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Abstract. The inverse Gaussian distribution is a common distribution
in many different fields, such as life tests, psychology, demography, lin-
guistics, environment and finance. In this paper, we give the geometric
interpretation of the inverse Gaussian distribution from the viewpoint of
information geometry. We obtain the Fisher information matrix, Rieman-
nian connections and Gaussian curvature of the inverse Gaussian distri-
bution. Then we investigate the KL-divergence, J-divergence, geodesic
distance and the relations between of them.
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1 Introduction

The inverse Gaussian distribution has a history dating back to 1915 when Schrödinger
and Smoluchowski presented independent derivations of the density of the first passage
time distribution of Brownian motion with positive drift [10]. Tweedie has shown the
inverse relationship between the cumulant generating function of the first passage
time distribution and that of the normal distribution, Tweedie proposed the name
inverse Gaussian (IG) for the first passage time distribution [11]. Wald has derived the
limiting form of IG [12]. Therefore, it is also called as Wald’s distribution, particularly
in the Russian literature [6].

The IG is used to model non-negative, positively skewed data and has a wide
variety of applications in business, survival analysis, finance, medicine, and even in
labor dispute resolution. The tail of the distribution decreases slowly compared to
the normal distribution. Therefore, it is suitable for modeling phenomena where
there is a greater likelihood of getting extremely large values compared to the normal
distribution.

In the present paper, we consider the geometric structure of the IG. Firstly, we
give the Fisher information matrix, the Riemannian connections, the Gaussian cur-
vature under the coordinate system (µ, λ). We can see that the IG is an exponential
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family distribution. Secondly, we give the KL-divergence and J-divergence in this
distribution. Furthermore we give the geodesic distance and the relations between of
them.

2 Preliminaries

Definition 2.1. A continuous random variable X ⊂ Rn is a random variable taking
a continuous range of values; its probability distribution has a probability density
function (pdf), p(x), which is a non-negative function, integrable with respect to the
Lebesgue measure on X, i.e. a function p : X → R satisfying [4]

p(x) ≥ 0, (∀x ∈ X) and

∫
p(x)dx = 1.

Consider a family S of probability distributions on X. Suppose each element of
S, a probability distribution, may be parameterized using n real-valued variables
(θ1, θ2, · · · , θn) so that

S =
{
pθ = p(x; θ) | θ = (θ1, θ2, · · · , θn) ∈ Θ

}
where Θ is a subset of Rn and the mapping θ → pθ is injective. We call such S an
n-dimensional statistical model on X [2].

Definition 2.2. Consider n+ 1 real-valued smooth functions C(x), Fi(x) on X such
that C(x), F1(x), · · · , Fn(x) are linearly independent. Then define the normalization
function

ψ(θ) = ln

(∫
eC(x)+θiFi(x)dx

)
and consider the exponential family of probability densities

(2.1) pθ(x) = h(x)eθ
iFi(x)−ψ(θ)

with h(x) = eC(x), x ∈ X. The statistical model S = {p(x; θ)}, is called an exponen-
tial family and θi are its natural parameters [4].

Definition 2.3. Let S = {pθ | θ ∈ Θ} be an n-dimensional statistical model. Given
a point θ, the Fisher information matrix of S at θ is the n× n matrix [gij(θ)], where

the (i, j)
th

element gij(θ) is defined by the equation below

gij(θ) = Eθ [∂ilθ∂j lθ] =

∫
∂il(x; θ)∂j l(x; θ)p(x; θ)dx

where ∂i = ∂
∂θi , lθ = l(x; θ) = lnp(x; θ), and Eθ denotes the expectation with respect

to the distribution pθ. We note that it is possible to write gij as [2]

(2.2) gij(θ) = −E [∂i∂j lnp(x; θ)] .
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Definition 2.4. The metric tensor gij(θ) brings about a natural affine connection,
whose coefficients are given by

(2.3) Γkij =
1

2

∑
r

gkr (∂jgri + ∂igrj − ∂rgji)

which is called Christoffel symbol (gkr is the inverse of the Fisher information matrix
gkr) [3].

Definition 2.5. The Riemann curvature tensor is defined by [8]

(2.4) Rlijk = ∂jΓ
l
ki − ∂kΓlji +

∑
m

ΓljmΓmki − ΓlkmΓmji .

The Riemann tensor can be written using its covariant components as the following:

(2.5) Rijkl =
∑
m

gimR
m
jkl.

We can obtain a tensor of rank two as

(2.6) Rij =
∑
k

gklRkilj .

This tensor is called the Ricci tensor. The scalar curvature R is defined by

(2.7) R =
∑
ij

gijRij .

