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Abstract. In the present paper, we investigate an optimal inequality for
the squared norm of the mean curvature vector for the Biwarped product
submanifolds isometrically immersed into complex space forms, in the ex-
pressions of constant sectional curvature ¢, Laplacian of the warping func-
tions and slant function. The equality case is likewise discussed. Some
special cases are also discussed.
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1 Introduction

The comprehension of warped product manifolds came into existence after the ap-
proach of Bishop and O’Neill [6] on manifolds of negative curvature. Examining the
fact that a Riemannian product of manifolds can not have negative curvature, they
construct the model of warped product manifolds for the class of manifolds of negative
(or non positive) curvature which is defined as follows:

Let (N1,91) and (N3, g2) be two Riemannian manifolds with Riemannian metrics
g1 and go respectively and ¢ be a positive differentiable function on N;. If 7 :
N; x No — Ny and 5 : N1 x Ny — Ny are the projection maps given by m(p,q) = p
and 7(p, q) = q for every (p,q) € N1 X Na, then the warped product manifold is the
product manifold N7 x Ny equipped with the Riemannian structure such that

g(X, Y) = g1 (W*X’ ﬂ-*Y) + (¢ © 7T)292(77*X7 77*Y)>

for all XY € TM. The function v is called the warping function of the warped
product manifold”. If the warping function is constant, then the warped product
is trivial i.e., simply Riemannian product. On the grounds that warped product
manifolds admit a number of applications in Physics and theory of relativity [4], this
has been a topic of extensive research. Warped products provide many basic solutions
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to Einstein field equations [4]. The concept of modelling of space-time near black holes
adopts the idea of warped product manifolds [20]. Schwartzschild space-time is an
example of warped product P x, S%, where the base P = R x RT is a half plane
r > 0 and the fibre S? is the unit sphere. Under certain conditions, the Schwartzchild
space-time becomes the black hole. A cosmological model to model the universe as a
space-time known as Robertson-Walker model is a warped product [24].

Some natural properties of warped product manifolds were studied in [6]. B. Y.
Chen ([8], [9]) performed an extrinsic study of warped product submanifolds in a
Kaehler manifold. Since then, many geometers have explored warped product man-
ifolds in different settings like almost complex and almost contact manifolds and
various existence results have been investigated (see the survey article [16]).

Further, Chen initiated the study of warped product submanifold isometrically
immersed into Riemannian manifold, especially in Riemannian space forms (see [11],
[12], [23]). Recently, many papers related to warped product submanifold isometri-
cally immersed in the different Riemannian space forms (see the survey article [16]).
The topic of research which covers the inequalities for warped product submanifolds
in the almost Hermitian as well as almost contact metric manifolds is getting signif-
icance. In particular, in [14] Chen discovered a strong relationship between warping
function and the squared norm of the mean curvature vector for the warped product
submanifold M; x s My isometrically immersed into a Real space form. Basically, he
obtained the following result

Theorem 1.1. Let M(c) be a m-dimensional real space form and ¢ M =M x¢M
be a isometric immersion of an n—dimensional warped product in M(c). Then

Af n?
1.1 =L < = |H|? ,
(1.1) < g HI 4+ me
where n; = dimmM;, 1 = 1,2 and A is the Laplacian operator of My and H is the
mean curvature vector of M™. Moreover, the equality holds in (1.1) if and only if ¢
is mized totally geodesic and niHy = noHy. Such that Hy and Hs are partially mean
curvature of My and My respectively”.

2 Preliminaries

Let M be an almost Hermitian manifold with an almost complex structure .J and a
Hermitian metric g, i.e., J?=—Tand g(JX,JY) = g(X,Y), for all vector fields X, Y
on M. If J is parallel with respect to the Levi-Civita connection V on M, that mean

(2.1) (VxJ)Y =0,

for all X, Y € TM, thelrl_(]\ZI'7 J,g,V) is called a Kaehler manifold
A Kaehler manifold M is called a complex space form if it has constant holomorphic
sectional curvature denoted by M (c). The curvature tensor of the complex space form
M (c) is given by
_ c
<l

R(X,Y,Z,W) =,19(Y, 2)9(X, W) = g(X, Z)g(Y, W) + g(X, T Z)g(JY, W)

— gV, JZ2)g(JX, W) + 2¢9(X, JY)g(JZ,W)],

(2.2)
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for any X,Y, Z, W € TM?”.

