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Abstract. The theory of spin 2 field in Minkowski space-time is commonly
formulated using the second order Pauli-Fierz formalism. However, less
known in this respect is the Fedorov-Regge framework, which is applied
for spin 2 particles described by the system of 1-st order equations for the
tensor set - including scalars and vectors, the symmetric 2-rank tensors,
and the skew symmetric in two indices 3-rank tensors.

In the present paper, we extend the first order system written in matrix
form to pseudo-Riemannian space-time models, applying by the Tetrode-
Weyl-Fock-Ivanenko tetrad method. The basic matrices of the equation
and the Lorentzian generators for tensors are presented in block form.
They are explicitly found, with the symmetries taken into account, and
the set of tensors Ψ(x) = {Φ,Φc,Φ(ab),Φ[ab]c} is presented as a multi-
component function. All the intrinsic constraints on tensors are contained
in the structure of the basic matrices. It is shown that the relativistic
invariance requirement provides 144 constraints on blocs and generators,
which become identities when taking into account the explicit expressions
for all the block matrices. The introduced tetrad matrix equation is speci-
fied in cylindrical and spherical coordinates for flat Minkowski space. The
case of massless field is separately addressed, and the matrix representa-
tion of the gauge symmetry is particularly detailed in this theory.
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1 Introduction

After the study by Pauli and Fierz ([11],[23]), the theory of massive and massless fields
with spin 2 has always attracted much attention ([1],[3]-[10],[12]-[16], [19]-[21],[25]-[26];
also see [2], [18]). Most of the studies were performed in the framework of 2-nd order
differential equations. It is known that many specific difficulties may be avoided
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if from the very beginning we start with 1-st order systems. Apparently, the first
systematic study of the theory of spin 2 fields within the first order formalism was
done by F.I. Fedorov [7]. It turns out that this description requires a field function
with 3 independent components. This theory was re-discovered and improved by
Regee [25]. The first order approach is based from the very beginning on the general
theory of relativistic wave equations by the Gel’fand-Yaglom and the Lagrangian
formalisms.

In the present paper we develop the theory of the spin 2 field, in both massive
and massless variants, starting from the matrix equation in Minkowski space-time and
extending it to the generally covariant theory within the Tetrode-Weyl-Fock-Ivanenko
tetrad method [22].

2 The spin 2 particle in Minkowski space

We start with the known system of the first order equations for a massive spin 2
particle ([7],[25]):

∂aΦa = mΦ,
1

2
∂aΦ− 1

3
∂bΦ(ab) = mΦa,

1

2

(
∂kΦ[ka]b + ∂kΦ[kb]a −

1

2
gab∂

kΦ n
[kn]

)
+

(
∂aΦb + ∂bΦa −

1

2
gab∂

kΦk

)
= mΦ(ab),

∂aΦ(bc) − ∂bΦ(ac) +
1

3

(
gbc∂

kΦ(ak) − gac∂kΦ(bk)

)
= mΦ[ab]c,

(2.1)

where the field variables are scalar, vector, symmetric 2-rank tensor, and 3-rank
skew-symmetric in two first indices tensor, m = iM . By excluding the vector and
the 3-rank tensor, we obtain the 2-nd order equations with respect to the scalar and
symmetric tensor ([11],[23]):

Φ = 0, (� +M2)Φ(ab) = 0,Φ(ab) = Φ(ba),Φ
a
a = 0, ∂kΦ(ka) = 0.(2.2)

It should be stressed out that the scalar field entering the systems (2.1) and (2.2) is
all-important, because it vanishes only in absence of external fields. Moreover, this
scalar variable is of crucial importance for the massless case, when the first order
systems read

∂aΦa = 0,
1

2
∂aΦ− 1

3
∂bΦ(ab) = Φa,

1

2

(
∂kΦ[ka]b + ∂kΦ[kb]a −

1

2
gab∂

kΦ n
[kn]

)
+

(
∂aΦb + ∂bΦa −

1

2
gab∂

kΦk

)
= 0,

∂aΦ(bc) − ∂bΦ(ac) +
1

3

(
gbc∂

kΦ(ak) − gac∂kΦ(bk)

)
= Φ[ab]c.

(2.3)
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By excluding from (2.3) the subsidiary variables, we derive the 2-nd order equations
for the massless field ([11],[23]):

1

2
�Φ− 1

3
∂a∂bΦ(ab) = 0,

(∂a∂b +
1

2
gab�)Φ− 1

4
gab�Φnn + �Φ(ab) − ∂a∂nΦ(nb) − ∂b∂nΦ(na) = 0.

(2.4)

As it was shown by Pauli and Fierz, these equations have a class of so called gauge
solutions:

Φ̄ = ∂lLl, Φ̄(ab) = ∂aLb + ∂bLa −
1

2
gab∂

lLl,(2.5)

where Ll(x) stands for an arbitrary 4-vector. These special states do not contribute
to physically observable quantities, for instance to the energy-momentum tensor. It
is a matter of simple calculation to find the concomitant tensor components:

Φ̄a =
1

3
∂a∂

lLl −
1

3
�La, Φ̄[ab]c = ∂c(∂aLb − ∂bLa)

−1

3
(gcb∂a − gca∂b)∂lLl +

1

3
(gcb�La − gca�Lb).

(2.6)

3 On the structure of the system matrices

The system (2.1) can be re-written in equivalent form

∂a(Ga) k
(0) Φk = mΦ(0),

∂a

{
1

2
(∆a)

(0)
k Φ(0) −

1

3
(Ka)

(mn)
k Φmn

}
= m Φk ,

∂a

{
1

2
(Ba)

[mn]l
(cd) Φmnl + (Λa) k

(dc)Φk

}
= mΦdc ,

∂a

{
(F a)

(mn)
[kb]c Φmn

}
= m Φkbc,

(3.1)

where we use the block matrices

(Ga) k
(0) = gak , (∆a)

(0)
k = δak ,

(Ka)
(mn)
k = gal

1

2
δ
(mn)
(lk) , (Λa) k

(dc) = δ
(ak)
(dc) −

1

2
gdcg

ak ,

(Ba)
[mn]l

(dc) = gak
(

1

2
δ
[mn]
[kd] δ

l
c +

1

2
δ
[mn]
[kc] δ

l
d

)
− 1

2
gdc

1

2
g[mn],[al] ,

(F a)
(mn)