If n = 2, then

(2.8) K =
1

2
R

is called the Gaussian curvature [5].

Definition 2.6. When S is a Riemannian manifold, we can define a Riemannian
geodesic. The distance along a geodesic, between two points p and q is defined by the
integral

(2.9) S(p, q) =

∣∣∣∣∣∣
∫ q

p

√∑
ij

gij(θ)dθidθj

∣∣∣∣∣∣ .
Definition 2.7. The divergence function is given by

(2.10) DKL(p ‖ q) =

∫
p(x)ln

p(x)

q(x)
dx

which is known as the Kullback-Leibler divergence [1]. It is well known that DKL(p ‖
q) is non-negative, additive but not symmetric. To obtain a symmetric measure, we
can define

(2.11) J(p, q) = DKL(p ‖ q) +DKL(q ‖ p)

which is called the J-divergence [9].
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3 Geometric structure of IG statistical model

Let X = (0,∞) and Θ = (0,∞)× (0,∞). The probability distribution function of an
IG with two-parameter θ = (θ1, θ2) = (µ, λ) ∈ Θ is given by the formula

(3.1) p(x; θ) = p(x;µ, λ) =

(
λ

2πx3

)1/2

· exp
{
−λ(x− µ)2

2µ2x

}
where x ∈ X. The parameter µ is the mean of the distribution and λ is a scale
parameter [7]. Using the well-known properties of a pdf

(3.2)

∫
p(x)dx = 1,

∫
xp(x)dx = E [x] ,

∫
1

x
p(x)dx = E

[
1

x

]
and by a straightforward calculation, we get

(3.3) E [x] = µ, E

[
1

x

]
=

1

µ
+

1

λ
.

Proposition 3.1. The IG is an exponential family distribution.

Proof. The log-likelihood function of IG is

(3.4) lnp(x; θ) = lnp(x;µ, λ) =
1

2
lnλ− 1

2
ln(2πx3)− λx

2µ2
+
λ

µ
− λ

2x
.

From (3.4), the IG pdf (3.1) can be rewritten as

p(x; θ) = elnp(x;θ) =
1√

2πx3
· exp

{
− λ

2µ2
x− λ

2x
+
λ

µ
+

1

2
lnλ

}
.

Set

h(x) =
1√

2πx3

θ1 = − λ

2µ2
, θ2 = −λ

2

F1(x) = x, F2(x) =
1

x

then the potential function ψ(θ) can be written as

ψ(θ) = −λ
µ
− 1

2
lnλ = −2

√
θ1 · θ2 − 1

2
ln(−2θ2)

so from (2.1), it is an exponential family distribution. �

Proposition 3.2. The Fisher information matrix for the IG distribution is given by

(3.5) gij(θ) =

(
λ
µ3 0

0 1
2λ2

)
.
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Proof. Using (3.4), we have

∂µ∂µlnp(x;µ, λ) = −3λx

µ4
+

2λ

µ3

∂λ∂λlnp(x;µ, λ) = − 1

2λ2

∂λ∂µlnp(x;µ, λ) = ∂µ∂λlnp(x;µ, λ) =
x

µ3
− 1

µ2
.

(3.6)

Using (2.2), (3.3) and (3.6) we get the Fisher information matrix with respect to the
coordinate system (µ, λ). �

From (3.5), we can get the inverse of the Fisher information matrix

(3.7) gij(θ) =

(
µ3

λ 0
0 2λ2

)
.

3.1 The Riemannian and scalar curvatures

From (2.3), (3.5) and (3.7) we can see that the Christoffel symbols as follows:

Γ1
11 = − 3

2µ
, Γ1

21 = Γ1
12 =

1

2λ
, Γ1

22 = Γ2
21 = Γ2

12 = 0,

Γ2
11 = −λ

2

µ3
, Γ2

22 = − 1

λ
.

(3.8)

Using (2.4) and (3.8), we get the nonzero components of the Riemannian curvature
tensor

(3.9) R1
212 = −R1

221 = − 1

4λ2
, R2

121 = −R2
112 = − λ

2µ3
.

From (2.5) and (3.9), we have

(3.10) R1212 = R2121 = −R1221 = −R2112 = − 1

4λµ3
,

and the other components are equal zero. Using (2.6), we find that Ricci curvature
tensor is given by

(3.11) R12 = R21 = 0, R11 = − λ

2µ3
, R22 = − 1

4λ2
.

Using (2.7) and (2.8), we have the following theorem.