Let M be an n—dimensional Riemannian manifold isometrically immersed in a
m~—dimensional Riemannian manifold M. Then the Gauss and Weingarten formulas
are VxY = VxY+a(X,Y) and Vx¢& = — A X + V£ respectively, for all X, Y € TM
and ¢ € T+ M. Where V is the induced Levi-civita connection on M, £ is a vector field
normal to M, « is the second fundamental form of M, V+ is the normal connection
in the normal bundle 7-M and Ag¢ is the shape operator of the second fundamental
form. The second fundamental form A and the shape operator are associated by the
following formula

(2.3) 9(a(X,Y),€) = g(Ae X, Y).

The equation of Gauss is given by

(2.4) R(X,Y,Z,W) = R(X,Y,Z,W) + gla(X,W),a(Y, Z)) — g(a(X, Z),a(Y,W)),

for all X,Y,Z,W € TM”. Where, R and R are the curvature tensors of M and
M respectively.
For any X € TM and N € T*+M, JX and JN can be decomposed as follows

(2.5) JX =PX+FX
and
(2.6) JN =tN + fN,

where PX (resp. tN) is the tangential and F X (resp. fN) is the normal component
of JX (resp. JN).

For any orthonormal basis {ej,ea,...,e,} of the tangent space T, M, the mean
curvature vector H(z) and its squared norm are defined as follows

n

@1 H@) ==Y alene), [HIP= = 3 glhleised, hes,e),

i=1

where n is the dimension of M. If h = 0 then the submanifold is said to be totally
geodesic and minimal if H = 0. If o(X,Y) = ¢g(X,Y)H for all X,Y € TM, then M
is called totally umbilical.

Chen and Gray [17] studied pointwise slant submanifold in the setting of almost
Hermitian manifolds. Basically, they provided the following characterization

A submanifold M of an almost Hermitian manifold M is a pointwise slant if and
only if for any non zero vector X € T, M for each x € M, the angle 6(X) between JX
and tangent space T, M is independent from the choice of the non zero unit vector X.
In this case, the wirtinger angle becomes a real valued function and it is not unique
along M”.
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The scalar curvature of M is denoted by 7(M) and is defined as

(2.8) 7(M) = Z Kpg;

1<p<g<m

where &,, = K(ep A eq) and m is the dimension of the Riemannian manifold M.
Throughout this study, we shall use the equivalent version of the above equation,
which is given by

(2.9) 27(M) = > Fpg

1<p<g<m

In a similar way, the scalar curvature 7(L,) of a L—plane is given by

(2.10) F(La)= > Fipg-

1<p<g<m

Let {e1,...,en} be an orthonormal basis of the tangent space T, M and if e,
belongs to the orthonormal basis {€,1,...¢e,} of the normal space T+ M, then we
have

(2.11) Ay = glalep, eq), €r)

and

n

(2.12) lall* = > glalep, eq), alep, eq)).

p,g=1

Let rpg and Ky, be the sectional curvatures of the plane sections spanned by
ep and e, at z in the submanifold M™ and in the Riemannian space form M™(c),
respectively. Thus by Gauss equation, we have

(2.13) Kpq = Kpq + Z (appgq — (O‘;q)g)'

r=n+1
For a smooth function ¥ on a Riemannian manifold M with Riemannian metric
g, the gradient of ¥ is denoted by V4 and is defined as
(2.14) 9(Vip, X) = X,

for all X € TM.
Let the dimension of M is n and {ej,ea,...,e,} be a basis of TM. Then as a
result of (2.15), we get

n

(2.15) Vo] = (e:(w))>.

