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Abstract. This work consists in proving that the bundle of jets of order
1 of a Jacobi manifold is a Lie algebroid.
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1 Introduction

The Lie algebroid bracket on the 1-jet bundle of a Jacobi manifold was built without
proof by Y. Kerbrat and Z. Souici-Benhammadi in [4]. This construction shows that
the Lie algebroid of a contact groupoid is isomorphic to the Lie algebroid of a Jacobi
manifold.

In this paper we prove that the bundle of jets of order 1 of a Jacobi manifold is
a Lie algebroid. We start by recalling the notions of Poisson and Jacobi manifolds,
and of Lie algebroid [1],[3],[5]; an example of Poisson manifold will be given from [3].
The latter will be used for proving our main result.

We will describe from the Poissonnification of a Jacobi manifold (see [2, 5]), which
allows us to prove that the structure constructed in [4] on the 1-jet bundle of a Jacobi
manifold J1(M,R), is a Lie algebroid structure.

2 Preliminaries

2.1 Jacobi manifolds

Let M be a connected paracompact smooth differentiable manifold of dimension n.
As well, let E be a vector field on M and let A be a contravariant skew-symmetric
2-tensor field. We shall further denote N = C*°(M,R).

From the couple (E, A), we associate the mapping N — x(M) given by:

f—J; = f.E+ A df,
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where A% : QY(M) — x(M) is the associated linear application of A and where the
skew-symmetric bracket on N is given by:

{f,9} =indf Ndg+ [.E(g) — g-E(f)/
Proposition 2.1. The following equivalence holds true:
(2.1) (5, Jg) = Jip.q) <= {f> 9, {n}} +{{g, n}. f} + {h.{[, 9}} = 0.

Definition 2.1. A triple (M, A, E) satisfying one of the two equivalent conditions
from (2.1), will be called a Jacobi manifold.

Remark 2.2. 1) We can also define a Jacobi manifold M as a manifold equipped
with a bivector A and a vector field E, such that:

LpA =[E,A] =0 and[A,A] = 2E A A,

where [.,.] is the Schouten bracket (see [1],[6]).
2) If E =0, then the manifold M is a Poisson manifold.

2.2 Lie algebroids

Definition 2.3. A Lie algebroid on the differentiable manifold M is a triplet (E, [.,.], p),
where F — M is a smooth vector bunde over M with a Lie algebra structure |., .]
on the module E of smooth global sections of F, and a morphism of vector bundles
p: E — TM, such that for s,s" € Sect(M, E) and f € C>*°(M,R), we have

1) [pos,pos]=polss]
2) [s, f.s'] = [fls, '] + (pos)(f)s"
2.3 The algebroid of a Poisson manifold ([3])

Theorem 2.2. Let (P,A) be a Poisson manifold. Then T*P is canonically provided
with a Lie algebroid structure, where the morphism of vector bundles of T*P into
TP is A#, and where the bracket of two differential forms on P is given by:

{wi,wa} =gy, dws — ipn#g,,dwr + dip(wi Aws)

2.4 The Poissonnification of a Jacobi manifold

Let (M, A, E) be a Jacobi manifold, and let P = R* x M =]0, +oo[x M, and (z°, z) €
P. We define on P a 2- contravariant skew-symmetric tensor A, by:

0 1

or, in local coordinates,
A 0i Ni i Nij 1 ij
(2.3) A% = —A\"0 = E A = AV,

From [2] and [5], we have:
Proposition 2.3. (P, 7\) is a Poisson manifold.
Definition 2.4. (P, A) is called the Poissonification of the Jacobi manifold (M, A, E).
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3 The Lie algebroid structure on the 1-jet bundle
of a Jacobi manifold

Let (M, A, E) be a Jacobi manifold and let (P, A) be its Poissonnification. We denote
by JY(M,R) = R x T*M the vector bundle over TM of 1- jets of real functions on
M.

In the following we prove that the Lie algebroid structure on the 1-jet bundle
JY(M,R) stated in [4] is indeed a Lie algebroid structure.

We shall further denote by J!(M,R) the module of sections C*°(M,R) x QY (M)

of JH(M,R). Let w € JY(M,R). Then w = (wp,w1), where wy € C°°(M,R) and

wy € QY(M). We define ¢ : JH(M,R) — Q' (P) by:

(3.1) w = (wo,w1) = d(w) = & = wp.da’ + 2%.wy,

where 2° : P — R is the natural coordinate mapping over the R? factor.

From the Jacobi structure, we trivially deduce a vector bundle morphism p : J*(M,R) —
TM,or p: J{(M,R) — x(M), given such that for any w = (wp,w1) € J*(M,R), we
have:

(3.2) pow =wy.E+ Afw.

We denote pow by p(w), and we define [4] a bracket on J(M,R) denoted by [w,w’],
given by
we JYM,R) = w = (wo,wr),

W e JYM,R) = ' = (wo,wr’).

