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Abstract. In the present paper, we introduce and study conformal
(k, p)-contact manifolds. We obtain several results related to such
manifolds and their submanifolds, like invariant and anti-invariant sub-
manifolds.
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1 Introduction

Let (M?",J,g) be a Hermitian manifold of complex dimension n, where J denotes
its complex structure and g is its Hermitian metric. Then (M?",.J, g) is a locally
conformal Kihler manifold if there is an open cover {U;};c; of M?" and a family
{fi}ier of C functions f; : U; — R such that each local metric g; = exp(—f;)g|Ui
is Kéhlerian. Here g|Ui = 1}g where ¢; : U; — M?" is the inclusion. Also (M?",J, g)
is globally conformal Kihler if there is a C°° function f : M?" — R such that the
metric exp(f)g is Kéhlerian [6]. In 1955, Libermann [8] initiated the study of locally
conformal Ké&hler manifolds. The geometrical conditions for locally conformal Ké&hler
manifold have been obtained by Vaisman [10] and examples of these locally conformal
Kéhler manifolds were given by Triceri in 1982 [9]. In 2001, Banaru [3] succeeded to
classify the sixteen classes of almost Hermitian Kirichenko’s tensors. The locally con-
formal Ké&hler manifold is one of the sixteen classes of almost Hermitian manifolds.
It is known that there is a close relationship between Kéhler and contact metric man-
ifolds because Kéhlerian structures can be made into contact structures by adding
a characteristic vector field £. The contact structures consists of Sasakian and non-
Sasakian cases. In 1972, K. Kenmotsu introduced a class of contact metric manifolds,
called Kenmotsu manifolds, which are not Sasakian [7]. Later in 1995, Blair, Koufo-
giorgos and Papantoniou [5] introduced the notion of (k, u)-contact manifold which
consists of both Sasakian and non-Sasakian manifolds.

Recently, the author [2] introduced conformal Sasakian manifold and studied
submanifolds of the conformal Sasakian manifold and the same author with his col-
league studied the submanifolds of conformal Kenmotsu manifold [1].
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Motivated by the above studies, in the present paper we define conformal
(k, p)-contact manifold which are not (k, u)-contact manifold and study the geom-
etry of invariant (anti-invariant) submanifolds of a conformal (k, u)-contact manifold.
We also find the necessary conditions for the CR-~submanifolds to be invariant.

The paper is organized as follows: In Section 2, we recall the notion of
(k, pv)-contact manifolds and their submanifolds, which are used for further study.
In Section 3, we define the conformal (k,u)-contact manifold and further we give
some basic results on conformal (k,u)-contact manifold. In Section 4, we obtain
the necessary and sufficient condition for the invariant submanifolds of a conformal
(k, p)-contact manifold to be minimal. Section 5 is devoted to study of anti-invariant
submanifolds of a conformal (k, 1)-contact manifold and obtain the conditions under
which these type submanifolds have a flat normal connection. In last section we find
the necessary condition for CR-submanifolds of a conformal (k, p1)-contact manifold
to be invariant.

2 Preliminaries

Let M be a (2n + 1)-dimensional almost contact metric manifold with structure
(¢,€,7,9), where ¢, &, 7 are tensor fields of type (1,1), (1,0), (0,1) respectively, and
g is a Riemannian metric on M satisfying

P = IH0eE @) =1, ¢=0, 7-6=0,
46X, 0Y) = §(XY) = a(X)(Y), n(X)=g(X.9),

for all vector fields X, Y on M. An almost contact metric structure becomes a contact
metric structure if

§(X,9Y) = dii(X,Y).

Then the 1-form 7 is contact form and € is a characteristic vector field. A contact
metric manifold is said to be (k, p1)-contact manifold [5], if the relation

(2.1) (Vx9)Y = g(X +hX,Y)E —i(Y)(X +hX),

holds on M, where V denotes the Riemannian connection of § and h is a tensor field
given by h = %ﬁégzﬁ. From the above equation, for a (k, u)-contact manifold we also
have

(2.2) Vxé=—¢X — ¢hX.

