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Abstract. Summary and analysis are important foundations in Statistics,
but typical methods may prove ineffective at providing thorough sum-
maries of complex object data. Topological data analysis (TDA) (also
called topological object data analysis (TODA) when applied to object
data) provides additional topological summaries, such as the persistence
diagram and persistence landscape, that can be useful in distinguishing
distributions based on data sets. The main tool is persistent homology,
which tracks the births and deaths of various homology classes as one
steps through a filtered simplicial complex that covers the sample. The
persistence diagrams and landscapes can also be used to provide confi-
dence sets for “significant” features and two-sample tests between groups.
An example of application is provided via analyzing mammogram images
for patients with benign and malignant masses.
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1 Introduction

Summary and analysis, which often complement each other, are two cornerstones of
Statistics. In summarization, the goal is to reduce a presumably large or complex
data set into several measurements that describe the data in some way. For example,
if the data is quantitative, then its sample mean describes its location, and its sample
standard deviation describes its dispersion. However, with complex data (and even
some not-so-complex data), measurements of location and dispersion may provide a
scant description.

As an example, consider the data sets in Figure 1. Some typical summary statistics
used to describe this data might be the sample mean vectors and sample covariance
matrices displayed in Table 1.

Given the sample mean vectors and sample covariance matrices do not differ much
in value, it would be reasonable to think these two data sets are similar to one another.
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Figure 1: Circles (n = 100)

Table 1: Circle data summary statistics

Set | Sample Mean Sample Cov.
0.5597  —0.0768
T
1 | (0.0341 0.1038) <_0.0768 0.4384
0.8081 —0.0764
T
2 | (0.0341 0.1038) (_0_0764 0_4362>
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But even a cursory viewing of Figure 1 would suggest they ought to be distinguished
from one another.

What additional measurements can further aid in distinguishing these two sets
apart? One idea is to use each sample’s topology, specifically the topology of the
support from which the data was sampled. As seen later, the topological measure-
ments considered here are the Betti numbers of the homology groups, that is, counts
of various dimensional “holes.”

For example, the point clouds in Figure 1 can be considered samples of one circle
and a union of two circles, respectively. The support of Set 1 has one connected com-
ponent (0-dimensional hole) and one loop (1-dimensional hole), whereas the support
of Set 2 has one connected component but three loops. Therefore, the two supports
(and hence the samples) can be distinguished through their homological features.

The issue, of course, is that the support of a general sample is likely assumed to
be unknown. Thus, it may not be reasonable to assume a particular type of support
as was done for the Circles data. Rather, one can use the data itself to estimate
the homology of the support through persistent homology. The following collection
of tools and methods that use persistent homology are grouped under the umbrella
term topological data analysis (TDA), which for this work’s purposes will be referred
to as topological object data analysis (TODA) when applied to object data.

These TODA methods can be applied beyond summarization to analysis. For ex-
ample, confidence sets for persistence diagrams, a representation of the persistent ho-
mology classes, can be used to distinguish between “significant” and “non-significant”
features, and persistence landscapes, another representation for the persistence dia-
gram, can be used to test for differences between two groups. Some real-world ap-
plications include analyzing the Cosmic Web [21, 23], detecting curvature in certain
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geometric constructions [3], and distinguishing between two leaves through sets of
images [18] or between patients with or without glioblastoma multiforme through CT
images [20].

In the following, Section 2 covers the basics of homology, including simplicial and
singular homology (Section 2.1), the various simplicial complex constructions used in
TODA (Section 2.2), and persistent homology, the main tool (Section 2.3). Section
3 details the construction of confidence sets for persistence diagrams, and Section
4 covers two-sample hypothesis testing with persistence landscapes. To conclude,
Section 5 provides an example application by using TODA to summarize and analyze
mammogram images corresponding to patients with benign and malignant masses.

2 Homology

For homology theory and more background on Algebraic Topology, the reader is re-
ferred to Hatcher[15]. In what follows we present some basic definitions and results
necessary for a comprehension of the persistent homology and its connection to Statis-
tics via Bubenik’s landscapes (see [2]).