[kb]c =

(
δak

1

2
δ
(mn)
(bc) − δ

a
b

1

2
δ
(mn)
(kc)

)
+

1

3
gad
(

1

2
δ
(mn)
(dk) gbc −

1

2
δ
(mn)
(db) gkc

)
;

(3.2)

the generalized Kronecker symbols are defined by the formulas

δ
(mn)
(lk) = δml δnk + δnl δ

m
k , δ

[mn]
[lk] = δml δnk − δnl δmk ,

g[mn],[al] = gmagnl − gmlgna , g(mn),(al) = gmagnl + gmlgna .
(3.3)
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Further, by introducing the matrices

Γa =


0 Ga 0 0

1
2∆a 0 − 1

3K
a 0

0 Λa 0 1
2B

a

0 0 F a 0

 ,(3.4)

we re-write the system (3.1) as follows

(Γa ∂a −m) Ψ = 0 , Ψ =


Φ
Φk
Φ(mn)

Φ[mn]l

 .(3.5)

It is a matter of straightforward calculation to get the explicit expressions for these
block matrices. At this we will follow only the independent components of the tensors:

Ψ = { Φ; Φl; ~f, ~c, ~d, f0; ϕ0, ϕ1, ϕ2, ϕ3 } , (Φ(ab)) =


f0 d1 d2 d3
d1 f1 c3 c2
d2 c3 f2 c1
d3 c2 c1 f3

 ,

while the components of tensor Φ[mn]k are written as four skew-symmetric matrices:
Φ[01]k

Φ[02]k

Φ[03]k

Φ[23]k

Φ[31]k

Φ[12]k

 =


E10

E20

E30

B10

B20

B30

 = ϕ0,


E11

E21

E31

B11

B21

B31

 = ϕ1,


E12

E22

E32

B12

B22

B32

 = ϕ2,


E13

E23

E3k

B13

B23

B33

 = ϕ3.

For the involved block matrices, we find the explicit expressions, which we include in
the Appendix.

4 Extension to Riemannian space-time geometry

The matrix equation

(Γa
∂

∂xa
−m) Ψ(x) = 0, Ψ = {H;H1;H2;H3}(4.1)

is extended to the Riemannian space-time in accordance with the tetrad method [22].
In a space-time with given metric let, we fix a tetrad:

dS2 = gαβ(x)dxαdxβ , gαβ(x)→ e(a)α(x),

gαβ(x) = ηabe(a)α(x)e(b)β(x), ηab = diag(+1,−1,−1,−1),(4.2)

and then the generalized form gets written as follows[
Γα(x)

(
∂

∂xα
+ Σα(x)

)
−m

]
Ψ(x) = 0 ,(4.3)
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where the local matrices Γα(x) are determined with the use of the tetrad

Γα(x) = eα(a)(x)Γa =


0 Gα(x) 0 0

1
2∆α(x) 0 − 1

3K
α(x) 0

0 Λα(x) 0 1
2B

α(x)
0 0 Fα(x) 0

 ,(4.4)

and connection Σα(x) is defined by relations

Jab =


0 0 0 0
0 Jab1 0 0
0 0 Jab2 0
0 0 0 Jab3

 ,

Σα(x) = Jabeβ(a)(x) e(b)β;α(x) =


0 0 0 0
0 (Σ1)α 0 0
0 0 (Σ2)α 0
0 0 0 (Σ3)α

 ,

(4.5)

where
Σi(x) = Jabi eβ(a)(x) e(b)β;α(x) , i = 1, 2, 3;

and Jab1 , J
ab
2 , J

ab
3 stand for the generators for the tensors Φk,Φ(mn),Φ[mn]l. The equa-

tion (4.3) can be presented by using the Ricci rotation coefficients[
Γc
(
eα(c)(x)

∂

∂xα
+

1

2
Jabγabc

)
−m

]
Ψ(x) = 0 ;(4.6)

while we recall the definition, γ[ab]c = −γ[ba]c = e(b)ρ;σe
ρ
(a)e

σ
(c). In block form, (4.3)

reads

Gα(x)[∂α + (Σ1)α]H1 = mH ,

1

2
∆α(x)∂αH −

1

3
Kα(x)[∂α + (Σ2)α]H2 = mH1 ,

Λα(x)[∂α + (Σ1)α]H1 +
1

2
[∂α + (Σ3)α]H3 = mH2 ,

Fα(x)[∂α + (Σ2)α]H2 = mH3 .

(4.7)

In the massless case, the system slightly changes:

Gα(x)[∂α + (Σ1)α]H1 = 0 ,

1

2
∆α(x)∂αH −

1

3
Kα(x)[∂α + (Σ2)α]H2 = H1 ,

Λα(x)[∂α + (Σ1)α]H1 +
1

2
[∂α + (Σ3)α]H3 = 0 ,

Fα(x)[∂α + (Σ2)α]H2 = H3 ,

(4.8)

but its physical content is completely different. In particular, let us detail tetrad
representation for the gauge solutions:

Φ̄ = ∇αLα(x) =⇒ Φ̄ = e(c)α∂αL(c) + eα(c);αL
(c) ,(4.9)
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Φ̄(αβ) = ∇αLβ +∇βLα −
1

2
gαβ(x)∇ρΛρ =⇒

Φ̄(ab) = −
(
γ[ca]b + γ[cb]a

)
L(c) + eα(a)∂αΛ(b) + eα(b)∂αΛ(a) −

1

2
gabΦ̄ .