Assume M is a submanifold of a (k, p)-contact manifold M. Let ¢ and V be the
induced Riemannian metric and connections of M, respectively. Then Gauss and
Weingarten formulas of M are given respectively, by

VxY =VxY +0(X,Y), VxN=—-AyX + V%N,

for all vector fields X, Y on M , where V+ is the normal connection and A, is the shape

operator of M with respect to the unit normal vector N. Let R and R denote the

curvature tensor of M and M, then, Gauss and Ricci equations are given by
JRX,Y)Z,W) = §RX,Y)ZW) = g(a(X,W),a(Y, 2)) + g(c(X, Z),0(Y, W),

g(R(va)vaNQ) = Q(RL(X7 Y)NlﬁNQ) - g([Al’AQ]X7 Y),
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for all XY, Z, W € TM, Ny, Ny € TM* and Ay, Ay are the shape operators corre-
sponding to Ny, Ns.

3 Conformal (k, pu)-contact manifolds

A smooth manifold (M?"*! ¢,&,1,g) is called a conformal (k, ;1)-contact manifold

is
of a (l;:, ,Li)l-contact structure (M2, ¢, €, 7, §) if, there is a positive smooth function
[+ M*""" — R such that

g=cxp(flg. ¢=¢, 7= (exp(f)in, €= (exp(—f))3¢E.

Let M be a conformal (k, p1)-contact manifold, let V and V denote the Riemannian
connections of M with respect to the metrics g and g, respectively. Using the Koszul
formula, we obtain the following relation between the connections V and V

(3.1) VxY =VxY + %{w(X)Y +w(Y)X — g(X,Y)w},

such that w(X) = X(f) and w? = gradf is a vector field metrically equivalent to
1-form w, that is, g(wf, X) = w(X).

Then with a straightforward computation, we infer

cap(~)(ROXY,ZW)) = R(XY,Z,W)+ S{B(X, 2)g(¥, W) - B(Y, )
g(Xv W) + B(Yv W)g(X7 Z) - B(Xv W)Q(K Z)}
(32) I IP(g(X, Z)a(¥, W) — (Y, Z)g(X, W)},

for all vector fields X,Y, Z, W on M, where B = Vw — %w ®@w and R, R are the

curvature tensors of M related to connections of V and @, respectively. Furthermore,
by the relations, (2.1), (2.2) and (3.1), we get

(Vx9)Y = (exp(f)* {g(X +hX.Y)E = n(Y)(X + hX)}
(33) S W(OY)X —w(V)OX +g(X,¥ )6 — g(X, 6 )

VxE = —(eap(H)HX +0hX) + L {n(X)t — w(©)X),

for all vector fields X,Y on M. Now assume that M is a submanifold of a conformal
(k, p)-contact manifold M, and that V, R are the connection, curvature tensor on M,
respectively, and § is an induced metric on M.

We set
PX =tan(¢X), FX =nor(¢X), tN =tan(¢N), fN =nor(¢N),

for any X € TM and N € TM*. Then, using Gauss and Weingarten formulas and
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considering (3.3), we obtain the following relations:

(VxP)Y = ApyX +to(X,Y)+ (exp(f)? {g(X +hX,Y)E — n(Y)(X +hX)}
(3.9 S {BY)X — w(Y)PX +g(X,V)(0wh)T = g(X, 0¥ ) ()T,
(35) (VxF)Y = fo(X,Y)—-o(X,PY)+ %{w(Y)FX —g(X,Y)Fu! + g(X, PY)wit},
(36) (VxON = AjnX — PAyX — %{w(d)N)X — W(N)PX + g(X, 6N) () T},
(VxHN = =o(X.tN) = FANX + H{w(N)FX + g(X, oN) @)},

for all X,Y € TM and N € TML, such that ¢ is tangent to M.
We need the equations of Gauss and Ricci equations of M C (M, $,¢,1,9),

exp(—f)g(R(X, Y)27 W) = g,(R(Xv Y)Z’ W) - g(U(Xv W)? G(Y’ Z))
(o (Y, W), 0(X, 2)) + S{(BAG+GAB)(X,Y, Z,W))

1
g(R(X>Y)N17N2) = g(RL(X>Y)N17N2)_g([A17A2}X7Y)7

forall XY, Z, W E’TM and Ny, Ny € TM~, where the wedge product of the tensor
fields A and B on M is given by

(AAB)(X.Y,Z.W) = A(X, Z)B(Y,W) — A(Y, Z)B(X, W),

for all X,Y,Z,W € TM.

