On the matrix equation for a spin 2 particle in
pseudo-Riemannian space-time, tetrad method
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Abstract. The theory of spin 2 field in Minkowski space-time is commonly
formulated using the second order Pauli-Fierz formalism. However, less
known in this respect is the Fedorov-Regge framework, which is applied
for spin 2 particles described by the system of 1-st order equations for the
tensor set - including scalars and vectors, the symmetric 2-rank tensors,
and the skew symmetric in two indices 3-rank tensors.

In the present paper, we extend the first order system written in matrix
form to pseudo-Riemannian space-time models, applying by the Tetrode-
Weyl-Fock-Ivanenko tetrad method. The basic matrices of the equation
and the Lorentzian generators for tensors are presented in block form.
They are explicitly found, with the symmetries taken into account, and
the set of tensors W(z) = {®, ®., P(ap), P} is presented as a multi-
component function. All the intrinsic constraints on tensors are contained
in the structure of the basic matrices. It is shown that the relativistic
invariance requirement provides 144 constraints on blocs and generators,
which become identities when taking into account the explicit expressions
for all the block matrices. The introduced tetrad matrix equation is speci-
fied in cylindrical and spherical coordinates for flat Minkowski space. The
case of massless field is separately addressed, and the matrix representa-
tion of the gauge symmetry is particularly detailed in this theory.
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1 Introduction

After the study by Pauli and Fierz ([11],[23]), the theory of massive and massless fields
with spin 2 has always attracted much attention ([1],[3]-[10],[12]-[16], [19]-[21],[25]-[26];
also see [2], [18]). Most of the studies were performed in the framework of 2-nd order
differential equations. It is known that many specific difficulties may be avoided
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if from the very beginning we start with 1-st order systems. Apparently, the first
systematic study of the theory of spin 2 fields within the first order formalism was
done by F.I. Fedorov [7]. It turns out that this description requires a field function
with 3 independent components. This theory was re-discovered and improved by
Regee [25]. The first order approach is based from the very beginning on the general
theory of relativistic wave equations by the Gel'fand-Yaglom and the Lagrangian
formalisms.

In the present paper we develop the theory of the spin 2 field, in both massive
and massless variants, starting from the matrix equation in Minkowski space-time and
extending it to the generally covariant theory within the Tetrode-Weyl-Fock-Ivanenko
tetrad method [22].

2 The spin 2 particle in Minkowski space

We start with the known system of the first order equations for a massive spin 2
particle ([7],[25]):

1 1
Py =mP, =0,® — "D 4y = mP,,
moe, D) 3 (ab) m
Lok k 1 kg n
5 0" ®app + 0" Pprpja — igaba P
1
+ (aaq)b + ab(I)(L - 29abakq)k) = mq)(ab)a
0, ® O ® L (geda D)) = m®
0P (be) — b P(ac) + 3 (gbc (ak) — YGac (bk)) = mPab)c,
where the field variables are scalar, vector, symmetric 2-rank tensor, and 3-rank
skew-symmetric in two first indices tensor, m = i M. By excluding the vector and
the 3-rank tensor, we obtain the 2-nd order equations with respect to the scalar and
symmetric tensor ([11],[23]):
(22) ® = Oa (D + MQ)(I)(ab) = Oa (I)(ab) = (I)(ba)a (I)aa = 07 ak@(ka) =0.
It should be stressed out that the scalar field entering the systems (2.1) and (2.2) is
all-important, because it vanishes only in absence of external fields. Moreover, this

scalar variable is of crucial importance for the massless case, when the first order
systems read

a 1 1 b
0%y =0, 500 — 30" 0 (up) = Do,
1 k k 1 k n
5 0 (I)[ka]b +0 (b[kb]a - §.g<l,ba q)[kn]
1
+ (aa@b + 0y Py — anba%k) =0,

1
0a®(be) — WP (ac) + 3 (96c0" @ (ak) — GacO" @ 1r)) = Plap)e-
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By excluding from (2.3) the subsidiary variables, we derive the 2-nd order equations
for the massless field ([11],[23]):

1 1

§D<I> — gaaa%(ab) =0,

(2.4) ) 1
(&ﬁb + §gab|:|)(1) — ZgabD@Z + D(I’(ab) — 6a8"¢>(nb) - (9(]6”(13(7“1) =0.