=1

The Laplacian of 1 is defined by

(2.16) Ay = Z{(Veiei)w —eiei}”.
i=1
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3 Biwarped product submanifolds of the complex
space forms

B. Y. Chen and F. Dillen [18] generalize the definition of warped product submanifold
to multiply warped product manifolds as follows.

Let {N;}, i =1,2,...,k be Riemannian manifolds with respective Riemannian
metrics {g;}i=1,2.... k and {¢};=23 .k are positive valued functions on N;. Then the
product manifold M = Ny X Ny X --- X Ni endowed with the Riemannian metric g

given by
k

g=mi(91) +>_ (i om)*n(9:)
i=2

is called multiply warped product manifold and denoted by M = Ny x ¢, Nox---X 5, Ny,
where m;(i = 1,2,...,k) are the projection maps of M onto N; respectively. The
functions f; are known as the warping functions [18]. If the warping functions are
constants, the warped product is simply Riemannian product of manifolds”. As a
particular case of multiply warped product manifolds, we can define biwarped product
manifolds for ¢ = 3. For ¢ = 2, multiply warped product manifold reduces to single
warped product manifold. Consider the biwarped product manifold M = Ny Xy,
Ny xy, No with the Levi-Civita connection of N; for ¢ = 0,1,2. Now, we have the
following result for biwarped product submanifold

Lemma 3.1. [3] Let M = Ny x¢, N1 Xg, Ny be a biwarped product manifold. Then
we have

(3.1) VxZ=VzX=X(nf))Z
for X € TNy and Z € TN, fori=1,2.

Recently, H. M. Tastan [31] studied biwarped submanifolds in the Kaehler mani-
folds and this was followed by M. A. Khan and K. Khan [21]. Basically, M. A. Khan
and K. Khan explored biwarped product submanifold of the type M = Np x ¢ Ni Xy,
Ny in the setting of complex space forms. Where N, N, and Ny are the invariant,
totally real and pointwise slant submanifolds respectively. Throughout this study we
consider n—dimensional biwarped product submanifold M™ = Np* x ¢, NT? x ¢, Ny
of a complex space form, where ny, no,ng are the dimensions of the invariant, to-
tally real and pointwise slant submanifolds. If Ny = {0} then the biwarped product
submanifold becomes the CR-warped product submanifold. Similarly, if N2 = {0}
then the biwarped product submanifold reduced to pointwise semi-slant warped prod-
uct submanifold. Moreover, if Nz* = {0}, then the biwarped product submanifold
becomes the point wise pseudo-slant warped product submanifold as studied in [30].

For a biwarped product submanifold M™ = Np' x s, N2 x, N;'® of a Riemannian
manifold from equation (3.5) of [18] one can conclude the following result

(3:2) £h, ok =iiﬁ(ei’€j)+ii“(ei’ek>-
f2 VE I i=1 k=1

_ _ _ 1 _
Let {e1,...,€p,€pt1 = J€1,...,€n, = J€p,Cn141,- -3 Cnys Cngfl = €',y Cpptq =
€%, €nypqr1 = €1t =secOPel, .. ey m0q) = €™ = secPe?} be a local orthonormal
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frame of vector fields on the biwarped product submanifold N3* xz, N2 x g Ny*°
such that the set {e1,...,ep,epy1 = Je1,..., e, = Jep} is tangent to Np, the set
{€n141s---s€n,} is tangent to N|? and the set {en,41,...,€nyqq,...€"3} is tangent to
Ng2. Moreover, {€p41 = Jepn 41, €niny, = J€ny, €ngny,41 = cscOFe, ... enin, =
cscOFel, epynytnst1 = el ...em = ék} is a basis for the normal bundle T+M,
such that the sets {en,11 = Jen, 41, --€nin, = Jen,} is tangent to JD, {e,41 =
cscOFel, ... enin, = cscOFel} is tangent to DY and {€',..., "} is tangent to the
complementary invariant subbundle y with even dimension k.