(4.10)

The concomitant components are determined by the relations

H̄1 =
1

2
∆α(x)∂αH̄ −

1

3
Kα(x)[∂α + (Σ2)α]H̄2 ,

H̄3 = Fα(x) [∂α + (Σ2)α] H̄2 .
(4.11)

The generalized matrix equation possess an important structural property: it is sym-
metric under the local Lorentz group, in accordance with the following relations

Ψ′(x) = S(x)Ψ(x), S(x) Γα(x)S−1(x) = Γ
′α(x) ,

S(x) Σα(x)S−1(x) + S(x)
∂

∂xα
S−1(x) = Σ′α ,(4.12)

where the primed indicate that these quantities are determined by the formulas (4.4)-
(4.5), but with the use of the primed tetrad related to initial one by the local Lorentz
transformation

eσ(a′)(x) = L b
a (x) eσ(b)(x) .(4.13)

This symmetry proves the correctness of the constructed equation, because for a given
metric one can use many different tetrads, and all the corresponding equations are
equivalent due to relations (4.12). With respect to the coordinate transformation, the
field function Ψ behaves as a scalar,

xα → x
′α, Ψ(x) = Ψ′(x′) .(4.14)

5 The spin 2 field in cylindrical coordinates

Let us specify the main equation in cylindrical coordinates xα = (t, r, φ, z) of the
Minkowski space

dS2 = dt2 − dr2 − r2dφ2 − dz2, eβ(a)(x) =


1 0 0 0
0 1 0 0
0 0 1/r 0
0 0 0 1

 .(5.1)

The non-vanishing Ricci rotation coefficients are

γab0 = 0 , γab1 = 0 , γ122 = −γ212 = +
1

r
, γab3 = 0 .(5.2)

Equation (4.3) takes the form[
Γ0 ∂

∂t
+ Γ1 ∂

∂r
+

Γ2

r
(
∂

∂φ
+ J12) + Γ3 ∂

∂z
−m

]
Ψ = 0 .(5.3)
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Taking in mind the expressions for separate terms:

Ψ =


H
H1

H2

H3


1
4
10
24

, Γ0∂tΨ =


G0∂tH1

1
2∆0∂tH − 1

3K
0∂tH2|

Λ0∂tH1 + 1
2B

0∂tH3

F 0∂tH2

 ,

Γ1 ∂

∂r
Ψ =


G1∂rH1

1
2∆1∂rH − 1

3K
1∂rH2

Λ1∂rH1 + 1
2B

1∂rH3

F 1∂rH2

 ,Γ3∂zΨ =


G3∂zH1

1
2∆3∂zH − 1

3K
3∂xH2|

Λ3∂zH1 + 1
2B

3∂zH3

F 3∂zH2

 ,

Γ2

r
(∂φ + J12)Ψ =

1

r


G2(∂φ + J12

1 )H1
1
2∆2∂φH − 1

3K
2(∂φ + J12

2 )H2

Λ2(∂φ + J12
1 )H1 + 1

2B
2(∂φ + J12

3 )H3

F 2(∂φ + J12
2 )H2

 ,

we derive the system of equations in block form

G0∂tH1 +G1∂rH1 +
1

r
G2(∂φ + J12

1 )H1 +G3∂zH1 = mH ,

1

2
∆0∂tH −

1

3
K0∂tH2 +

1

2
∆1∂rH −

1

3
K1∂rH2

+
1

r

[
1

2
∆2∂φH −

1

3
K2(∂φ + J12

2 )H2

]
+

[
1

2
∆3∂zH −

1

3
K3∂xH2

]
= mH1 ,

Λ0∂tH1 +
1

2
B0∂tH3 + Λ1∂rH1 +

1

2
B1∂rH3

+
1

r

[
Λ2(∂φ + J12

1 )H1 +
1

2
B2(∂φ + J12

3 )H3

]
+

[
Λ3∂zH1 +

1

2
B3∂zH3

]
= mH2 ,

F 0∂tH2 + F 1∂rH2 +
1

r
F 2(∂φ + J12

2 )H2 + F 3∂zH2 = mH3 .

The transition in these equations to the massless case is evident. Let us detail the
tetrad representation for gauge solutions:

Φ̄ = ∂tL(0) − (∂r +
1

r
)L(1) −

1

r
∂φL(2) − ∂zL(3);

Φ̄(ab) = −
(
γ[ca]b + γ[cb]a

)
L(c) + eα(a)∂αL(b) + eα(b)∂αL(a) −

1

2
gabΦ̄,

whence it follows

Φ̄00 = 2∂tL(0) −
1

2
[∂tL(0) − (∂r +

1

r
)L(1) −

1

r
∂φL(2) − ∂zL(3)],

Φ̄11 = 2∂rL(1) +
1

2
[∂tL(0) − (∂r +

1

r
)L(1) −

1

r
∂φL(2) − ∂zL(3)],

Φ̄22 =
2

r
L(1) +

2

r
∂φL(2) +

1

2
[∂tL(0) − (∂r +

1

r
)L(1) −

1

r
∂φL(2) − ∂zL(3)],
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Φ̄33 = 2∂zL(3) +
1

2
[∂tL(0) − (∂r +

1

r
)L(1) −

1

r
∂φL(2) − ∂zL(3)],

Φ̄01 = ∂tL(1) + ∂rL(0), Φ̄02 = ∂tL(2) +
1

r
∂φL(0), Φ̄03 = ∂tL(3) + ∂zL(0),

Φ̄23 =
1

r
∂φL(3) + ∂zL(2), Φ̄31 = ∂zL(1) + ∂rL(3), Φ̄12 = −1

r
L(2) + ∂rL(2) +

1

r
∂φL(1).

The concomitant gauge components are determined by the formulas

H̄1 =
1

2
∆α(x)∂αH̄ −

1

3
Kα(x)[∂α + (Σ2)α]H̄2

=
1

2

[
∆0∂t + ∆1∂3 + ∆2 ∂φ

r
+ ∆3∂z

]
H̄−1

3

[
K0∂t +K1∂r +K2 ∂φ + J12

2

r
+K3∂z

]
H̄2,

H̄3 = Fα(x)[∂α + (Σ2)α]H̄2 =

[
F 0∂t + F 1∂r + F 2 ∂t + J12

2

r
+ F 3∂z

]
H̄2 .

6 The equation in spherical coordinates

Let us consider the structure of the matrix equation in spherical coordinates, xα =
(t, r, θ, φ) :

dS2 = dt2 − dr2 − r2dθ2 − r2 sin2 θdφ2, eα(0) = (1, 0, 0, 0),

eα(3) = (0, 1, 0, 0), eα(1) = (0, 0,
1

r
, 0), eα(2) = (1, 0, 0,

1

r sin θ
).