2.1 A Review of simplicial and singular homology

Given vy, v1, ..., Vm € R? that are affinely independent (i.e., v —vg, va—0, . . . , U —0
are linearly independent), an m-simplex ¢ = [vg v1 -+ vy is the convex hull of
{vo,v1,...,Un} along with the order of the vertices’ appearances. In particular, the
standard m-simplex A™ is given by

A™ = {(to,tl,...,tm) eR™:t; >0V iand Ztizl}

=0

A proper face of an m-simplex o is the (m—1)-simplex [vg vy -+ ©; -+ v,,] formed by
removing one of the vertices and preserving the order of those remaining. A simplicial
complex K is a collection of simplices such that

e if 0 € K, then every proper face of ¢ is also in K; and

e if 01,00 € K and 01 Noy 7£,®/, then o1 Noy =01, 01 Nog =09 or 01 Nog is a
proper face of o1 and o5.

Given a simplicial complex K, the m-simplices in K form a basis for the free
Abelian group C,, (K) of m-chains, which are the finite formal sums of the m-simplices
in K with integer coefficients. The boundary operator 0y, : Cp(K) — Chp_q1(K) is
a group homomorphism that maps each m-chain to its boundary (m — 1)-chain in
Cm—1(K). As 0,, is completely characterized by its operation on the m-simplices
that generate C,,(K), one has for [vgp v1 -+ vy] € K

8m([v0 v o Um]) :Z(—]_)m[yo vy - {)l Um]
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The elements of Ker 0,, are called cycles, and the elements of Im 0,41 are called
boundaries. It can be shown that 9,,0,,+1 = 0, which implies Im 0,11 C Ker 9,,.
Consequently, the m-th simplicial homology group H,,(K) is defined to be

H,,(K)=Kerd,,/Imd,,1

The various simplicial homology groups of K {Hy(K), H1(K),...} detect the “holes”
of various dimensions in K, and the Betti numbers B = rank(H(K)) count the
number of the k-dimensional holes in K, specifically. In fact, if the chain groups are
generated using coefficients in Zs instead of Z, then the simplicial homology groups
Hy(K) have a vector space structure, which implies 8 = dim (Hy(K)).

Thus far, homology groups have only been considered for simplicial complexes
embedded in Euclidean space, but they can be extended to any topological space
through singular homology. If (M, 1)) is a topological space, then the singular m-
simplices of X are the continuous maps o : A™ — X. The singular m-chains S,,(X)
are the finite formal sums of singular m-simplices in X with integer coefficients. The
boundary operator O, : Sp,(X) — Sp—1(X) is defined similarly to its simplicial
counterpart, namely if ¢ is a singular m-simplex, then

m

Om(0) = (~1)'oou

i=0

where ¢; is the inclusion of A™~! in A™ as the ith face with the ordering of the
vertices preserved. Once again, one has 0,,0,,+1 = 0 for all m, which suggests the
singular homology groups are also defined similarly to the simplicial homology groups
— that is, H,,(X) = Ker 0,/ Im 0y, 1. The definition of the singular Betti numbers
follows as well.

Let (N, 7n) be another topological space, and let C(M, N) be the space of contin-
uous maps between M and N. For fy, f1 € C(M, N), a homotopy between them is a
continuous function F : M x[0,1] — N such that F(z,0) = fo(z) and F(z,1) = f1(z)
for all z € M. If such a map exists, then the two functions are said to be homotopic.
A continuous map f: M — N is a homotopy equivalence if there exists a continuous
map g : N — M such that f o g is homotopic to Idy and g o f is homotopic to Idy,.
The spaces M and N are said to be homotopy equivalent or of the same homotopy type
if there exists a homotopy equivalence between them, and a space is called contractible
if it is homotopy equivalent to a point.

If f€C(M,N), then f induces a homomorphism f, : Hy, (M) — H,,(N). If f is
a homotopy equivalence, then the following occurs (shown as Corollary 2.11 in [15]).

Theorem 2.1. The maps fi : Hp(M) — H,,(N) induced by a homotopy equivalence
f: M — N are isomorphisms for all m.

This is a desirable result since rarely in a TODA setting is the support of interest
known; rather, what is available is a sample of points on or near it. Therefore, if one
uses the sample to construct a space S with the same homotopy type as the unknown
support, then one can directly study the unknown support’s homology groups through
the known, constructed space.

Another helpful fact about simplicial and singular homology is the following (a
special case of Theorem 2.27 in [15]).
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Theorem 2.2. If M is a triangulable space, then the mth simplicial and singular
homology groups are isomorphic for all m.

In particular, if M is a simplicial complex, then its simplicial and singular homol-
ogy groups coincide. Furthemore, if the simplicial and singular homology groups are
isomorphic, then their Betti numbers must be the same.