4 Invariant submanifolds

A submanifold M™ of a conformal (k, p)-contact manifold (M Intl p £,m,g) is called
an invariant submanifold if ¢7}, M C T, M for any p € M.

Lemma 4.1. Let M™ be an invariant submanifold of a conformal (k,u)-contact
manifold M tangent to £. Then

(M) o(X.6Y) = Go(X,Y) + S {a(X, o))" - (X, V) (6w ),

(12) ANX = PANX + S[w(N)X — w(N)9X},
(4.3) ANGX + pANX = w(N)$X,

for all X,Y € TM and N € TM-*.

Proof. Since M is invariant, we get X = PX and ¢N = fN for X € TM and TM*.
Then (4.1) and (4.2) immediately follow from (3.5) and (3.6), respectively. Since o is
self adjoint, from (4.1) we have

() o(6X,Y) = go(X,Y) + gV X )t — g(X,¥)(6e!) ),
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for all X,Y € TM. Now taking the inner product of (4.4) with the normal vector
field N and using the relation g(AyX,Y) = g(c(X,Y), N), we get

J(ANOX,Y) = ~g(Agn X, ¥) + 3 {g(X, Y I(6N) + g(6X, Y (N},
The above equation yields
(4.5) ANOX = ~Agn X + L{w(BN)X +w(N)pX},

for all X € TM and N € TM~+. Now (4.3) follows by substituting (4.2) in (4.5). O
Theorem 4.2. Let M™ be an invariant submanifold of a conformal (k, p)-contact

manifold M tangent to . Then M is minimal if and only if the Lee vector field w*
of M is tangent to M.

Proof. From Gauss formula and (3.1), we have
. , 1
(4.6) o(X,Y)=VxY -VxY — g{w(X)Y +w(Y)X — g(X,Y)w},

for all X,Y on M. Now replacing Y by @Y in (4.6), we get
o(X,Y) = ¢o(X,Y) = (Vx@)Y +§(X +hX,Y) —ij(YV)(X + hX)
(Y )6X — w(@Y)X — (X, )ut + g(X, 0¥ o).

Comparing the tangential and normal parts, we get
1

@7 o(X,0Y) = 6o(X,Y) = S{g(X,Y)(éwh)" — g(X, 6V )(w) "},
Since £ € TM, taking X = ¢X in (4.7), we obtain

1
(48)  0(6X,0Y) +0(X,Y) = {g(X,Y) = 5n(X)n(Y)}w) " = g(6X,Y)(w) ",
for all X,Y on M. Again, since £ € TM, weput X =Y = ¢ in (4.8), and we get

1 n
(49) 0’(5,5) = 5(") .
Now, let {e;, ¢e;,&li = 1,2,..,n = 251} be an orthonormal frame on M and

suppose H is the mean curvature vector field of M. Then, using (4.8) and (4.9),
we have

H = %Z{U(E,é) +o(ei,e) + o(pei, pe;)} = %(wﬁ)J—'

This completes the proof of the theorem. O
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5 Anti-invariant submanifolds

A submanifold M™ of a conformal (k, p)-contact manifold (M 2"‘“, ®,&,1,9) is called
an anti-invariant submanifold if ¢T, M C T Mt for any p € M. Then we have

PX—OandfN—OforanyXETMandNETMJ-

Lemma 5.1. Let M™ be an anti-invariant submanifold of a conformal (k, u)-contact
manifold M tangent to £. Then

Gy A X =—0(X.Y)  (eap(£)FHg(X + hXY)E = n(¥)(X +hX)}
+3{w(@Y)X + g(X,Y)guw},
9([Asz, Apw] X, Y) = g(a(X, W), 0(Y, Z)) — g(a(Y,W),0(X, Z))

—3{9(Y, Z)w(o(X, W) = §(Y, W)w(o(X, Z)) + (X, W)w(o (Y, Z))

—4(X, 2)w(o (Y, W)) + w(¢Z)2(Y, 0 (X, W)) — w(eW)2(Y, (X, Z))

tw(@W)P(X,0(Y, Z)) — w(¢Z)2(X,o(Y,W))}

— H{w(@W)w(9X)g(Y, Z) + w(¢pZ)w(#Y)4(X, W) — w(pZ)w(pX)g(Y, W)
—w(W)w(dY)J(X, Z) — [WHIP[g(X, W)4(Y, Z) — 4(X, Z)4(Y, W)]}
—Lexp(1))2{20(2)D(Y + hY,o(X, W)) + 2n(W)®(X + hX, 0 (Y, Z))