As it was shown by Pauli and Fierz, these equations have a class of so called gauge

solutions:

- - 1
(25) P = 81Ll, (I)(ab) = aaLb + 8bLa — §gab81Ll,

where L;(x) stands for an arbitrary 4-vector. These special states do not contribute
to physically observable quantities, for instance to the energy-momentum tensor. It
is a matter of simple calculation to find the concomitant tensor components:

1 1 =
q)a = gaaalLl - gDLaa (I)[ab]c = ac(aaLb - aZ)La)
(2.6) 1
(gcbaa - gcaab)alLl + g(gcbDLa - gcaDLb)'

|
wl =

3 On the structure of the system matrices

The system (2.1) can be re-written in equivalent form
3a(Ga)(o)k‘I’k =m® g,
1 1 mn
0, {587, V8 = (K, =
D { (B*), [)mn] @t + (Aa)(dcﬁ@k} = m®Pqc ,

Dq {(Fa)[kb]c(mn)q)mn} =m Prpe,

where we use the block matrices

(Ga)(o)k =g, (Aa) =0,
a a 1 (m a ak 1 a
(K )k(mn) 1L 5((lkn) . (A )(d(‘) _ 5&16)) 594c k
(3.2) 1 L
a [mn]l _ _ak [ L ¢[mn]cl [mn]cr | 1 L1l fag)
By =9 ( 50tk e+ 2%] 5d) S94c59 ,

a (mn) _ (mn) (mn) (mn) 1 (mn) .
(F )[kb]c (616 25(bc) §b 25 > + 39 <25(dk Gvoe — id(db) gkc) )
the generalized Kronecker symbols are defined by the formulas

(mn) _ em cn n sm n n sm
. B = o o + o o, Sl =87 o — op oy
’ [mn],] ma ,nl ml _na g(mn),(al) ma , nl ml _na )

glmnhlell = gmagnl _ gml g = g™g" + g™'g
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Further, by introducing the matrices

0o G 0 0
A" 0 —3K* 0
a_ | 2 3
(34) r“ = 0 AC 0 %Ba )
0 0 Fe 0
we re-write the system (3.1) as follows
P
(3.5) T8 —m)VU =0, U= i’“
(mn)
(I)[mn]l

It is a matter of straightforward calculation to get the explicit expressions for these
block matrices. At this we will follow only the independent components of the tensors:

fo di do d3
- L d c3 ¢
U={® & f, ¢ d, fo; o, o1, p2, ¥3}, (Prar)) = d; 2 f‘; cf ,

d3 Co C1 f3

while the components of tensor @, are written as four skew-symmetric matrices:

Po1)k Eqo Eyy Eq Eqs

P02k Eao Ey Eo Eos

Posie | _ | Ezo | _ Es | _ Esx | _ Es | _
Pz | | Bwo | 70 By |T%Y B |~ % By |~ 7
D313 Bayo Bay Bso Bos

D191k Bsp B3y Bsso Bss

For the involved block matrices, we find the explicit expressions, which we include in
the Appendix.

4 Extension to Riemannian space-time geometry

The matrix equation

0
(4.1) (Faﬁx“ —m)WU(x) =0, U ={H;Hy;Hs; Hs}

is extended to the Riemannian space-time in accordance with the tetrad method [22].
In a space-time with given metric let, we fix a tetrad:

ds? = ga[g(x)da:adxﬂ, 9ap(Z) = €(@)a(T),
(4.2) gap () = n%e()a(@)ewys(x), n* = diag(+1,—1,—1,—-1),

and then the generalized form gets written as follows

(4.3) {F“(w) (aia + Z‘a(ac)> - m] T(z) =0,
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where the local matrices I'*(z) are determined with the use of the tetrad

0 G*(x) 0 0
LAy _lga(y
(4.4) T%(2) = efg) (@)l = QAO( ! Aao(x) 31(() ) %Bg(x) ;
0 0 Fe(x) 0

0 0 0 0
Jab _ 0 J® 0 0
0o 0 Jg¢ o |’
0 0 0 .Ja
(4.5)
0 0 0 0
_ qab B = 0 (El)a 0 X
Za(r) = IV @ emsa@ =1 o 0" (my). 0 |0
0 0 0 (Z3)a
where