(6.1)

The corresponding Ricci rotation coefficients are

γab0 = 0, γab3 = 0, γab1 =


0 0 0 0
0 0 0 − 1

r
0 0 0 0
0 + 1

r 0 0

 , γab2 =


0 0 0 0
0 0 + cos θ

r sin θ 0
0 − cos θ

r sin θ 0 − 1
r

0 0 + 1
r 0

 .

The main equation takes on the form{
Γ0∂t +

(
Γ3∂r +

Γ1J31 + Γ2J32

r

)
+

1

r
Σθ,φ −m

}
Ψ = 0 ,(6.2)

where we separate the angular operator

Σθ,φ =

(
Γ1∂θ + Γ2 ∂φ + J12 cos θ

sin θ

)
.(6.3)

Using the appropriate expressions for all the involved terms

Γ0∂tΨ =


G0∂tH1

1
2∆0∂tH − 1

3K
0∂tH2|

Λ0∂tH1 + 1
2B

0∂tH3

F 0∂tH2

 , Γ3∂rΨ =


G3∂rH1

1
2∆3∂rH − 1

3K
3∂rH2

Λ3∂rH1 + 1
2B

3∂rH3

F 3∂rH2

 ,
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1

r
(Γ1J31 + Γ2J32))Ψ =

1

r


(G1J31

1 +G2J32
1 )H1

1
2 (∆1 + ∆2)H − 1

3 (K1J31
2 +K2J32

2 )H2

(Λ1J31
1 + Λ2J32

1 )H1 + 1
2 (B1J31

3 +B2J32
3 )H3

(F 1J31
2 + F 2J32

2 )H2

 ,

ΣθφΨ =


G1∂θH1 +G2 ∂φ+cos θJ12

1

sin θ H1

1
2∆1∂θH + 1

2∆2 ∂φ+cos θ
sin θ H − 1

3K
1∂θH2 − 1

3K
2 ∂φ+cos θJ12

2

sin θ H2

Λ1∂θH1 + Λ2 ∂φ+cos θJ12
1

sin θ H1 + 1
2B

1∂θH3 + 1
2B

2 ∂φ+cos θJ12
3

sin θ H3

F 1∂θH2 + F 2 ∂φ+cos θJ12
2

sin θ H2

 ,

we obtain the system of equations in block form

G0 ∂

∂t
H1 +G3 ∂

∂r
H1 +

G1J31
1 +G2J32

1

r
H1

+
1

r

(
G1∂θ +G2 ∂φ + cos θJ12

1

sin θ

)
H1 = mH ,

1

2
∆0 ∂

∂t
H − 1

3
K0 ∂

∂t
H2

+
1

2

(
∆3 ∂

∂r
+

∆1 + ∆2

r

)
H − 1

3

(
K3 ∂

∂r
+
K1J31

2 +K2J32
2

r

)
H2

+
1

r

[
1

2

(
∆1∂θ + ∆2 ∂φ + cos θ

sin θ

)
H − 1

3

(
K1∂θ +K2 ∂φ + cos θJ12

2

sin θ

)
H2

]
= mH1 ,

Λ0 ∂

∂t
H1 +

1

2
B0 ∂

∂t
H3+

+

(
Λ3 ∂

∂r
+

Λ1J31
1 + Λ2J32

1

r

)
H1 +

1

2

(
B3 ∂

∂r
+
B1J31

3 +B2J32
3

r

)
H3+

+
1

r

[(
Λ1∂θ + Λ2 ∂φ + cos θJ12

1

sin θ

)
H1 +

1

2

(
B1∂θ +B2 ∂φ + cos θJ12

3

sin θ

)
H3

]
= mH2 ,

F 0 ∂

∂t
H2+F 3 ∂

∂r
H2+

F 1J31
2 + F 2J32

2

r
H2+

1

r

(
F 1∂θ + F 2 ∂φ + cos θJ12

2

sin θ

)
H2 = mH3 .

The transition in these equations to the massless case is evident. Let us detail the
tetrad representation for the gauge solution:

Φ̄ =

[
∂tL(0) − (∂r +

2

r
)L(3) −

1

r
(∂θ +

cos θ

sin θ
)L(1) −

∂φ
r sin θ

L(2)

]
;(6.4)

Φ̄(ab) = −
(
γ[ca]b + γ[cb]a

)
L(c) +

[
eα(a)∂αL(b) + eα(b)∂αL(a)

]
− 1

2
gabΦ̄ ,

whence it follows

Φ̄00 = 2∂tL(0) −
1

2

[
∂tL(0) − (∂r +

2

r
)L(3) −

1

r
(∂θ +

cos θ

sin θ
)L(1) −

∂φ
r sin θ

L(2)

]
,
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Φ̄33 = 2∂rL(3) +
1

2

[
∂tL(0) − (∂r +

2

r
)L(3) −

1

r
(∂θ +

cos θ

sin θ
)L(1) −

∂φ
r sin θ

L(2)

]
,

Φ̄11 =
2

r
L(3) +

2

r
∂θL(1) +

1

2

[
∂tL(0) − (∂r +

2

r
)L(3) −

1

r
(∂θ +

cos θ

sin θ
)L(1) −

∂φ
r sin θ

L(2)

]
,

Φ̄22 = 2
cos θ

r sin θ
L(1) +

2

r
L(3) + 2

∂φ
r sin θ

L(2)

+
1

2

[
∂tL(0) − (∂r +

2

r
)L(3) −

1

r
(∂θ +

cos θ

sin θ
)L(1) −

∂φ
r sin θ

L(2)

]
,

Φ̄01 = ∂tL(1) +
1

r
∂θL(0), Φ̄02 = ∂tL(2) +

1

r sin θ
∂φL(0),

Φ̄03 = ∂tL(3) + ∂rL(0), Φ̄23 =
∂φ

r sin θ
L(3) + ∂rL(2),

Φ̄31 = −1

r
L(1) + ∂rL(1) +

1

r
∂θL(3), Φ̄12 = − cos θ

r sin θ
L(2) +

1

r
∂θL(2) +

1

r sin θ
L(1).

7 The structure of the Lorentzian generators

To handle the matrix equation, we need the explicit expressions for the involved
Lorentzian generators. For the 4-vector, the generators are given by the formulas

j12 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 , j31 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 , j23 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 ,

j01 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , j02 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , j03 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 .