=2n(W)®(Y + hY,0(X,2)) + 2n(2)P(X + hX,o(Y,W))

(5.2) +w(@Z)n(Y)G(X + hX, W) —w(eW)n(Y)§(X + hX, Z)

tw(dX + ohX)n(W)4(Y, Z) — w(dX + ¢hX)n(Z)4(Y, W)

Tw(@W)n(X)§(Y + hY, Z) — w(epZ)n(X)§(Y + hY, W)

+w (@Y + dhY )In(Z)§(X, W) — w(dY + ¢hY )n(W)4(X, Z)
—w(@Z)n(W)g(X +hX,Y) +w(@W)n(2)§(X + hX,Y)

+w(@Z)n(W)G(X,Y + hY) —w(@W)n(Z2)§(X,Y + hY)}

+exp(fI{G(X + hX, W)§(Y + hY,Z) — §(X + hX, Z)§(Y + hY, W)

F4(X + hX, Z)n(Y)n(W) — §(X + hX, W)n(Y)n(Z)

+9(Y + hY, W)n(X)n(Z) — ¢(Y + RY, Z)n(X)n(W)},

= = = =

for all X,Y,Z,W € TM, where P(X,Y) =g(X,0Y).
Proof. Since P = 0 then (5.1) easily follows from (3.4). Next we obtain (5.2) by
substituting (51) in g([A¢Z,A¢W]X, Y) = g(A¢WX, A¢ZY) — g(A¢ZX, A¢WY) U

Proposition 5.2. Let M™ be an anti-invariant submanifold of a conformal (k, u)-
contact manifold M**t! tangent to &. Then M has a flat normal connection if and
only if

R(X,Y)Z = n(R(X,Y)Z)
—|—%{B(Y, Z)X — B(X,2)Y +§(Y, Z)B(X, )" — §(X, Z)B(Y, .)*
(5.3) +B(X, Z)n(Y)§ — B(Y, Z)n(X)§ + B(Y, §)4(X, Z)¢
~B(X,8)9(¥, 2)} + (I + D{(Y, 2)X — 4(X, 2)Y}

+(i|\w”|\2 + D{9(X, 2)n(Y)€ = 4(Y, 2)n(X)&} + {4(Y, 2)hX
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F4(RY, Z)(X + hX) = (AY, Z)n(X)E ~ (X, ZRY — §(hX, Z)(Y + hY)
F4(RX, Z)n(Y)E ~ §(6Y, Z)6hX — G(OhY, 2)6(X + hX) + 40X, Z)ohY
F4(6hX, Z)B(Y + RY)} + & (eap()F {20(Z)go (X +hX,Y)
—2(2)¢a(X,Y + hY) +28(Z,0(X,Y + hY))E

—20(Z,0(X + hX,Y))E + (exp(f)) 2 {n(2)§i(X + hX, Y )’

“n(Z)(X, Y + Y )b + (X + X, YV)w(62)E — §(X, Y + hY J(62)})
—exp(f){g(Y +hY,Z)(X + hX) — (X + hX,Z)(Y + hY)},

forall X,Y, Z € TM, where & and B= B +woo.
Proof. Since (Vx@)Y = §(X + hX,Y)é —n(Y)(X + hX), we have

R(X,Y)¢Z = ¢R(X,Y)Z —g(Y +hY,Z)(¢X + ¢hX) + §(X + hX, Z)(¢Y + ¢hY)
(5.4) —§(@Y + ¢hY, Z)(X + hX) + §(¢X + ¢hX, Z)(Y + hY),

for all vector fields X,Y,Z on a (k, u)-contact manifold (M2t ¢ € 7,3) [5]. By
substituting (3.2) in (5.4), we obtain