Proposition 3.1. For any pair of sections w,w’ of JL(M,R), there exists a single
section [w,w'] of J*(M,R) such that:

¢([w,w']) = {d(w), p(w)}
where ¢ is given by formula (3.1). Moreover [w,w'] = ([w,w']o, [w,w']1), with:

(33) [(JJ,UJ/]O = —iA(wl A wll) + ip(w)dwol — ip(w/)dwo,
(3.4) [w,w']1 = ip(w)dwl’ — () dwr + ipwr (dwo' — w1") — ipwi’ (dwy — w1)

—I—d(wo.iEw1' — wo’.iEwl + iA(wl A\ wl’)).

Proof. For P =R% x M =]0,+00[xM and let (2°,2°) = (z*) be the coordinates of
P. Then, the Poisson tensor A is given by the following formulas:

iz(d2’ A a) = ipa
where a € QY(M), and
. 1.
ix(ar Nag) = EJA(OH A ag),

where
in(ar A o) = ip#q, a0 and ag,az € QH(M).
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We put
0 = ¢(w) = wo.dx® + 2%.w;
& = (W) = wo'.da® + 20wy’
Then
Y . 1
(3.5) APG = fmo.zEwl.F + p(w),

where p(w) = wp.E + A#w; is independent of ¥, since
(3,8} =ipw & —iypyd &+ dipy(@AD).
We search a section w” of J*(M,R) such that
&' ={@,a } /
W" = ¢w") = d(lw,w]) ={w,& }.
So we have to search for wy” and w;” such that
@ = wo".dx® + 0w
o = d(W') = wo'.dz® + 20w = dw = da® A (w1" — dwo’) + 2°.dw;’.
We then derive the formulas:
i;wad@l = —2%ipw; (W’ — dwy') — iy (w1’ — dwo’).dz® + J:O.ip(w)dwl’
ix(@A (,Nu') = 2% (ipwi’ — wo ipws +ip (w1 Awr)).

By reporting in the Lie algebroid the bracket of the Poisson manifold (P, A), we get:

{&7&/ b= lipe)(dwo’ —wi’) —ipn (dwo — wi) +in(wi Awr’) +wo.ipwr’
—w{).iEwl].de + J:O.[ip(w)dwl’ + 1pws (dwol — wl') — ip(w/)dwl
—iEwl’.(dwo — wl) + d(wo.iEwl’ — wo’.iEwl) + diA(wl N wl’)].

Then (3.3) and (3.4) lead to:
w,w'o = —ia(wr Awr") +ip)ydwo’ — i, dwo,
w,w'li = ipydwr’ =iy dwr + ipwi (dwo’ —wi’) —ipwi’ (dwy — wr)
+d(wo.igw1’ — wo igw1 + ia(wr Awr’)),
which proves the claim. O

Theorem 3.2. Let (J*(M,R) — TM,|[.,.],p) be a Lie algebroid, where [.,.] is defined
by formulas (3.3), (3.4) and let p be given by formula (3.2) in

(M, R) - . TM

\/
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Proof. 1) Tt is obvious that the bracket [.,.] is bilinear and skew-symmetric, and it
verifies Jacobi identity since ¢ is injective.

2) We check that p defines a Lie algebra morphism. Let w,w’ € J*(M,R). Using
the formula (3.5) on the Poissonnification (P, A) of the Jacobi manifold (M, A, E), we

get:
N # I _ 0, 1 0 ’
A7 ¢(lw,w]) = —aliplw, w55 + plw, o)
}

= B3, 6()
= o). 19

. 0 .
= [—2ipw;. 50 + p(w), —xo.zEwl’.@ + p(w")]
Since

[w,w’]l = w = ip(w)dwl’ - ip(w/)dwl + ipwi (dLUQ/ - wl’)
—iEOJ1/(dOJ0 — (.4.)1) + d(wo.iEwl’ — wo’.iEwl + iA(wl N wl’)),
from (3.4) and
0
"0x0’

~al = ip(w/)diEwl .xo

we infer:

3) Let’s check that we have:

[w, fw] = flw,w']+ipw)df o',
for w,w’ € JY(M,R) and f € C>°(M,R). We place ourselves again on the Poissonni-
fication (P, A),

plw, fuw']) = {dw), o(fw)}
= {¢w), f.o(w)}
= f{¢( ) (w/)}+ZA¢¢( )df P(w')
= [fo(lw,w']) +ip)df-d(w’)
= ( Jw, ') +ip(wydf ')

From the injectivity of ¢, we deduce:
[w, fw'] = flw,w']) + iy df-w'.

we therefore conclude that (J'(M,R) — TM,|.,.],p) is a Lie algebroid, and we call
it the algebroid of the Jacobi manifold (M, A, E). O

W
w
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