(7.1)

The generators for the symmetric tensor are defined as

Φ′ = (jab ⊗ I + I ⊗ jab) Φ = jabΦ + Φj̃ab , (Φ(ab)) =


f0 d1 d2 d3
d1 f1 c3 c2
d2 c3 f2 c1
d3 c2 c1 f3

 .

Further, we derive its (10× 10)-representation:

J01
2 =



. . . . . . 2 . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . 1 .

. . . . . . . 1 . .
1 . . . . . . . . 1
. . . . . 1 . . . .
. . . . 1 . . . . .
. . . . . . 2 . . .


, J02

2 =



. . . . . . . . . .

. . . . . . . 2 . .

. . . . . . . . . .

. . . . . . . . 1 .

. . . . . . . . . .

. . . . . . 1 . . .

. . . . . 1 . . . .

. 1 . . . . . . . 1

. . . 1 . . . . . .

. . . . . . . 2 . .


,
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J03
2 =



. . . . . . . . . .

. . . . . . . . . .

. . . . . . . . 2 .

. . . . . . . 1 . .

. . . . . . 1 . . .

. . . . . . . . . .

. . . . 1 . . . . .

. . . 1 . . . . . .

. . 1 . . . . . . 1

. . . . . . . . 2 .


, J23

2 =



. . . . . . . . . .

. . . −2 . . . . . .

. . . 2 . . . . . .

. 1 −1 . . . . . . .

. . . . . 1 . . . .

. . . . −1 . . . . .

. . . . . . . . . .

. . . . . . . . −1 .

. . . . . . . 1 . .

. . . . . . . . . .


,

J31
2 =



. . . . 2 . . . . .

. . . . . . . . . .

. . . . −2 . . . . .

. . . . . −1 . . . .
−1 . 1 . . . . . . .
. . . 1 . . . . . .
. . . . . . . . 1 .
. . . . . . . . . .
. . . . . . −1 . . .
. . . . . . . . . .


,

J12
2 =



. . . . . −2 . . . .

. . . . . 2 . . . .

. . . . . . . . . .

. . . . 1 . . . . .

. . . −1 . . . . . .
1 −1 . . . . . . . .
. . . . . . . −1 . .
. . . . . . 1 . . .
. . . . . . . . . .
. . . . . . . . . .


.

The 3-rank tensor may be presented by means of four skew-symmetric matrices
Φ[ps]t = ϕt, t = 0, 1, 2, 3 ; so the generators act in accordance with the formula

ϕ′l = jabϕl + ϕlj̃
ab + (jab) t

l ϕt .(7.2)

Taking into account the intermediate relations

ab = 12,

ϕ′0 = j12ϕ0 + ϕ0j̃
12 ,

ϕ′1 = j12ϕ1 + ϕ1j̃
12 − ϕ2 ,

ϕ′2 = j12ϕ2 + ϕ2j̃
12 + ϕ1 ,

ϕ′3 = j12ϕ3 + ϕ3j̃
12 ;

ab = 31,

ϕ′0 = j31ϕ0 + ϕ0j̃
31 ,

ϕ′1 = j31ϕ1 + ϕ1j̃
31 + ϕ3 ,

ϕ′2 = j31ϕ2 + ϕ2j̃
31 ,

ϕ′3 = j31ϕ3 + ϕ3j̃
31 − ϕ1 ;

ab = 23,

ϕ′0 = j23ϕ0 + ϕ0j̃
23 ,

ϕ′1 = j23ϕ1 + ϕ1j̃
23 ,

ϕ′2 = j23ϕ2 + ϕ2j̃
23 − ϕ3 ,

ϕ′3 = j23ϕ3 + ϕ3j̃
23 + ϕ2 ;

ab = 01,

ϕ′0 = j01ϕ0 + ϕ0j̃
01 + ϕ1 ,

ϕ′1 = j01ϕ1 + ϕ1j̃
01 + ϕ0 ,

ϕ′2 = j01ϕ2 + ϕ2j̃
01 ,

ϕ′3 = j01ϕ3 + ϕ3j̃
01 ;
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ab = 02,

ϕ′0 = j02ϕ0 + ϕ0j̃
02 + ϕ2 ,

ϕ′1 = j02ϕ1 + ϕ1j̃
02 ,

ϕ′2 = j02ϕ2 + ϕ2j̃
02 + ϕ0 ,

ϕ′3 = j02ϕ3 + ϕ3j̃
02 ;

ab = 03,

ϕ′0 = j03ϕ0 + ϕ0j̃
03 + ϕ3 ,

ϕ′1 = j03ϕ1 + ϕ1j̃
03 ,

ϕ′2 = j03ϕ2 + ϕ2j̃
03 ,

ϕ′3 = j03ϕ3 + ϕ3j̃
03 + ϕ0 .

with

ϕc =


0 E1c E2c E3c

−E1c 0 B3c −B2c

−E2c −B3c 0 B1c

−E3c B2c −B1c 0

 , c = 0, 1, 2, 3 ,

we can find the explicit form of six (24 × 24) generators; because they are rather
cumbersome we describe them in the Appendix.

8 Relativistic invariance, additional checking

In order to verify expressions for all blocks in the matrices

(Γa ∂a −m) Φ = 0 , Γa =


0 Ga 0 0

1
2∆a 0 − 1

3K
a 0

0 Λa 0 1
2B

a

0 0 F a 0

 ,

and the expressions for the Loretzian generators, let us examine the relativistic in-
variance condition

Ψ′ = SΨ, Ψ = S−1Ψ′, (SΓaS−1∂a −m) Φ′ = 0 ;

whence we derive
(Γb ∂′b −m) Φ′ = 0, SΓaS−1 = ΓbL a

b .