R(X,Y)¢Z = ¢R(X,Y)Z — {B(X,9Z)Y — B(Y,0Z)X + B(Y,.)*g(X, ¢Z)
—B(X,.)}§(Y,¢Z) — B(X,Z)¢Y + B(Y, Z)pX — 6B(Y, )*§(X, Z)
+oB(X, ) (Y, Z)} + ;| 1P{4(X, 2)0Y — §(Y, 2)¢X — §(X, 92)Y
+3(V,0Z2) X} + {g(X + hX, Z) (@Y + ¢hY) — g(Y + hY, Z)(¢p X + ¢phX)
+9(dX + ohX, Z)(Y + hY) — g(¢Y + ¢hY, Z)(X + hX)},

for all X,Y,Z € TM, where B(X,Y) = g(B(X,.)!,Y). Taking the inner product
with W and using the Ricci and Gauss equations, we obtain

9(RH(X,Y)$Z, W) — §([Asz, Apw]X,Y) = 4(R(X,Y)Z, W)
—9(a(X,W),0(Y, 2)) + 9(o0(X, 2),a(Y, W)) = n(R(X,Y) Z)n(W)
~HB(Y, 2)§(X,W) — B(X, 2)§(Y,W) + B(X,W)§(Y, Z)

—B(Y,W)4(X, Z) + B(X, Z)n(Y)n(W) — B(Y, Z)n(X)n(W)
+B(Y,)4(X, Z)n(W) — B(X, E)n(W)g(Y, Z)}
—(3 ||wﬁ|\2+1){g(Y 2)4(X, W) = §(X, 2)g(Y, W) + ¢(X, Z)n(Y)n(W)
—9(Y, Z)n(X)n(W)} —{4(Y; Z2)g(hX, W)+g(hY 2)§(X +hX, W)
—g(hY, Z)n(X)n(W) = §(X, 2)§(hY, W) — g(hX, Z)§(Y + hY, W)
+4(hX, Z)n(Y)n (W)+9(¢Y 2)§(hX, W) + §(hY, Z)§(X + hX, pW)
—9(6X, 2)4(hY, W) — g(6h X, Z)g(Y + hY,¢W)},

for all X,Y,Z, W € TM. From (5.1) we get

o(Y,0(X, 7)) = (Z o(X,Y)) = (exp(f)) 2 {G(X + hX, Z)n(Y) — 4(X + hX,Y)n(Z)}
(5.5) += {w<¢Z> (X,Y) - w(6Y)d(X, 2)},
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for all X,Y,Z,W € TM. By substituting (5.2) in (5.5) and using (5.5), we get
—¢R(X,Y)0Z = R(X,Y)Z — n(R(X,Y)Z)¢
~HB(Y,2)X - B(X,Z)Y +4(Y, Z)B(X,.)} — (X, Z)B(Y,.)*
+B(X, Z)n(Y)§ — B(Y, Z)n(X)& + B(Y,§)4(X, Z)¢
—B(X,8)g(Y, 2)¢} — (1 1<*1> + D{4(Y, 2)X — §(X, Z)Y'}
— (@M 1? + DX, Z)n(Y )€ = §(Y, Z)n(X)€} — {4(Y, Z)hX
+g(hY, Z)(X + hX) — g(hY, Z)n(X)€ — §(X, Z)hY — g(hX, Z)(Y + hY)
+4(hX, Z)(Y)E — 4(8Y, Z)phX — g(¢hY, Z)d(X + hX) + §(¢X, Z)phY
+G(ohX, Z)p(Y + hY)} — (exp(f))2 {20(2)¢o (X + hX,Y)
—2m(2)¢a(X,Y + hY) + 28(Z,0(X,Y + hY))E
—2®(Z,0(X +hX,Y))E + (exp(f) > {n(Z)§(X + hX, Y )gw
—(Z)4(X,Y + hY)pw® + §(X + hX,Y)w($Z2)E — §(X,Y + hY )w(62)E}}
texp(f){G(Y + hY, Z)(X + hX) — §(X + hX, Z)(Y + hY)},

(5.6)

for all X,Y,Z € TM. Thus R+ = 0 if and only if (5.3) holds. |

Let M™ be an anti-invariant submanifold of a conformal (k, u)-contact manifold
M?**1 The normal curvature tensor R+ of M is called recurrent if

(5.7) RY(X,Y)N = 6(X,Y)N,
for all X,Y € TM and TM+* holds on M, where 6 is a 2-form on M.

Theorem 5.3. Let M™ be an anti-invariant submanifold of a conformal (k,u)-
contact manifold M2+ normal to € with recurrent normal curvature tensor. Then
M has a flat normal connection.