2.2 The Cech and Vietoris-Rips complexes

The results presented thus far presume the space M is fully known, but this is often
not the case, particularly in statistical settings. Rather, what is available is a sample
Sn, typically a point cloud, on or near M, but this presents an issue: what homological
information about M can be gained from S,,7

Theorem 2.1 offers a solution. If one can use S, to construct a space of the same
homotopy type as M, then studying the homology of S directly reveals the homology
of M.

As presented in [5], the nerve N(U) of an open cover U = {U, : a € A} of M is
the (abstract) simplicial complex defined by

1. the vertices of N(U) are the U,, and
2. Uiy, ..., Us,] € N(U) if and only if N_, U;, # &

Theorem 2.3 (Nerve Theorem [5]). Let U = {U, : a € A} be an open cover of a
paracompact topological space M. If any nonempty intersection of finitely many sets
in U is contractible, then M and N(U) are homotopy equivalent. In particular, their
homology groups are isomorphic.

If M is a smooth submanifold of R? and S,, = {x1,...,2,} C M is a sample, one
can construct an open cover { B(z;,r) : x; € S} of M using the open balls B(x;, r) and
a suitable choice of radius r > 0, and the nerve of this open cover is called the Cech
complex C,.(S,,) of radius r. A careful choice of r that satisfies the assumptions of the
Nerve Theorem would then guarantee the singular homology groups of C’T(Sn) are
isomorphic to the singular homology groups of M: in particular, the Betti numbers
would be the same. Moreover, since C,.(S,,) is a simplicial complex, one need only
use the simplicial homology groups.

Using Cech complexes involves a number of issues, first among them an appropriate
choice of radius r which is discussed more in Section 2.3. Another problem is their
computational cost, which can be excessive since one has to consider all intersections
of the sets in the open cover.

An alternative simplicial complex which is computationally more efficient is the
Vietoris-Rips complex R.(Sp), which contains an m-simplex [z;,,...,;, | if
d(x;,,2z,) < rfor 0 < s,t < m. Rather than computing the intersections of the
open cover, one needs only the pairwise distances d(z;,z;) for x;,z; € S,.

Note, however, that the Nerve Theorem cannot be applied to the Vietoris-Rips
complex since it is not the nerve of the open cover. As such, a natural question is
how well does the homology of the Vietoris-Rips complex capture that of M?
Theorem 2.4.

CT(S) - RT‘(S) - O2T(S)
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In a sense, one can view the Vietoris-Rips complex as an approzimation to the
Cech complex, and as such, it is presumed the homology groups of the Vietoris-Rips
complex approximate the homology groups of the Cech complex for suitable radii r.

2.3 Persistent homology

As alluded in the previous section, one issue with using the Cech and Vietoris-Rips
complexes is finding suitable choices for the radius r, which depends on typically
unknown features of the underlying manifold [5]. Rather than select one particular
radius, one can take a multi-scale approach using persistent homology.

Suppose S, = {x1,...,x,} is a sample from a smooth submanifold M of a compact
metric space, and consider the filtered Vietoris-Rips complex Ryy(Sn) C Ry (Sn) C

- C Ry (Sn) for rog < r1 < --- < 1. The inclusion maps R, (Sn) < R, (Sn)
for i < j induce linear maps Hy(R,,(Sn)) — Hr(R,;(Sn)) between the kth simpli-
cial homology groups Hy (R, (Sn)) and Hi(R,,(Sy,)). The images Im(Hy (R, (S5)) —
Hy(R;,(Sn))) are called the kth persistent homology groups, and B; = rank(Hy (R, (Sn)) —
Hy(Ry;(Sy))) are called the persistent Betti numbers.

Of particular interest are those homology classes that persist as one steps through
the filtration. When a class appears at filtration value ry, it is said to be born at ry,
and when a class disappears at filtration value ry > 73, it is said to die at r4. The
persistence of that class is defined to be rqy — 7. In general, classes that have long
persistence are considered “topological signal,” and classes that have short persistence
are considered “topological noise.”