By specifying this for the infinitesimal transformations

(1 + ωmnJ
mn)Γa(1− ωklJkl) = Γb [δab + ωps(j

ps) a
b ] ,

we derive the needed relation

JmnΓa − ΓaJmn = Γb (jmn)
a
b .(8.1)

In detailed form, this reads (the indices 1, 2, 3, related to the tensors of 1, 2, and 3-rd
ranks are omitted here):

J23Γ0 − Γ0J23 = 0, J31Γ0 − Γ0J31 = 0, J12Γ0 − Γ0J12 = 0,
J23Γ1 − Γ1J23 = 0, J31Γ1 − Γ1J31 = −Γ3, J12Γ1 − Γ1J12 = Γ2,
J23Γ2 − Γ2J23 = Γ3, J31Γ2 − Γ2J31 = 0, J12Γ2 − Γ2J12 = Γ1,
J23Γ3 − Γ3J23 = −Γ2, J31Γ3 − Γ3J31 = Γ1, J12Γ3 − Γ3J12 = 0,

J01Γ0 − Γ0J01 = Γ1, J02Γ0 − Γ0J02 = Γ2, J03Γ0 − Γ0J03 = Γ3,
J01Γ1 − Γ1J01 = Γ0, J02Γ1 − Γ1J02 = 0, J03Γ1 − Γ1J03 = 0,
J01Γ2 − Γ2J01 = 0, J02Γ2 − Γ2J02 = Γ0, J03Γ2 − Γ2J03 = 0,
J01Γ3 − Γ3J01 = 0, J02Γ3 − Γ3J02 = 0, J03Γ3 − Γ3J03 = Γ0.
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By considering the block structure of generators Jmn and matrices Γa:

Jmn =


0 0 0 0
0 Jmn1 0 0
0 0 Jmn2 0
0 0 0 Jmn3

 , Γa =


0 Ga 0 0

1
2∆a 0 − 1

3K
a 0

0 Λa 0 1
2B

a

0 0 F a 0

 ,

we derive 144 constraints (which are divided into six groups): mn = 23,

−G0J23
1 = 0, −G1J23

1 = 0, −G2J23
1 = G3, −G3J23

1 = −G2,

J23
1 ∆0 = 0, J23

1 ∆1 = 0, J23
1 ∆2 = ∆3, J23

1 ∆3 = −∆2,

−J23
1 K0+K0J23

2 = 0,−J23
1 K1+K1J23

2 = 0,−J23
1 K2+K2J23

2 = −K3,−J23
1 K3+K3J23

2 = K2,

J23
2 Λ0 − Λ0J23

1 = 0, J23
2 Λ1 − Λ1J23

1 = 0, J23
2 Λ2 − Λ2J23

1 = Λ3, J23
2 Λ3 − Λ3J23

1 = −Λ2g33,

J23
2 B0 −B0J23

3 = 0, J23
2 B1 −B1J23

3 = 0, J23
2 B2 −B2J23

3 = B3, J23
2 B3 −B3J23

3 = −B2,

J23
3 F 0 − F 0J23

2 = 0, J23
3 F 1 − F 1J23

2 = 0, J23
3 F 2 − F 2J23

2 = F 3, J23
3 F 3 − F 3J23

2 = −F 2;

mn = 31,

−G0J31
1 = 0, −G1J31

1 = −G3, −G2J31
1 = 0, −G3J31

1 = G1,

J31
1 ∆0 = 0, J31

1 ∆1 = −∆3, J31
1 ∆2 = 0, J31

1 ∆3 = ∆1,

−J31
1 K0+K0J31

2 = 0,−J31
1 K1+K1J31

2 = K3,−J31
1 K2+K2J31

2 = 0,−J31
1 K3+K3J31

2 = −K1,

J31
2 Λ0 − Λ0J31

1 = 0, J31
2 Λ1 − Λ1J31

1 = −Λ3, J31
2 Λ2 − Λ2J31

1 = 0, J31
2 Λ3 − Λ3J31

1 = Λ1,

J31
2 B0 −B0J31

3 = 0, J31
2 B1 −B1J31

3 = −B3, J31
2 B2 −B2J31

3 = 0, J31
2 B3 −B3J31

3 = B1,

J31
3 F 0 − F 0J31

2 = 0, J31
3 F 1 − F 1J31

2 = −F 3, J31
3 F 2 − F 2J31

2 = 0, J31
3 F 3 − F 3J31

2 = F 1;

mn = 12,

−G0J12
1 = 0, −G1J12

1 = G2, −G2J12
1 = −G1, −G3J12

1 = 0,

J12
1 ∆0 = 0, J12

1 ∆1 = ∆2, J12
1 ∆2 = −∆1, J12

1 ∆3 = 0,

−J12
1 K0+K0J12

2 = 0,−J12
1 K1+K1J12

2 = −K2,−J12
1 K2+K2J12

2 = K1,−J12
1 K3+K3J12

2 = 0,

J12
2 Λ0 − Λ0J12

1 = 0, J12
2 Λ1 − Λ1J12

1 = Λ2, J12
2 Λ2 − Λ2J12

1 = −Λ1, J12
2 Λ3 − Λ3J12

1 = 0,

J12
2 B0 −B0J12

3 = 0, J12
2 B1 −B1J12

3 = B2, J12
2 B2 −B2J12

3 = −B1, J12
2 B3 −B3J12

3 = 0,

J12
3 F 0 − F 0J12

2 = 0, J12
3 F 1 − F 1J12

2 = F 2, J12
3 F 2 − F 2J12

2 = −F 1, J12
3 F 3 − F 3J12

2 = 0;

mn = 01,

−G0J01
1 = G1, −G1J01

1 = G0, −G2J01
1 = 0, −G3J01

1 = 0,

J01
1 ∆0 = ∆1, J01

1 ∆1 = ∆0, J01
1 ∆2 = 0, J01

1 ∆3 = 0,

−J01
1 K0+K0J01

2 = −K1,−J01
1 K1+K1J01

2 = −K0,−J01
1 K2+K2J01

2 = 0,−J01
1 K3+K3J01

2 = 0,

J01
2 Λ0 − Λ0J01

1 = Λ1, J01
2 Λ1 − Λ1J01

1 = Λ0, J01
2 Λ2 − Λ2J01

1 = 0, J01
2 Λ3 − Λ3J01

1 = 0,

J01
2 B0 −B0J01

3 = B1, J01
2 B1 −B1J01

3 = B0, J01
2 B2 −B2J01

3 = 0, J01
2 B3 −B3J01

3 = 0,

J01
3 F 0 − F 0J01

2 = F 1, J01
3 F 1 − F 1J01

2 = F 0, J01
3 F 2 − F 2J01

2 = 0, J01
3 F 3 − F 3J01

2 = 0;