Proof. Since R* is recurrent, by (5.7) and using (5.6) we obtain

R(X,Y)Z = 0(X,Y)Z — 0(X,Y)n(Z)¢ +n(R(X,Y)Z)
+H{B(Y, 2)X — B(X,2)Y + §(Y, 2)B(X, ) = §(X, Z)B(Y,.)}
+B(X, Z)n(Y)E — B(Y, Z)n(X)€ + B(Y, €)d(X, )5
~B(X,8)g(Y, 2)€} + (L1612 + D{4(Y, 2)X — §(X, Z)Y'}
(@ ? + DX, 2)n(YV)E — (Y, Z)n(X)Er + {4(Y, Z)hX
+4(hY, Z)(X + hX) — §(hY, Z)n(X)§ — (X, Z)hY — §(hX, Z)(Y + hY)
+G(hX, Z)n(Y)E — §(8Y, Z)$hX — §(ShY, Z)$(X + hX) + §(dX, Z)phY
+(phX, Z)p(Y + hY)} + L(exp(f))2{2n(2)$o(X + hX,Y)
—20(Z)¢o(X,Y +hY) 4+ 28(Z,0(X,Y + hY))E
—20(Z,0(X + hX,Y))E + (exp(f)) 2 {n(2)§(X + hX,Y)pw?
—(Z)§(X,Y + hY)pw! + (X + hX,Y)w(pZ)E — §(X,Y + hY )w(dZ)E}}
—exp(f){g(Y + hY,Z)(X + hX) — (X + hX,Z)(Y + hY)},

for all X,Y, 7 € TM. Since ¢ e TLM, by taking the inner product from the above
equation with a tangent vector field W and contracting it over Z and W, we get
(m—-1)0(X,Y) =0, for all X,Y on M. Since (m—1)#0, we get 6(X,Y) =0. Then
from (5.7), we have R = 0. Thus, M has a flat normal connection. O
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6 Totally umbilical and totally geodesic
submanifolds

In this last section, we study totally geodesic and totally umbilical submanifolds of a
conformal (k, p)-contact manifold.

Comparing the tangential and normal components of (2.1), (2.2) and Gauss for-
mula, we obtain the following result:

Lemma 6.1. Let M™ be a submanifold of a conformal (k, u)-contact manifold M2"+1.
Then,

Vyé = -TX —ThX,
(6.1) o(X,6) = NX,
for any X € TM.

Definition 6.1. A submanifold M™ of a conformal (k, j1)-contact manifold M is said
to a CR-submanifold, if there exist two orthogonal complementary distributions D
and D+ of TM such that £ € TM and

1. D is invariant by ¢, i.e. ¢(Dp) C D,, Vp € M,
2. D' is anti-invariant by ¢, i.e. p(Dy) C Dy, Vp € M.

A CR-submanifold is known to be invariant, anti-invariant and proper if D+ =
0, D =0, and D # 0 # D" respectively.

Lemma 6.2. Let M™ be a submanifold of a conformal (k, ,u) contact manifold M7+,
and let K be a distribution on M™ with e K. Then, if M™ is K-umbilical, it is also
K-totally geodesic.

Proof. Since M™ is a K-umbilical submanifold with € K, then o(X,)Y)=9g(X,Y)K
for a certain normal K to M™, X,Y € K. In particular, we have

o(§,8) =9(§ K = K,

but, from (Q.l), we get 0(£,€) = N =0,s0 K =0. Then, 0(X,Y) =0, X,Y € K,
and hence M™ is K-totally geodesic. ]

From the above Lemma, we have the following:

Theorem 6.3. A totally umbilical submanifold of a conformal (k, u)-contact mani-
fold, tangent to &, is totally geodesic.

For a totally geodesic submanifold we have:

Theorem 6.4. A totally geodesic submanifold of a conformal (k, u)-contact manifold,
tangent to &, is invariant.

Proof. Let M™ be a totally geodesic submanifold. Then o(X,¢) = 0 for all X tangent
to M™. But by (6.1), NX = 0(X,£) = 0 for all X, and therefore M™ is invariant. O
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So we have the following;:

Remark. Proper CR-submanifolds which are totally geodesic or totally umbilical do
not exist.
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