Si(w) = J¢ el (@) epypalr), i=1,2,3;

and J4b, J4b| J40 stand for the generators for the tensors @y, D@ (1n)s Pimni- The equa-
tion (4.3) can be presented by using the Ricci rotation coefficients

0 1
46) 7 (<6 o) g+ 57" ) = ] W(a) =0
while we recall the definition, V.5 = —Vpaje = e(b)p;ge’(’a)e‘(fc). In block form, (4.3)
reads

G(2)[00 + (Z1)alHy = mH ,

1 1
SAY@)DaH = SK ()]0 + (S2)al Ho = mH, |

A (@) [0+ (S0)alHr + 5[0+ (Sa)al Hy = mH>

FQ(I)[aa + (EQ)Q]HQ = mH3 .

(4.7)

In the massless case, the system slightly changes:
G(2)[0a + (S1)alH1 =0,

}Aa(m)ﬁaH — 1K"‘(:c)[@a + (22)a]Ho = Hy
(4.8) 2 3 .
A%(2)[00 + (E1)a)H1 + 5[804 + (X3)a)Hs =0,

F(2)[00 + (X2)alH2 = Hs,

but its physical content is completely different. In particular, let us detail tetrad
representation for the gauge solutions:

(4.9) ®=Vol®(r) = &=eaL+ely L,

(o)
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- 1

(I)(QB) =Volg+VgLo — fgaﬁ(x)vp/\p =
2

(4.10) B .

at) = = (Vealp + Vietla) L + €8y dals) + €y Iala) = 5902

The concomitant components are determined by the relations

1 1, .

H, = iA ()0 H — §K (2)[0 + (Z2)a]H2,

Hg = Fo‘(x) [8a + (Eg)a] HQ .

(4.11)

The generalized matrix equation possess an important structural property: it is sym-
metric under the local Lorentz group, in accordance with the following relations

V'(z) = S(x)¥(x), S(z)T*(@)S™ (z) =T"),
S_l(x) =%,

(4.12) S(x) Ta(2) §7H(z) + S(x) 5

where the primed indicate that these quantities are determined by the formulas (4.4)-
(4.5), but with the use of the primed tetrad related to initial one by the local Lorentz
transformation

(413) (@) = Ly "(2) €5y (a).

This symmetry proves the correctness of the constructed equation, because for a given
metric one can use many different tetrads, and all the corresponding equations are
equivalent due to relations (4.12). With respect to the coordinate transformation, the
field function ¥ behaves as a scalar,

(4.14) * = x® Y(r)=V'(z).

5 The spin 2 field in cylindrical coordinates

Let us specify the main equation in cylindrical coordinates z* = (¢,r, ¢, 2) of the
Minkowski space

1 00 0
2 32 592 2,9 59 8 1010 0
(5.1) dS*=dt° —dr® —r°d¢® — dz°, e(a)(m) =l o0 1/r 0
0 0 0 1
The non-vanishing Ricci rotation coefficients are
1
(5.2) Yabo =0, Yabr =0, Y22 = =212 = Too Dbz = 0.
Equation (4.3) takes the form
0 o TI? 0 0
5.3 M= 4T =+ — (= + I+ = —m| ¥ =0.
(5:3) gV T ge I g
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Taking in mind the expressions for separate terms:

H 1 G°0,H,
| o’ 4 onq | SA°H — 1K°0,H,|
V= H, 10 o = A°9,Hy + 5 B0, H; '
Hs | 24 FO8,H,
G'9,H, G0, H,
rlgqf _ iA'9.H — 1K', H, 39,9 — 1A%9.H — %K38xH2|
or MO Hy + 3B, H; |7 ¢ ASO.Hy + 3B%9.Hy |’
F10,H, F30,H,
G0 + J1)Hy
I? 12 1 LA20,H — 1K?(0, 4+ J32)H
- /e 2 ) 3 ¢ 2 2
POt TV R0, I+ B0, + TP Hy |

F2(0y + J3?)Ho

we derive the system of equations in block form

1 ,
G 0,H, + G'0,.H, + ;GQ(% + JIHH, + G*0,H, = mH ,
lea H-— 1Koa Hy + 1Ala H-— 1Kla H
2 t 3 t412 2 r 3 rLl2
1 1 2 1 2 12 -1 3 1 3