mn = 02,

−G0J02
1 = G2g, −G1J02

1 = 0, −G2J02
1 = G0, −G3J02

1 = 0,
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J02
1 ∆0 = ∆2, J02

1 ∆1 = 0, J02
1 ∆2 = ∆0, J02

1 ∆3 = 0,

−J02
1 K0+K0J02

2 = −K2,−J02
1 K1+K1J02

2 = 0,−J02
1 K2+K2J02

2 = −K0,−J02
1 K3+K3J02

2 = 0,

J02
2 Λ0 − Λ0J02

1 = Λ2, J02
2 Λ1 − Λ1J02

1 = 0, J02
2 Λ2 − Λ2J02

1 = Λ0, J02
2 Λ3 − Λ3J02

1 = 0,

J02
2 B0 −B0J02

3 = B2, J02
2 B1 −B1J02

3 = 0, J02
2 B2 −B2J02

3 = B0, J02
2 B3 −B3J02

3 = 0,

J02
3 F 0 − F 0J02

2 = F 2, J02
3 F 1 − F 1J02

2 = 0, J02
3 F 2 − F 2J02

2 = F 0, J02
3 F 3 − F 3J02

2 = 0;

mn = 03,

−G0J03
1 = G3, −G1J03

1 = 0, −G2J03
1 = 0, −G3J03

1 = G0,

J03
1 ∆0 = ∆3, J03

1 ∆1 = 0, J03
1 ∆2 = 0, J03

1 ∆3 = ∆0,

−J03
1 K0+K0J03

2 = −K3,−J03
1 K1+K1J03

2 = 0,−J03
1 K2+K2J03

2 = 0,−J03
1 K3+K3J03

2 = −K0,

J03
2 Λ0 − Λ0J03

1 = Λ3, J03
2 Λ1 − Λ1J03

1 = 0, J03
2 Λ2 − Λ2J03

1 = 0, J03
2 Λ3 − Λ3J03

1 = Λ0,

J03
2 B0 −B0J03

3 = B3, J03
2 B1 −B1J03

3 = 0, J03
2 B2 −B2J03

3 = 0, J03
2 B3 −B3J03

3 = B0,

J03
3 F 0 − F 0J03

2 = F 3, J03
3 F 1 − F 1J03

2 = 0, J03
3 F 2 − F 2J03

2 = 0, J03
3 F 3 − F 3J03

2 = F 0.

Taking into account the explicit form of all the matrix blocks and all the gen-
erators, we can prove that all these equations are satisfied. This indicates that the
expressions for all the involved matrices are correct.

9 Conclusion

We have extended the first order system in matrix form to pseudo-Riemannian space-
time models, by applying the Tetrode-Weyl-Fock-Ivanenko tetrad method. The basic
matrices of the equation and the Lorentzian generators for tensors are presented in
block form. They are found in explicit form, with the symmetries taken into account,
while the set of tensors Ψ(x) = {Φ,Φc,Φ(ab),Φ[ab]c} is presented by an (1+4+10+24)-
component function. All the intrinsic constraints on tensors are contained in the
structure of the basic matrices. It is shown that the relativistic invariance requirement
provides 144 constraints on blocks and generators, which become identities when
taking into account the explicit expressions for all the block matrices.

The introduced tetrad matrix equation is specified in cylindrical and spherical
coordinates for the flat Minkowski space. The case of massless field is separately
addressed, and we focus in this theory on a detailed matrix representation of the
gauge symmetry.
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Appendix.

G0 =
(

+1 0 0 0
)
, G1 =

(
0 −1 0 0

)
,

G2 =
(

0 0 −1 0
)
, G3 =

(
0 0 0 −1

)
;

(∆a)4×1, ∆0 =


1
0
0
0

 , ∆1 =


0
1
0
0

 , ∆2 =


0
0
1
0

 , ∆3 =


0
0
0
1

 ;

K0 =


0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0

 ,

K1 =


0 0 0 0 0 0 −1 0 0 0
−1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0
0 0 0 0 −1 0 0 0 0 0

 ,
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K2 =


0 0 0 0 0 0 0 −1 0 0
0 0 0 0 0 −1 0 0 0 0
0 −1 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0

 ,

K3 =


0 0 0 0 0 0 0 0 −1 0
0 0 0 0 −1 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0

 ;

Λ0 =



1
2

0 0 0
1
2

0 0 0
1
2

0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
3
2

0 0 0


, Λ1 =



0 3
2

0 0
0 − 1

2
0 0

0 − 1
2

0 0
0 0 0 0
0 0 0 1
0 0 1 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1

2
0 0


,

Λ2 =



0 0 − 1
2

0
0 0 3

2
0

0 0 − 1
2

0
0 0 0 1
0 0 0 0
0 1 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 1

2
0


, Λ3 =



0 0 0 − 1
2

0 0 0 − 1
2

0 0 0 3
2

0 0 1 0
0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 1

2


;

B0 =



. . . . . . 3
2

. . . . . . − 1
2

. . . . . . − 1
2

. . .

. . . . . . − 1
2

. . . . . . 3
2

. . . . . . − 1
2

. . .

. . . . . . − 1
2

. . . . . . − 1
2

. . . . . . 3
2

. . .
. . . . . . . . . . . . . . 1 . . . . 1 . . . .
. . . . . . . . 1 . . . . . . . . . 1 . . . . .
. . . . . . . 1 . . . . 1 . . . . . . . . . . .
1 . . . . . . . . . . . . . . . . . . . . . . .
. 1 . . . . . . . . . . . . . . . . . . . . . .
. . 1 . . . . . . . . . . . . . . . . . . . . .
. . . . . . 1

2
. . . . . . 1

2
. . . . . . 1

2
. . .


,

B1 =



1
2

. . . . . . . . . . . . . . . . 1
2

. . . . − 1
2

.
1
2

. . . . . . . . . . . . . . . . − 3
2

. . . . − 1
2

.
1
2

. . . . . . . . . . . . . . . . 1
2

. . . . 3
2

.
. . . . . . . . . . . . . . . . 1 . . . . . . −1
. . . . . . . . . . 1 . . . . . . . . . . . . .
. . . . . . . . . . . −1 . . . . . . . . . . . .
. . . . . . 1 . . . . . . . . . . . . . . . . .
. . . . . −1 . . . . . . 1 . . . . . . . . . . .
. . . . 1 . . . . . . . . . . . . . 1 . . . . .
3
2

. . . . . . . . . . . . . . . . − 1
2

. . . . 1
2

.