3 Confidence sets for persistence diagrams

One avenue of statistical analysis in TODA is through persistence diagrams. Given
a filtration R, (Sn) C Ry (Sp) C -+ C Ry, (Sn) with persistent homology groups
Hp(Rr,(Sn)) = Hp(R.,;(Sn)), the persistence diagram P(S,) is the multi-graph of
points (b;,d;) € R? that represent the birth-death pairs of the persistent homology
classes. For purposes that will be revealed later, the diagonal {(z,y) € R? : 0 <z < y}
with infinite multiplicity is included in the persistence diagram

As mentioned previously, homology classes that have longer persistences are often
considered “topological signal,” while those classes with short persistence are labeled
“topological noise.” This is equivalent to labeling classes represented in the persis-
tence diagram as “significant” if they lie far enough away vertically from the diagonal
and labeling those classes close to the diagonal as “non-significant.”

Of course, one may ask what constitutes a “significant” feature, and in [14] Fasy
et. al. provide one solution by constructing confidence sets for persistence diagrams.
That is, supposing S, = {z1,...,2,} is sampled independently from a distribution P
on R? whose support is M, one secks to find a collection Ch,« of persistence diagrams
for 0 < a < 1 such that

(3.1) limsupP(P(M) € Cpo) >1—a

n—oo

One may view the set of persistence diagrams as a metric space if one considers the
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bottleneck distance W, (P1, P2) between persistence diagrams P; and P, given by
(3.2) Woo(P1,P2) = inf sup flz = 7(y)lle

EASYEST

where v is any bijection between P; and Py (here the diagonal with infinite multiplicity
ensures the set of bijections is not empty) and ||z]|s = max{|z|,|y|} for (z,y) € R2.
One then can then reformulate (3.1) as finding ¢, o € R such that
(3.3) limsup P(Weo (P(Sn), P(M)) > o) < @

n—oo
Unfortunately, the bottleneck distance can be difficult to compute, but this difficulty
can be overcome due to the fact the bottleneck distance is stable with respect to the
Hausdorft distance. The Hausdorff distance H(A, B) between two compact subsets A
and B of R? is given by

(3.4) H(A,B)=inf{e>0: ACB®cand BC Ad ¢}

where X @ € = (J,c y B(z,¢). Furthemore, one can show (3.4) is equivalent to |[da —
dBllsc = Sup,cpa [da(z) —dp(x)| with d4 and dp the distance functions to A and B,
respectively.

Equipped with these tools, the stability result [6, 12, 14] is as follows.

Theorem 3.1 (Bottleneck Stability). Let M be a d-dimensional manifold embedded
in a compact subset X of R, and let S,, C M.
If P(S,) and P(M) are the persistence diagrams of S and M, then

Weo(P(Sn), P(M)) < [|ds, — dul = H(Sn, M)
In particular, (3.3) is satisfied if ¢, o is found such that

limsup P(H(Sn, M) > cpo) <
n—oo
In [14], Fasy et al also provide algorithms, two of which are subsampling and kernel
density estimation, for computing the confidence sets. The subsampling method,
which involves taking subsamples Sj = of size b from S, constructing a reference

distribution for ’H(Sg’n, Sp), and determing the 1 — a quantile, requires some strong
assumptions about the sampling distribution P and no outliers. The kernel density
method, which considers instead the persistence diagram of the super-level sets of
the kernel-smoothed density, provides a robust alternative. Interested readers are

encouraged to read [14] for more details.

4 Two-sample tests using persistence landscapes

An alternative, more statistics-friendly representation of a persistence diagram is the
persistence landscape introduced by Bubenik [2]. Given a persistence diagram P with
birth-death pairs {(b;, d;)}, consider the functions
t—b;, ifb <t<bifh
Stoian(®) = di—t, if 2id <t <,
0, otherwise.
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For k > 1, the kth persistence landscape function of P is

A (t) = kmax, d,)ep fb,,di) (1)

The persistence landscape is the sequence of functions A = {A1,A9,...}. One can
alternatively view the persistence landscape as real-valued function on N x R given
by

Ak, t) = Ak()

If A1,..., A, are the persistence landscapes for persistence diagrams Py, Pa, ..., Pn,
then the sample mean persistence landscape A, (k,t) is defined pointwise by

n

Rk t) = %ZAi(k,t).

i=1

Equipped with the p-norm || - || given by

oo
1AL =D Il
k=1

where [[A||h = J75 |Ak(t)[Pdt, one can view the persistence landscape of a random
sample S, C M as a random object in a separable, Banach space B.