1 1
A9 H, + §BO8tH3 + A9 H, + §BlarH3

1 1 1
+ [AQ@ + J1%)Hy + 5 B0y + J5*) Hs | + [A?’@H1 + 23?’@1%} =mH,,

1
F°9,Hy 4+ F'0,Hy + ;F2(8¢, + J3*)Hy + F30,Hy = mHs .

The transition in these equations to the massless case is evident. Let us detail the
tetrad representation for gauge solutions:

_ 1 1
o = atL(O) — (8T + ;)L(l) — ;(r“)(z,L(Q) — 3ZL(3);

B c a a 1 &b
(I)(ab) = — (7[ca]b + ’Y[cb]a) © + e(a)aaL(b) + e(b)aaL(a) - 59(11)@,

whence it follows
_ 1 1 1
oo = 20; Loy — 5[3tL(o) — (0r + ;)Lu) - ;%L(z) — 0. L3,

_ 1 1 1
P = 23TL(1) + 5[8,5L(0) - (8T + ;)L(l) — ;8¢L(2) — 8ZL(3)},

_ 2 2 1 1 1
Doy = ;L(1) + ;3¢L(2) + 5[@[/(0) — (0, + ;)L(l) - ;5¢L(2) — 0. L)),
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= 1 1 1
D33 = QGZL(g) + i[é%L(O) —(0r + ;)L(l) — ;6¢L(2) — (3'ZL(3)],
_ _ 1 _
®o1 = 0 L1y + 0r Loy, oz = Ot L(2) + ;3¢L(o)7 Qo3 = 0¢ Lz) + 9. L(0),

- 1 - . 1 1
Ca3 = —~0pL(3) + 0:L(2), P31 = 0:L1) + OrLz), P12 = — L) + Oy Loy + 05 L)
The concomitant gauge components are determined by the formulas

i = %A"(m)&al_{ - %Ka(x)[&l + (5ol Hs

K2 a¢ + J212
T

= % A9, + A'0s +A2% +A3az} H—% [Koat + K9, + + K%Z} H,,
T

12
Hs = F*(2)[00 + (£2)a]Ha = {FO&, + F'9, + anmLTJQ + F38z:| H,.

6 The equation in spherical coordinates

Let us consider the structure of the matrix equation in spherical coordinates, =& =
(t7 ’rﬂ 0’ ¢) :

dS? = dt* — dr® — r?df* — r?sin® 0d¢?, efy)) = (1,0,0,0),
(6.1) N N 1. 1

6(3) = (0, 17 0, O), 6(1) = (0, O, ;, O), 6(2) = (1, 07 0, m)

The corresponding Ricci rotation coefficients are

0 0 0 0 0 0 0 0
0o 0o 0 -1 0 0 456
Yabd = 07 Yab3 = 07 Yabl = 0 0 0 OT s Yab2 = 0 — Tcsoisn€0 761r10 _%
0 ++ 0 0 0 10

The main equation takes on the form

F1J31 + F2J32

(6.2) {Foat + (F‘”’@T + .

1

) + =S —m}\I/ =0,
r

where we separate the angular operator

12
(6.3) S = (1“159 + p2a¢’""JCOSG> .

sin 0
Using the appropriate expressions for all the involved terms
G°0,H, G309, Hy
%AO(‘%H — %KoﬁtHﬂ %A?’(')TH — %K38TH2
A0 Hy + %BoatHg A30.Hy + %BSGTHg
FO8,H, F30, Hy

'o,v = . TI20,0 =
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(GM I+ G2I3) H,

1 1 2 1 1731 2 732
1(1‘1]31 T2 )y — 1 (AT +AYH — (K J5" + K J5°) Hy
r r AV A2 Hy + L(BYS + B2J?)Hs |

