G=-20,h.

Its solution is

(4.20) F= 0Oy — kDB, G = [ikdy — 0D,] h.
(o g

2 _ k2 [ 2 _ k2 [
These formulas may be compared with the similar ones resulting from the Maxwell
equations (2.14):

(421) F=— 2 [iwdy— kD), G = —[-ikDy — wiy|h.

w?2 —k w?2 —k

Relations (4.20) and (4.21) coincide when identifying o and w.
We consider now the two remaining equations:

12, (Oy +1i0y)f + (O —i0y)g + [(w+iv)f + (u—iv)g] = 2ivVu2 + v2oh,

o
@+ )

2, (B +i00)f + (B — iB)g + ﬁ[(u i) f + (u—iv)g] = 2iv/a® + Poh;

they coincide with each other. Taking in mind the identities of the type
f 1 -
= 10)
Vu? + 02 \/u2+v2( “ u2+v2)f
the above equation reduces to the simpler form
1 U 1 v 1 1
Oy — F Oy — G
vara T w2t e O e o e
= 2ivu? +vich,

which after regrouping the terms, leads to

au.f = au

[uF +ivG]

1 u 7 v . .
210 (O — = —|—v2)F+ 22 (0 — = —|—v2)G+ 7@2 )2 [uF +ivG] = 2ich.
Its final form is

1 i .
(4.22) 22 O F + o 0,G = 2ich.

We may notice that the last equation (4.22) coincides with the third equation in the
system (2.13)

1
—2zwh+ 8F—|— 8G—O

having in mind the identity ¢ = w. We recall that the fourth equation in(2.13) is
equivalent to the third one.

Thus, we have shown that by the diagonalization of the helicity operator for the
2-rank symmetric spinor, it follows the system of equations which coincides with the
one produced by the Maxwell equation, when identifying the eigenvalue o with the
frequency w. This fact does not depend on the choice of coordinates and tetrad,
Cartesian or cylindric parabolic.
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