For a random object X € B, its Pettis integral is E(X) € B such that for all
f € B*, the dual space of B, E(f(X)) = f(E(X)) with E(f(X)) being the expected
value of the random variable f(X). The covariance structure of X is E[f(X) —
E(f(X)]¢g(X) — E(9(X))] for f,g € B*. Moreover, X is Gaussian if f(X) is a
Gaussian random variable with mean zero for all f € B*.

The following Central Limit Theorems are due to Bubenik [2]. Here LP(S) =
LP(S)/ ~ where f ~ g if ||f —gl|, =0, and X,, —4 X signifies a sequence of random
objects {X,, : n > 1} converges in distribution to a random object X.

Theorem 4.1 (Central Limit Theorem for Persistence Landscapes). Assume2 < p <
oo and Ay, ..., A, are i.i.d. copies of a random persistence landscape A in LP(N x R).
If E(||A]]) < oo and E(||A]|?) < oo, then

where V is a Gaussian random object with the same covariance structure as A. More-
over, if f € LY(N x R) with % + % =1and Y = || fA]|, then

VY, — E(Y)) —a N (0, Var(Y))

Theorem 4.1 provides a key foundation for constructing two-sample hypothesis
tests for persistence landscapes. Let Xi,..., X, and Xi,...,X], be independent

samples of i.i.d random point clouds in R, and let Ay,...,A, and Af,..., A/, be
their persistence landscapes, respectively.
For some functional f, let ¥; = || fA;|| with common finite mean p = E(Y') and

Y/ = |[fA}]| with common finite mean y' = E(Y’), and consider the hypothesis
Hy : p = p'. If Hy is true, then since /n(Y, — u) =4 N(0,Var(Y)) and /n(Y',, —
w) —q N (0, Var(Y”)), one has
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> i
(4.1) Z=— o ¥ —a N(0,1)
V/SZ /n+ S, /n’

where the sample variance S% /n+S%, /n’ can be substituted for Var(Y') /n+Var(Y") /n’
by Slutsky’s Theorem. From this result a p-value can be obtained.

One drawback of the previous test is that it compares homological information
in one degree only. While it may be tempting to perform multiple tests for multiple
degrees, this becomes a multiple comparisons problem which may increase the family-
wide significance level. Alternatively, it would be more desirable to test the persistence
landscapes of various degrees simultaneously.

One option is the two large sample Hotelling’s T2 test. For the first group sample
{Xi11,...,X1n,}, consider the vector Y; = (|[A}]],...,[[A?]) in which A}, ... A? are
the persistence landscapes up to degree p. Similarly, one can construct Y7,...,Y, .

Let Y = (Y1,...,Y, )" and Y/ = (V{,..., Y, )T. If ny = ny = n, matched pairs
data, then let D =Y — Y’ and p = E(D), and assuming p < n consider

T =n(D —p)"'S™H(D - p)

where S is the sample covariance matrix of D. Asymptotically, T2 —4 Xf,, which
means one can compute a p-value.

If ny # mno, and assuming p < n — 2, where n = n; + ny is the total sample size,
then consider the sample means Y, Y’ and sample covariance matrices S and S’. The
unbiased pooled covariance matrix is

S

1
pooled = ;9 [(n1 = 1)S + (n2 — 1)S]

and, under Hy : p = o/,

nmng >\T o—1 % 7 2
i (Y—Y’) Spooled(Y—Y’) —d Xp

Thus, one can proceed as normal to compute a p-value.

In each of the prior schemes, one can also use the nonparametric bootstrap proce-
dure if the sample sizes are small. Each iteration, one resamples the i.i.d. samples with
replacement and computes both the persistence landscapes and relevant test statis-
tics. Repeating this procedure a large number of times yields a bootstrap distribution
for the test statistic from which one can derive a p-value.

5 Example: analyzing breast cancer images with
persistence diagrams and landscapes

To show how persistence diagrams and persistence landscapes can be used to summa-
rize data sets and perform hypothesis testing, a sample was taken from the Curated
Breast Imaging Subset of the Digital Database for Screening Mammography (CBIS-
DDSM) [11, 17, 16]. The sample contains five left-side, mediolateral oblique (MLO)



An introduction to Topological Object Data Analysis 39

Figure 2: Benign (left) and malignant (right) left-side, MLO mammograms

mammograms that indicate a benign mass and five left-side, MLO mammograms that
indicate a malignant mass. See Figure 2 for examples.

Each of the 10 DICOM images were segmented using a local, adaptive thresholding
technique in Image Segmenter in MATLAB R2020b with an intensity threshold of 0.5.
Example masks are shown in Figure 3.