(F'J3" + F2J3%) Hy

g 712
G180H1+G28¢+0059J1 H,

sin 6

IAL 1 A20¢4c0s0 pr 1 g1 _ 1 7r209s+cos6J;%
2A 89H+2A sin 6 H BK aGHZ BK sin 6 H2

Sl =
A189H1 + A2 9p+cos0J;? H, + %BlagHg + %BQ 9p+cos 0,2 Hi

sin 6 sin 6

F189H2 + F2 dg~+cos 9]212 I{2

sin 6

we obtain the system of equations in block form

1731 2 732
GO§H1+G32H1+MH1
ot or r
1 9 12
41 <G1a9 +G2W> Hy =mH,
T sin 6

1,0, 1,0
22 gl 3K Gt

1 o A+ A? 1 o  K'J3'+ K2J3?
Sl N B R |/ R (€ B M B 5
+2< 8r+ r ) 3< 8T+ r 2
12
+1 1 A169+A26¢J_FCOSG H—l K169+K28¢+?080J2 Hy| = mH, |
r |2 ind 3 sin 6

9 1_,0
AOaHl + §B0&H3+

1731 2 7132 1731 2 7132
n A32+AJ1 + A2J7 H1+} B32+BJ3 + B*J; Hat
or r 2 or r

12 12
+1 A180+A28¢+?080J1 H1+1 3189+B23¢+'0059J3 Hy| = mH, .
T in 6 2 ind
1731 2 732 12
FOQHQ—i—F?’gHQ—i—MHﬁ—} F139+F2M Hy = mH; .
ot or r r sin 6

The transition in these equations to the massless case is evident. Let us detail the
tetrad representation for the gauge solution:

- 2 1 cosf 19)
6.4) &= {@L(O) —(Or+ )Ly — (9 + )Ly — —= L(Z)} ;

sin 0 rsinf

& c a a 1 T
(b(ab) = — (’y[ca]b + ’Y[Cb]a) L( ) —+ |:€(a)6aL(b) + e(b)aaL(a):| — §gab(b,

whence it follows



2

Jol — . . . . . . . . 1 . J02 _
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B33 = 20, L(s) + % {&L(O) —(0r + %)L@) - %(69 + %)Lm - rsaiieL@)] :
b1y — %L(g,) + %59[/(1) + % {atL(o) — @+ %)L(g) - %(89 + %)Lm - %L@] ,
+% {&L(o) —(0r + %)Lm - %(30 + Z?SZ)L(D - Tznng} ;

— 1 — 1
Oy = O, L =09 Loy, Poz = O, L ——894L0),
01 ¢ <1)+r 0 L:(0), Po2 ¢ (2)+rsin9 o L(0)

_ _ 9%
Po3 = Oy L L Doy =
03 = Ot L3y + Or L0y, Pas ~sind

cos 6

Lgy + 0rLya),

, 1 1 = 1
Pz = —;L(l) +0r Ly + ;89[/(3), P2 = L) + ;(%L(z) + L.

rsin @ rsin @

7 The structure of the Lorentzian generators

To handle the matrix equation, we need the explicit expressions for the involved
Lorentzian generators. For the 4-vector, the generators are given by the formulas

0 0 0 0 0 0O 0 O 0 0 O 0
w2 |00 =1 0| s [0 00 1| 25 |00 0 0
“lo1 oo|? o o007 T|looo -1 |
0 0 0 0 0 -1 0 O 0 0 1 0
(7.1)

0 1 0 O 0 0 1 0 0 0 0 1
o | 1 000)| o [0000] s [ 0000
J ooo0oo0 |7 Tl1o0oo0oo0]7 Tloo oo
0 0 0 O 0 0 0 O 1 0 0 O

The generators for the symmetric tensor are defined as
fo di do d3
) ) ) ~ di fi 3 e

(I)/: ab®I+I® ab P = ab(I)_*_(I)ab’ i) _
(4 J*) e = 7 () A o fr o

ds ¢ ¢ f3
Further, we derive its (10 x 10)-representation:

2

I A N e
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03
JQ =

23
7J2

J3 =

J3? =

The 3-rank tensor may be presented by means of four skew-symmetric matrices
Pppee = w1, t =0,1,2,3; so the generators act in accordance with the formula

(7.2)

o = 5%+ i + (5°), Por -

Taking into account the intermediate relations

ab =12,

ab = 23,

0o = 5 %00 + poj'?,
ol = %01 + 0152 — @2,
oh = %02 + 02j2 + 1,
0y = %03 + p3j'?;

vh = 7200 + o,
©h = §201 + 0153,
oh =202 + p2j® — o3,
3 = 7303 + @3;23 + p2;

ab = 31,

ab =01,

0o = i*po + poi®,
ol = 5301 + 0173 + 3,
oh = 73102 +
o = 5303 + 0373 — 1 ;

v = 7" 00 + o™ + o1,
o) = %1 + 917" + o,
wh = " ps + 025,
o = %3 + 30 ;