,
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B2 =



. 1
2

. . . . . . . . . 3
2

. . . . . . . . . 1
2

. .

. 1
2

. . . . . . . . . − 1
2

. . . . . . . . . 1
2

. .

. 1
2

. . . . . . . . . − 1
2

. . . . . . . . . − 3
2

. .
. . . . . . . . . . . . . . . −1 . . . . . . . .
. . . . . . . . . −1 . . . . . . . . . . . . . 1
. . . . . . . . . . . . . . . . . 1 . . . . . .
. . . . . 1 . 1 . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . 1 . . . . . . . . . .
. . . −1 . . . . . . . . . . . . . . . 1 . . . .
. 3

2
. . . . . . . . . 1

2
. . . . . . . . . − 1

2
. .


,

B3 =



. . 1
2

. . . . . . . − 3
2

. . . . − 1
2

. . . . . . . .

. . 1
2

. . . . . . . 1
2

. . . . 3
2

. . . . . . . .

. . 1
2

. . . . . . . 1
2

. . . . − 1
2

. . . . . . . .
. . . . . . . . . . . . . . . . . . . . . 1 . .
. . . . . . . . . . . . . . . . . . . . . . −1 .
. . . . . . . . . 1 . . . . . . −1 . . . . . . .
. . . . −1 . . . 1 . . . . . . . . . . . . . . .
. . . 1 . . . . . . . . . . 1 . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . 1 . . .
. . 3

2
. . . . . . . − 1

2
. . . . 1

2
. . . . . . . .


.

F 0 =



. . . . . . 2
3

. . .

. . . . . . . 2
3

. .

. . . . . . . . 2
3

.
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . . .
1 . . . . . . . . − 1

3
. . . . . 1 . . . .
. . . . 1 . . . . .
. . . . . . . . . .
. . . . . . . . − 1

3
.

. . . . . . . 1
3

. .
. . . . . 1 . . . .
. 1 . . . . . . . − 1

3
. . . 1 . . . . . .
. . . . . . . . 1

3
.

. . . . . . . . . .

. . . . . . − 1
3

. . .
. . . . 1 . . . . .
. . . 1 . . . . . .
. . 1 . . . . . . − 1

3
. . . . . . . − 1

3
. .

. . . . . . 1
3

. . .
. . . . . . . . . .



,
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F 1 =



1/3 . . . . . . . . −1
. . . . . 1/3 . . . .
. . . . 1/3 . . . . .
. . . . . . . . . .
. . . . . . . . −1 .
. . . . . . . 1 . .
. . . . . . −2/3 . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . −2/3 . . . . .
. . . . . 2/3 . . . .
. . . . . . . −1 . .
. . . . . . 1/3 . . .
. . . . . . . . . .
. . . . −1/3 . . . . .
. . . −1 . . . . . .

1/3 1 . . . . . . . .
. . . . . . . . −1 .
. . . . . . . . . .
. . . . . . 1/3 . . .
. . . . . 1/3 . . . .

−1/3 . −1 . . . . . . .
. . . 1 . . . . . .



,

F 2 =



. . . . . 1/3 . . . .

. 1/3 . . . . . . . −1

. . . 1/3 . . . . . .

. . . . . . . . 1 .

. . . . . . . . . .

. . . . . . −1 . . .

. . . . . . . 1/3 . .

. . . . . . −1 . . .

. . . . . . . . . .

. . . . 1 . . . . .

. . . 1/3 . . . . . .
−1 −1/3 . . . . . . . .
. . . . . . . . . .
. . . . . . . −2/3 . .
. . . . . . . . . .
. . . 2/3 . . . . . .
. . . . . . . . . .
. . . . . −2/3 . . . .
. . . . . . . . . .
. . . . . . . . −1 .
. . . . . . . 1/3 . .
. 1/3 1 . . . . . . .
. . . . . −1/3 . . . .
. . . . −1 . . . . .



,
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F 3 =



. . . . 1/3 . . . . .

. . . 1/3 . . . . . .

. . 1/3 . . . . . . −1

. . . . . . . −1 . .

. . . . . . 1 . . .

. . . . . . . . . .

. . . . . . . . 1/3 .

. . . . . . . . . .

. . . . . . −1 . . .

. . . . . −1 . . . .
1 . 1/3 . . . . . . .
. . . −1/3 . . . . . .
. . . . . . . . . .
. . . . . . . . 1/3 .
. . . . . . . −1 . .
. −1 −1/3 . . . . . . .
. . . . . 1 . . . .
. . . . 1/3 . . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . −2/3 .
. . . −2/3 . . . . . .
. . . . 2/3 . . . . .
. . . . . . . . . .



.

J
12
3 =



. −1 . . . . . . . . . . . . . . . . . . . . . .
1 . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . −1 . . . . . . . . . . . . . . . . . . .
. . . 1 . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . −1 . . . . −1 . . . . . . . . . . .
. . . . . . 1 . . . . . . −1 . . . . . . . . . .
. . . . . . . . . . . . . . −1 . . . . . . . . .
. . . . . . . . . . −1 . . . . −1 . . . . . . . .
. . . . . . . . . 1 . . . . . . −1 . . . . . . .
. . . . . . . . . . . . . . . . . −1 . . . . . .
. . . . . . 1 . . . . . . −1 . . . . . . . . . .
. . . . . . . 1 . . . . 1 . . . . . . . . . . .
. . . . . . . . 1 . . . . . . . . . . . . . . .
. . . . . . . . . 1 . . . . . . −1 . . . . . . .
. . . . . . . . . . 1 . . . . 1 . . . . . . . .
. . . . . . . . . . . 1 . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . −1 . . . .
. . . . . . . . . . . . . . . . . . 1 . . . . .
. . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . −1 .
. . . . . . . . . . . . . . . . . . . . . 1 . .
. . . . . . . . . . . . . . . . . . . . . . . .



,

J
31
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