Now, we state the following lemma which is an important tool to discover main
result

Lemma 3.2. Let s1,S2,...,5n,Sn+1 be n+ 1 be real numbers such that

n

(s = (n—1)(O 87 + 5001), n>2
=1

i=1
Then 28182 > s3 holds if and only if
§1+ 82 =83 = -+ = S.
Now, we investigate the main result of the paper

Theorem 3.3. Let M"™ = Np' x5, N2 Xz, Ng* be a biwarped product submanifold

isometrically immersed in a complex space form M(c). Then, the following inequality
holds

A A n? c
(3.3) nszQ + ngf—f?’ < ZHHH2 + Z(nlm + nang + n3ng + 3ny + 3nz cos®6),
2 3

where ni,ng and ng are the dimensions of Ny, N1 and Ny respectively. Moreover, A
is the Laplacian operator on Ny' and N2, H is the mean curvature vector of M™.
The equality case satisfies in (3.8) if and only if M is totally geodesic submanifold
and satisfies the following equality

n1Hy = noHs + ngHs,

where Hi, Hy and Hs are partially mean curvature vectors on Np',N'T? and Ny*
respectively.

Proof. Substituting X = Z =¢; and Y = W =¢; for 1 <4, j < nin (2.2) and
summing over ¢, j, we get

Z R(ei,ej,e4,e5) = Z(n(n — 1) 4 3ny + 3nzcos? 6),
ij=1

and using this in (2.4), we find that
(3.4) 97 = gn(n —1)+ 2(3111 + 3n5 cos? 0) + n2|| H||? — ||
Now, assume that

2
(3.5) 0 =21 — Zn(n —-1) - 2(3711 + 3n3 cos? f) — %HHHQ
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Then, from (3.4) and (3.5), we get

(3.6) n?|H|?> = 26 + 2||a|?.
On using the orthogonal frame {ej,ea,...,e,}, the last equation takes the form
2m n 2m n 2m n
(2 D aha)? =200+ > 3 (0i)* 3 > (af)’
(3 7) r=n+1 i=1 r=n+1 i=1 r=n+li<j=1

+ Z Z (ahp)?)

r=n+1A,B=1

The above expression can be written as

(3 8)
ny
n+1 n+1 n+1 n+1 n+1 n+1
+§O‘ + E ay E +(0411)+§(O‘AA)+
l=n1+1 m=no+1 A=2
na n
§ n+1 E n+1\2
+ all (amm)
l=n1+1 m=no+1
n+1 n+1 n+1_n+1
- § : Qpp Q4 2 : Qg Qg
2<B#q<ni n1+1<l;«£s<n2
n+1 n+1 n+1
- E e E , (a45)
no+1<m#k<n A<B=1
2m n
T 2
+ E E (a4p)
r=n+1A,B=1
_ . n+l1 _ 1 n+1 o n2 n+1 n+1
Assume that s; = o, so =Y Jtoall andsy =32 o Y0 antl
Now applying Lemma 3.2 in (3.2), we derive
(3 9)
1 2m
n+1 n+1 n+1 n+1l_n+1
5 + E T3 E (ayp)? < E , appag+ E , Qp Qg
A<B= r=n+1A,B=1 2<B#qg<ni n1+1<l#s<nq
n+1l _n+1
+ E Cpm Yl >

na+1<m#k<n
with equality holds in (3.9) if and only if
ni n2
(3.10) Z it = Z g+ Z agtl.
A=2 B=nj+1 C=ngo+1
On the other hand, from (3.2), we have
A A
ﬁ-i- ng fS—T— Z k(ea Nep) — Z k(er Aegq)

f2 J3 1<A<B<n, n1+1<I<q<ns

- Z K(em A eg).

nao+1<m<k<n

(3.11)
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Then from (2.13) and the scalar curvature for the complex space form (2.2), we get

(3.12)