Figure 3: Benign (left) and malignant (right) segmented mammograms

In each of the ten masks, “intrinsic” coordinates [25] were assigned — that is, if a
binary image is represented by a m x n matrix, then a pixel at position (7, ) in the
matrix is assigned intrinsic coordinates (x,y) = (j, ).

Using these coordinates, one can view the white pixels as forming a point cloud.
After cleaning the images (removing artifacts such as labels and apparent outlying
points) and standardizing (centering and scaling), 500 points were randomly selected
from each point cloud to serve as the data in the analysis. Figure 4 shows examples
of these point clouds.
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Figure 4: Benign (left) and malignant (right) sampled point clouds

Using the R package TDA [13], one can compute both the persistence diagrams and
persistence landscapes of these point clouds.

Figure 5: Benign (left) and malignant (right) persistence diagrams

For example, Figure 4 shows the persistence diagrams of the point clouds featured
in Figure 4. The persistent homology classes in degree 0 and degree 1 are marked in
Figure 5 by black dots and red triangles, respectively. Furthemore, Figure 6 shows
the first five persistence landscape functions in degree 1 for the point clouds in Figure
4, and Figure 7 shows the average landscapes and their difference.

To perform the two-sample t-test, the function f: N x R — R chosen was

1, 1<k<5andte]0,2]
0, otherwise.

f(k’t) :{
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Figure 6: Benign (left) and malignant (right) persistence landscapes
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Figure 7: Benign (left) and malignant (right) average landscapes and landscape difference

If one is interested in testing
Hy : py = py- and  Hp:py # pyr,

then the test statistic provided by Equation (4.1) is ¢ = 0.6534, which yields a p-value
of 0.5135.

As such, it would seem from this particular procedure that no difference (at least
according to the chosen measurement) has been detected between the benign and
malignant mass groups.

For each image’s landscape A, the norms || fA|| are summarized in Table 2.

Table 2: CBIS-DDSM Sample
Norms Mean | Std. Dev
Benign (Y') 0.0882 0.0803 0.1331 0.0813 0.0957 | 0.0959 | 0.0217
Malignant (Y’) | 0.0686 0.0730 0.0688 0.1404 0.0729 | 0.0847 | 0.0312

There are several limitations to consider with this particular problem, specifically
concerning the data’s quantity and quality. First, the quantity of data is lacking in
perhaps two regards: sample size and sampled points. Five images per group can
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certainly be considered a small sample size, which may be affecting the Normal ap-
proximation provided by the asymptotic results in Theorem 4.1 above. Furthermore,
due to computation limitations, the entire image point clouds could not be used and
had to be randomly sampled. As such, extra information about the images could have
been excluded due to not being sampled.

As far as the data’s quality is concerned, one must remember that 2D images
are being used to study 3D phenomena, which means that 2-dimensional homological
features cannot be included. Moreover, this example considered only one particular
perspective (MLO) in mammography imaging, whereas including other perspectives
might have yielded other features.

6 Conclusions

TODA is a collection of tools that allows more options for summarizing and ana-
lyzing complex object data, such as the mammogram images feautured above. In
summarization, TODA allows one to capture topological features, such as connected
components, holes, and voids, which provide further insight into a particular data set
and can even aid in distinguishing between two data sets, particularly when traditional
summary statistics, such as sample means and sample covariances, appear similar. In
analysis, persistence diagrams can be used to discriminate between “significant” and
“non-significant” features, and persistence landscapes can be used to perform hypoth-
esis testing through the Central Limit Theorem for Persistence Landscapes and the
nonparametric bootstrap.

Other developments in TDA could also be directed toward studying object data.
For example, one drawback of using the distance function to construct the Vietoris-
Rips complex is that it is highly sensitive to outliers. A robust alternative is the
distiance-to-measure function [10, 7, 8] whose sublevel sets can still capture features
of the underlying support.

Another area of research is finding representations of persistence diagrams that
are more amenable to statistics. In this work, one such representation has been found
in the persistence landscape, but other vector representations can be found in the
persistence image [1] and the persistence codebook [24]. Finally, instead of topological
features, TODA methods can be used to study geometric features [18, 3.

The intersection of Statistics, TDA, and Object Data Analysis found in TODA
represents an exciting area of research. For further introduction, some excellent re-
sources are available [4, 19, 22, 9].
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