Theorem 3.3. The scalar curvature and the Gaussian curvature of IG are given by

(3.12) R = −1 and K = −1

2
.
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4 The relation between the divergence and the geodesic
distance

4.1 The geodesic distance

Let p(x;µp, λp) and q(x;µq, λq) be a IG pdf. From (2.9) and (3.5), we have the
geodesic distance between two points,

(4.1) S = S(p, q) =

∣∣∣∣∣
∫ q

p

√
λ

µ3
(dµ)2 +

1

2λ2
(dλ)2

∣∣∣∣∣ .
We consider the following two cases:

(i). If µ is fixed, from (4.1), the geodesic distance is

(4.2) S =
1√
2

∣∣∣∣lnλqλp
∣∣∣∣ .

(ii). If λ is fixed, from (4.1), we obtain that in this case the geodesic distance is

(4.3) S = 2

∣∣∣∣∣
√

λ

µp
−

√
λ

µq

∣∣∣∣∣ .
4.2 The KL-divergence

Theorem 4.1. The KL-divergence of IG pdf p(x; θp) and q(x; θq) satisfies the follow-
ing equation:

(4.4) DKL(p ‖ q) =
1

2
ln
λp
λq
− 1

2
+
λqµp
2µq2

− λq
µq

+
λq
2µp

+
λq
2λp

.

Proof. From (3.1), p(x; θp) and q(x; θq) are defined by the following equations:

p(x; θp) =

(
λp

2πx3

)1/2

· exp
{
−λp(x− µp)

2

2µp2x

}
,

q(x; θq) =

(
λq

2πx3

)1/2

· exp
{
−λq(x− µq)

2

2µq2x

}
,

(4.5)

where θp = (µp, λp), θq = (µq, λq). Using (2.10), (3.2), (3.3) and (4.5)

DKL(p ‖ q) =

∫ ∞
0

p(x)

(
1

2
ln
λp
λq
− λp(x− µp)2

2µp2x
+
λq(x− µq)2

2µq2x

)
dx

=
1

2
ln
λp
λq

∫ ∞
0

p(x) dx

− λp
2µp2

(∫ ∞
0

xp(x) dx− 2µp

∫ ∞
0

p(x) dx+ µp
2

∫ ∞
0

1

x
p(x) dx

)
+

λq
2µq2

(∫ ∞
0

xp(x) dx− 2µq

∫ ∞
0

p(x) dx+ µq
2

∫ ∞
0

1

x
p(x) dx

)
.

Thus, using (3.2) and (3.3), we arrive at the proof of the theorem. �
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Similarly, we have

(4.6) DKL(q ‖ p) =
1

2
ln
λq
λp
− 1

2
+
λpµq
2µp2

− λp
µp

+
λp
2µq

+
λp
2λq

.

Special cases:

(i). If µp = µq = µ, we can see that (4.4) reduced to

(4.7) DKL(p ‖ q) =
1

2
ln
λp
λq
− 1

2
+

λq
2λp

.

(ii). If λp = λq = λ, (4.4) takes the form

(4.8) DKL(p ‖ q) =
λ(µp − µq)2

2µq2µp
.

Then from (4.2), (4.3), (4.7) and (4.8) we have the following theorem.

Theorem 4.2. Let p(x;µp, λp) and q(x;µq, λq) be a IG pdf. Then the KL-divergence
and the geodesic distance are connected in the following ways

(i). when µ fixed,

DKL(p ‖ q) =
1

2

(
e
√
2S −

√
2S − 1

)
,

(ii). when λ fixed,

DKL(p ‖ q) =

(√
µp +

√
µq
)2

8µq
S2.

4.3 The J-divergence

Theorem 4.3. The J-divergence of IG pdf p(x; θp) and q(x; θq) satisfies the following
equation:

(4.9) J(p, q) = −1 +
λqµp
2µq2

− λq
µq

+
λq
2µp

+
λq
2λp

+
λpµq
2µp2

− λp
µp

+
λp
2µq

+
λp
2λq

.

Proof. Using (2.11), (4.4) and (4.6), we arrive at the proof of the theorem. �

Special cases:

(i). If µp = µq = µ, we can see that (4.9) reduced to

(4.10) J(p, q) = −1 +
λq
2λp

+
λp
2λq

.

(ii). If λp = λq = λ, (4.9) takes the form

(4.11) J(p, q) =
λ

2
(µp + µq)

(
µp − µq
µpµq

)2

.

Then from (4.2), (4.3), (4.10) and (4.11) we have the following theorem.
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Theorem 4.4. Let p(x;µp, λp) and q(x;µq, λq) be a IG pdf. Then the J-divergence
and the geodesic distance are connected in the following ways

(i). when µ fixed,

J(p, q) = cosh(
√

2S)− 1,

(ii). when λ fixed,

J(p, q) =
(µp + µq)

(√
µp +

√
µq
)2

8µpµq
S2.
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