A A —1)ec
ﬁ + ng =33 f3 — nl(N1 3n10 Z Z

> f f3 8

(a4a0pp — (QQB)Q)
r=n+11<A#B<n;

2712—1 ror r\2 n3(n3_1)c
Z Z (allaqq - (alq> ) — - 8

r=n+1n;+1<l#q<ng
3n30
T T T 2
- E E : (ammakk - (amk) )
r=n+1ns+1<m#k<n

Now, from (3.9) and (3.12), we have

A A n(n —1)c n1Ng + Nong + Ngny)c
f2+3f3<T_(8)+(12 243 3n1)
(3.13) e fs
_3n10_§_3n30 2
] 5 1 cos” 0.

Using (3.5) in the last inequality we derive

A A 3 3
(314) nngz + ns ffS 7||H||2 (n1n2 + naons + nsny + Z + % 52 9),
3

which is the required inequality. The equality sign holds if and only if the unused
terms in (3.9) and (3.10) imply that

2m ni 2m n
r r
E E App = E E apqq =0,

r=n+1 B=1 r=n+1A=n;+1
and n1Hy = noHs +n3Hs, where Hy, Hy, and Hj are partially mean curvature vectors
of Nj*, N|? and Ny* respectively.
Moreover, from (3.9) it is evident that

s — s _
ayp =0, ajc=0,

foreachl1<A<ny, ni+1<B<ny, n+1<C<n,andn+1<r <2m. This
shows that M is mixed totally geodesic. It is easy to see that converse part is true
for Bi-warped product submanifold in a complex space form.

O

If Ny = {0}, then the biwarped product submanifold becomes the CR-warped
product submanifolds studied by Chen in [9]. Now we have the following corollary

Corollary 3.4. Let M" = Np' Xy, N1 be a CR-warped product submanifold iso-
metrically immersed in a complex space form M(c). Then, the following inequality
holds

(3.15) me =L < TP 4 Suna + 300,

n?
4
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where ny and ny are the dimensions of Nyp' and N'1? respectively. Moreover, A is
the Laplacian operator on Ny*, H is the mean curvature vector of M™. The equality
case satisfies in (3.15) if and only if M is totally geodesic submanifold and satisfies
the following equality

n Hy = naHo,

where Hy and Hy are partially mean curvature vectors on N3* and N'? respectively.

If N* = {0}, then the biwarped product submanifold becomes the pointwise
semi-slant submanifold of complex space form. Then inspired by the study of B.
Sahin [28], we can conclude the following corollary

Corollary 3.5. Let M"™ = Np' xz, Ng° be a point wise semi slant warped prod-
uct submanifold isometrically immersed in a complex space form M/(c). Then, the
following inequality holds

2

(3.16) ns 203 < 12 4 (g + 3 c0s? ),

I3 4 4
where ny and ns are the dimensions of Nyp' and Ny* respectively. Moreover, A is
the Laplacian operator on Ni*, H is the mean curvature vector of M"™. The equality
case satisfies in (3.16) if and only if M is totally geodesic submanifold and satisfies
the following equality

n Hy = nzHs3,

where Hy and Hs are partially mean curvature vectors on Nj' and Nj*° respec-
tively.

Similarly, if Nj* = 0, then the biwarped product submanifold tends to pointwise
pseudo-slant warped product submanifold studied in [30]. Now, we have the following
corollary

Corollary 3.6. Let M™ = N2 X, Ng* be a point wise pesuodo slant warped prod-
uct submanifold isometrically immersed in a complex space form M(c). Then, the
following inequality holds
2
(3.17) TL3% < n—HH||2+E(n2n3+3n3cosg 9),
I3 4 4
where ny and n3 are the dimensions of N1? and Ny* respectively. Moreover, A is
the Laplacian operator on N2, H is the mean curvature vector of M™. The equality
case satisfies in (3.17) if and only if M is totally geodesic submanifold and satisfies
the following equality
noHy = n3Hs,

where Hy and Hg are partially mean curvature vectors on N'? and Ny*® respectively.
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