56 A. Ivashkevich, A. Buryy, E. Ovsiyuk, V. Balan, V. Kisel, V. Red’kov

oh = §%%00 + 003 + 2, wh = 1%00 + 0% + 3,
o) = %01 + 152, o) = %01 + 15,
ab = 02, ‘ - ab =03, , -
©h = 72 + 252 + @0 ©h = j%B s + 2%,
A :j02503+903502; A :]'039034-%03503-1-900.
with
0 Elc E2c E3C
_ _Elc 0 BBC _BQC _

Yo = _E2c _B3C 0 Blc ’ €= O’ 1’ 2, 37

_E3c BQC _Blc 0

we can find the explicit form of six (24 x 24) generators; because they are rather
cumbersome we describe them in the Appendix.

8 Relativistic invariance, additional checking

In order to verify expressions for all blocks in the matrices

0 G° 0 0
A 0 —3K* 0
a _ _ a __ 2 3
(F aa m)q)_oa r*= 0 A@ 0 %Ba )
0 0 Fe 0

and the expressions for the Loretzian generators, let us examine the relativistic in-
variance condition

=980, ¥=85'0 (ST°S7'9,—m)d =0;
whence we derive
T°0, —m)® =0, ST*S™'=r1°L,*.
By specifying this for the infinitesimal transformations
(1 + Wi ™0 (L = wra JM) = TP 8] + wps(57°), ]
we derive the needed relation
(8.1) JmrTe — e gmn =0 (5mm), ¢

In detailed form, this reads (the indices 1,2, 3, related to the tensors of 1, 2, and 3-rd
ranks are omitted here):

J23F0 _ F0J23 — 0’ JBer _ FOJ31 — 07 J12FO _ FOJ12 — 0’
J23F1 _ F1J23 — 0, J31F1 _ F1J31 — 7F3, J12F1 _ F1J12 — F2,
J23F2 _ P2J23 — FB, J31F2 _ F2J31 — 0’ J12F2 _ F2J12 — 1‘\17
J23F3 _ F3J23 — —FQ, J31F3 _ 1—\3J31 — 1—\17 J12F3 _ F3J12 — 07

JOll—‘O _ F0J01 — ]_'*1’ J02F0 _ F0J02 — ]_'\2, JO?’FO _ ]_'\OJO?) — ]_'\37
JOlrl _ F1J01 — 1'\0’ JO2F1 _ F1J02 — 07 J03F1 _ F1J03 — 07
J01F2 _ F2J01 — 0) J02F2 _ F2J02 — FO; J03F2 _ F2J03 — O7
J01F3 _ F3J01 — 07 J02r3 _ I‘3JO2 — 07 J03F3 _ F3J03 — FO-



On the matrix equation for a spin 2 particle ... 57

By considering the block structure of generators J™" and matrices I'*:

o 0 0 0 0 Gr 0 0
Jmn = 0 J{nn 0 O FCL — %Aa O _%Ka 10
S 0 A* 0 iBe |’
o o0 0 JM 0o 0 F* 0

we derive 144 constraints (which are divided into six groups): mn = 23,

-G =0, -G'UP =0, -GIP=G% -GJP=-G"
JPAY =0, JPPA'=0, JPAP=A JPAY=-A%

—JPKO4KJ3 =0, —JP K 4+ K =0, - JP K+ K2 J3 = —K° —JP KA+ K2 J5° = K2,
J223A0 7 AOJ123 =0, J223A1 . A1J123 =0, J223A2 _ A2J123 _ A3, J223A3 N A3J123 _ 7A2g33,
J3*B° — B%J3* =0,J3B' — B'J5* =0,J3°B* — B*J;® = B*, J3*B® — B’ J5® = —B°,
JPF —F°J3 =0,J3°F — F' 3% = 0,J3°F* — F?J3° = F?, J3° F° — FPJ3° = —F>;

mn = 31,
-Gt =0, -G'J'=-G° -G*i'=0 -G'1'=da",
JAY =0, JA'=-A% J'A’=0, JT'AT=AY

KK =0, - K+ KU = KPP KR KIS =0, -V KA KPS = K

JIAY — A° T =0, JPAT - AN = AR JSTA - AP =0, 05T A% - AP = AT
J3B - B3 =0,73'B' — B'Jy' = -B* J¥'B* - B*J5' = 0,J5'B® — B*J3' = B,
JPF RS =0, U3 F - F' U = —F? U3 FR - Ry = 0,03 F? - PR3 = F

mn = 12,

-G°J? =0, -G'J*=G* -G*J*=-G', -G’Ji*=0,
JPEAY =0, JPA'=A% JPAT =AY, JPPA% =,

—JPK 4 K% =0,—JK'+K'J)? = —K? —J’K*+K*J,° = K' —J?K*+K°J)° =0,

TN — AT =0, 570 — AP = AP RPN — AT = A O - AR =0,
J°B° = B°J3* =0,15°B' — B'J3* = B*, J,°B° — B*J3* = -B', J3’B* - B’ J3* =0,
JPFY —FJ? =0, 3°F' — F'0y° = F? J3°F° — F? Uy = —F' U F° — FP Uy = 0;

mn = 01,

-G =Gt -G =6, -G*i'=0, -GN =0,
JUAY =AY AT =A% A =0, JP'AT =0,

KK = K K K = — K IV KA KIS = 0, I KA KR I = 0,
JPTAY — AP = AN TSTA = AP = A% JSA — AP =0, 09T A% — AP =0,
J3'B° —B°Jt = B', J3'B' = B'J3' = B°, ' B* - B*Jy' =0, 05" B* - B*Jy' =0,
J3 P —FOgt = FL R - P = FO R - PRI =0, 050 FP - R =0

mn = 02,

QU =G, -G'JP =0, -GJP=G", -GJ*=0,
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JPAY =A% JPAY =0, JPAP=A" JPPA% =0,

—JPK 4K = —K? I K K =0, - JP K+ KUY = —K°, —JPP KP4 KR I = 0,
JPPA — A°JY? = A% JPAT — AT =0, 05970 — AP = A0 PN - AP =0,

JSQBO—BOJgQ :BQ J202 1 —BIJ:?Q :07J32 2 _BQJ??2 IBO JSQBS—BBJéD :07
JgZFO F0J02 F2 J02F1 Fl Jg2 _ 0’ JS2F2 F2J02 FO J02F3 FBJSQ _ 0;
mn = 03,

GOJO3 G3 7G1J§)3 — O, 7G2J?3 — 07 G3J03 GO

JPAY =A% JPA =0, JPA%=0, JPAY=AC,

—JPKO4 K = K I K KN =0, —JP KA KIS =0, I KR KPP = —K°,
J203A0 AOJ03 A3 J03A1 Al Ji)3 _ 07 J33A2 _ A2J?3 — O7 J203A3 ASJOS AO

J$PB° — B3 = B*, JP*B' — B'J5® = 0,J°B* — B*J$* = 0,J5°B® — B*J3$® = B°,
JgSFO FOJO3 F3 J03F Fl Jé)ii — 0, J§)3F2 o F2J33 _ 07 J§3 F3J03 FO

Taking into account the explicit form of all the matrix blocks and all the gen-
erators, we can prove that all these equations are satisfied. This indicates that the
expressions for all the involved matrices are correct.

9 Conclusion

We have extended the first order system in matrix form to pseudo-Riemannian space-
time models, by applying the Tetrode-Weyl-Fock-Ivanenko tetrad method. The basic
matrices of the equation and the Lorentzian generators for tensors are presented in
block form. They are found in explicit form, with the symmetries taken into account,
while the set of tensors W(z) = {®, @, ®(4p), Pjap)c } is presented by an (1+4+10+24)-
component function. All the intrinsic constraints on tensors are contained in the
structure of the basic matrices. It is shown that the relativistic invariance requirement
provides 144 constraints on blocks and generators, which become identities when
taking into account the explicit expressions for all the block matrices.

The introduced tetrad matrix equation is specified in cylindrical and spherical
coordinates for the flat Minkowski space. The case of massless field is separately
addressed, and we focus in this theory on a detailed matrix representation of the
gauge symietry.
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